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Introduction

These courses contain the official program for the subject Analysis 3 in-
tended primarily for students in the second year of a mathematics degree.
The content of this subject is the basis of any introduction to mathematical
analysis. It is considered a direct extension of the two subjects Analysis
1 and Analysis 2 seen in the first year of a mathematics degree. For this
reason, I recommend that all students who take the subject Analysis 3 also
take the two subjects Analysis 1 and Analysis 2, which essentially aims to
consolidate the knowledge acquired in secondary school in order to be used
in the second year of a mathematics degree.

These courses contain six main chapters, where the concepts of numer-
ical series, sequences or series of functions, power series, Fourier series,
generalized integrals and functions defined by integrals are presented. Each
chapter of these courses ends with uncorrected exercises allowing the su-
dent to go further in understanding and assimilation of the mathematical

concepts introduced.



Chapter 1

Numerical series

1.1 Series with real or complex terms

Definition 1.1.1. Let (u,),eN be a sequence of real or complex numbers. We call a
numerical series (respectively complex series) of general term u,,, any expression of
the form:
g+ U+ ...+, +...= Z Upy. (1.1)
>0
The real numbers (respectively the complexe numbers) ug, uy, ... Uy, ... are called
terms of the series.

Let us now consider the following partial sums:

n

Sy=ug+u+...+u, = Z Up. (1.2)
k=0

The number S, is called partial sum of order n of the series ), u,, and the sequence
n>0
(Sy) is called sequence of partial sums of the series Y, u,.
n=0

Definition 1.1.2. Let Y, u, be a series with real terms or complex. We say that the
n=0
series ), u, converges if the sequence of partial sums (S,) converges, and it diverges
n>0
if the sequence of partial sums diverges.
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Definition 1.1.3. When the series Y, u, converges, we call sum of the series, the
n>0
limit S of the sequence of partial sums and we write:

S= lim S, = Z Uy, (1.3)

n—+00
n>0

Definition 1.1.4. Let ) u, be a convergent series of sum S. We call rest of order

n>0
n of the series ), u,, the number R,, which defined by:
n>0
R,=S-8, = Z Uy (1.4)
k>n+1

We then have the following equivalence:

Z u, converge < lim S, =S & lim R, =0. (1.5)
= n—+oo n—+oo
Remak 1.1. We also deduce that the nature of a series does not change, in removing
a finite number of its terms. On the other hand, if the series converges, the value of

its sum depends on all the terms of the series.

Example 1.1.1. (Geometric series)

The geometric series ), R" is:
n>0

1
1. convergent if and only if |R| < 1, in this case S = 1R
2. divergent if and only if |IR| > 1.

Proposition 1.1.1. ( Telescopic process) Let (u,) and (v,) be two sequences of

real or complex numbers, such that u,, = v,.1 —vy. Then, the series ), u, converges

n=0
if and only if the sequence (v,) converges, and in this case:
Z uy = lim v, — vp. (1.6)
n—+co

n>0
Proof. Indeed, the proof is made of the following equality:

n n

Z U = Z (Vk+1 = Uk) = Vgy1 — 0.

k=0 k=0
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Example 1.1.2. (Case of convergence) Let us consider the series of general term

1
= >
thn n(n+1)’n_

The term u,, can be rewritten as:

The term u,, can be rewritten as:
- 1 1y (1 1
soo= Yuw=(1-35)+(3-3)*
k=1
1

T n+1

Since limy, 100 Sy = 1, it follows that the series Y, uy, is convergent of sum S = 1.
n>1
Example 1.1.3. (Case of divergence) Let us consider the series of general term

1
u, =In(1 + E), n>1.

The term u,, can be rewritten as:

1y =In(n+1) = In(n), n > 1. (17)
Hence:
Sy = Z g = (In2 -In1) + (I3 —In2) + ... + (In(n + 1) — In(n))
- (1),

Since limy, 100 Sy = +00, it follows that the series Y., u, diverges.
n=1

Proposition 1.1.2. ( Necessary condition of convergence) For a numerical series

Y. uy to be convergent, it is necessary that its general term u,, tends towards zero.
n=0

Proof. Suppose that } u, converges to S = lim,,_, .0 S,. We then have:
n=0
lim u, = lim S, -5,41=5-5=0. (1.8)
n—+oo n—+oo

Corollary 1.1.1. (Sufficient condition of divergence) A sufficient condition for a

serie is divergent, is that its general term does not tend towards zero.
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Corollary 1.1.2. The converse of Proposition 1.1.2 is false in general. Indeed, the

. . 1 . o
series harmonic ), — diverges, while its general term tends towards zero.
n>1 1

1.1.1 Algebraic structure of the set of convergent
series

Proposition 1.1.3. Let Y, u, and Y, v, be two numerical or complex series. We
n>0 n>0

then have the following properties:

1. If Z uy is convergent with sum Sy and if Y, v, is convergent with sum Sy,

n=0
then Y, (un + vy,) is convergent with sum Sq + Sy.
n>0
2. If ¥ uy is convergent with sum Sy and if @ € R (where C ), then Y, (au,)
n>0 n>0

is convergent with sum aS;.

Proof. The proof of this proposition follows immediately from the properties

of the limits of sequences. O

Remak 1.2. With these two previous operations, we can easily demonstrate that

the set of convergent series is a subspace vector.

1.1.2 Other algebraic operations

Proposition 1.1.4. Let Z u, and Y, v, be two numerical or complex series. We
n>0
then have the following supplzmentary properties:

1. If Z uy, diverges and if « € R, then Z (au,) diverges.

2. If Z 1, converges and if Z Up dwerges then Z (1t + vy) diverges.

3. If the two series Y, uy and Z v, are divergent, we cannot conclude anything
n>0 n>0

about the nature of the series Y, (u, +v,), it can be convergent, as it can be divergent.
n=0

Proof. The proof of this proposition follows immediately from the properties

of the limits of sequences. ]
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1.1.3 Cauchy criterion

Theorem 1.1.1. Let Y u, be a series with real terms or complex. This series is
n>0
convergent if and only if:

P
Ye >0, dng € N, Vp,g € N, p > g > ny, we have Z u| < e. (1.9)
k=g+1

Proof. The proof of this theorem is done using the Cauchy criterion following

n P
the partial sums S,, = }_ u, and the fact that S, — S, = }. uy. O
k=0 k=g+1

1.2 Positive terms series

Definition 1.2.1. We call a series with a positive terms any series whose general
term uy, verifies:
u, 20, foralln > 0. (1.10)

Proposition 1.2.1. Let Y u, be a series with real terms positive. Then this series
converges towards S, if arnziioonly if the sequence (Sy,) of its partial sums is majorized.
In this case, we have:

S5, <5, foralln > 0. (1.11)

Proof. Since S;11 -5, = 11 2 0,forall n > 0, it follows that (S,) is increased,
so for it to be convergent, it is necessary and sufficient that it be majorized.
In this case, the limit of the sequence of partial sums (S,) majore all the terms
of the sequence. ]
Remak 1.3. If (S,) is not majorized, lim,_, 400 Sy = +00, and the series Y, u,

n>0
diverges.

1.2.1 Comparison theorems
Theorem 1.2.1. Given two series with positive terms Y, u, and Y, v, verifying :

n>0 n>0

dny € IN, such that for all n > ng, u, < vy, (1.12)
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we then have:

1. Y, v, converge implies Y, u, converges.

n0 n>0
2. Y., uy diverges implies ), v, diverges.
n=0 n>0

n n
Proof. 1. Let's pose foralln e N, S, = ), uy and T, = ), k. Since u, < vy,
k=0 k=0
for all n > ngy, we then obtain :

S, <T,, forall n > ny. (1.13)

If the series ), v, converges, the sequence (T,) is therefore majorized, then
n=0
the sequence (S,) is also majorizd, and thus the series } u, converges.
n=0
2. The second property is the contrapositive of the first, so is also true. O

Corollary 1.2.1. Let Y, u, and Y, vy, be two series with positive terms. Suppose
n>0 n>0
that there exist two strictly positive real numbers o and B verifying:

auy < vy < Py, (1.14)
then ), u, and Y, v, are of the same nature.
n=0 n=0
Proof. Applying the Theorem 1.2.1 twice, gives us: if the series with general
term v, converges, the series with general term u,, converges and if the series

with general term u,, converges, the series with general term v, converges.

Which shows that the two series are of the same nature. m|

Example 1.2.1. Consider the general term number series:
61’!
Y

Uy ,0>0andn > 0. (1.15)

1 1 . 1 .. . . .
IfO>1Lu, > —> o Since ), — diverges, the considered series also diverges.
n n>1
*If0 <60 <1,u, < 0" Since ), 6" converges (geometric series), the considered
n>1
series also converges.

Theorem 1.2.2. Let ), u, and Y, v, be two series with positive terms. Suppose
n=0 n>0

. . ) u
there exists a positive real | (or | = +00), such that lim,_, ;e v_n = [, we then have:
n
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1. If I = 0 and the series Y, v, converge, the series Y, u, converges.

n>0 n>0
2. If1 = +oo and the series Y, v, diverge, the series Y, u, diverges.
n>0 n>0
3. If1 # 0and # +o0, both Y, v, and ), uy, are of the same nature.
n>0 n>0

Proof. 1. By definition

. u u
lim X =0e=VYe>0, dngeN, YneN, n > ny, wehave = <e.
n—+oo Uy, 0.
(1.16)
Let us choose € = 1, so we have u,, < v,. Since the series ), v, converges, the
n>0
series ). u, also converges.

n>0

2. Similarly

. u .0 v

lim 2 =40 lim = =0&=VYe>0 AngeN, VneN, n>ny, wehave — <e.
n—+oo 'Z)n n—+oo uﬂ ul’l

(1.17)
Let us choose € = 1, so we have u,, > v,. Since the series }, v, diverges, the
n>0
series ), u, also diverges.
n>0

3. Ifl #0and # +oo,

liIP ?:l<:>\7’e>0, dng e IN, ¥Yn € N, n > ng, we have (?—l)<e.
n—+00

! (1.18)
Letus choosee < [, we therefore have (I-€)v, < u, < (I+€)v,. Using Corollary

1.2.1 confirms us the reresult, by takinga =I-e>0and f = +e€. |

1.2.2 Usual rules of convergence

Riemann’s rule

Riemann’s rule amounts to comparing a series with given positive terms to

a Riemann series.
Definition 1.2.2. A Riemann series is any numerical series whose general term

1
un:—a,aelR
n
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Proposition 1.2.2. The Riemann series converges, for all a > 1.

Proof. If a > 0, limy—, 400 Uy # 0, the series ), u,, is therefore divergent.
n>1
Let us now assume that @ > 0, and consider the function f, which is defined
1
on ]0, +oo[ by f(x) = prl
This function is positive defined, continuous and decreasing on ]0, +co[ .By

Theorem 5.6.2 (see Chapter 5), the series ) u, and the generalized integral

n>1
+00
f f(x)dx are the same nature. Let
1
y e
In(y), ifa =1,
F(x) = dx = 1.19
0= [ s L ad
1 l-ay+! 1-a
The function F has a finite limit, if and only if @ > 1, which shows that the
series )| u, converges if and only if & > 1. ]
n>1

Proposition 1.2.3. (Riemann’s rule)
Let Y u, be a series with positive real terms and let & € R. Suppose there exists a
nx1

positive real number | (or | = +00) , such that limn“u, = 1. We then have:

1. Ifl =0and a > 1, the series ), u, converges.

n=1
2. Ifl = +coand a < 1, the series ), u, diverges.
nx1
1
3. IfI # 0 and if | # +oo, the two series }, u, and Y, — are the same nature.

n>1 n>1 N

Proof. 1. By definition

lim n*u, =0 VYe >0, dng € N, Vn € N, n > ng, we have n®u,, < e.

H—>-+00
(1.20)
Let us choose € = 1, we therefore have u,, < % Since El nl—a converges for
all @ > 1, the series ), u, also converges for all a > 1.
2. Ifl = +ooand a sn Z11, still according to the definition of the limit
dni €N, Yn e N, n > ny, we have n“u, > €. (1.21)

1 1
Let us choose € = 1, we then have u,, > ot Since Y, pr diverges foralla <1,
n>1
the series )| u, also diverges forall a« < 1.
n>1
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3. The third property is the intersection of properties 1 and 2. ]

D’Alembert’s rule

D’Alembert’s rule amounts to comparing a series with positive terms to a

geometric series.

Proposition 1.2.4. Let ), u, be a series with strictly positive real terms. Suppose
nx1

. . . u
that there exists a positive real number I (or | = +0c0), such that lim,_, ;. ARy

. We then have: !

1. If1 <1, the series ), u, converges .
nx1
2. If1> 1, the series Y, u, diverges.

n>1

Proof. By definition
=l Ve>0,dnyeN, Vne N, n > ngy, we have ‘@—l'<e.
n—+oo un u

(1.22)

1. If I < 1, let us choose €, such that [ + ¢ = k < 1, we therefore have
@ <k= %
Up Un

. Up+1
lim

( by setting v, = k™). We therefore have:

Uit Mn a0, (1.23)

Un+1 Un Uno

That is, u, < av,. Since }, v, converges, the series ) u, converges .
nx>1 n>1
2. If I > 1, let us choose ¢, such that ] — ¢ = k > 1, we therefore have
Un1
Up
lim, 4o 1y # 0, and then the series ), u, diverges. O
n>1

> 1. Since (u,) is increasing non-identically zero, we therefore have

Cauchy’s rule

Cauchy’s rule also amounts to comparing a series with positive terms to a

geometric series.
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Proposition 1.2.5. Let ), uy, be a series with strictly positive real terms. Suppose
nx1

that there exists a positive real number I (or | = +00), such that lim, e Y/t = 1.
We then have:
1. If1 <1, the series ), u, converges .
n>1

2. If1 > 1, the series ), u, diverges.

n>1

Proof. By definition

nl_i)lpp()(/u_n:l@\ie>0, dng € N, Vn € N, n > ny, we have I’\’/u_,,—l| <e.
(1.24)

1. If I < 1, let’s choose €, such that [ + € = k < 1, we then have u,, < k".

Since ), k" converges for all k < 1 (geometric series), the series ), u, also

conve%}as . "=

2. If I > 1, let us choose €, such that [ — € = k > 1, we therefore have u,, > 1.

Since limy,_,+e0 4, # 0, the series )}, u, diverges . O
n=1

Raabe and Duhamel rule

The Raabe-Duhamel rule amounts to comparing a given series with positive

terms to a Riemann series.

Proposition 1.2.6. Let ), u, be a series with positive terms. Assume that the
nx1

following limit exists:

Un

I=1i -1), 1.25
Jim =D 125)
we then have:
1. If1 > 1, the series ), u, converges.
nx1
2. If1 < 1, the series ), u, diverges.
nx1
Proof. By definition:
lim n( Hn )=l Ve>0, IngeN, ¥Yn €N, n > ny, we have: I—e < n( U

n—=+00 Upyq n+1

u
(1.26)

n ~1)>l-e=g>1.

1. Suppose that ! > 1 and choose ¢, such that n(

Up+1

1
Letm € R} suchthatm € ]1,4[, the series of general term w,, = — is therefore
nm

-1) < l+e.
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convergent.
We can write: . .
On =(”+1) =(1+1) . (1.27)
W1 n n
1
By performing the limited development of the function x Tox in the
neighborhood of 0, we obtain:
Wy m 1
=1+ —+ =0(n), 1.28
— 0 (1.28)
o(n) .
where - 0, when n — +oco. That is to say:
o(n)
Foralln=¢g-m>0, dn; € N, Yn € N, n > n;, we have: — <g-m.
(1.29)
We then have the following inequalities:
o
m+ ﬂ <g< n(ﬂ —1), for all n > max(ng, n1) = ny, (1.30)
n Un1
or in an equivalent manner:
Wy m 1 Uy,
=1+ —+—=0(n) < 1.31
Wn1 = (3D
That is to say:
Bl oMo <m0 (1.32)
Wn+1 Wy Wy,

Since ), w, is convergent, it follows from the comparison theorem that )’ u,
n>1 n>1
is also convergent.

2. Now, suppose that / < 1 and choose €, such that:

Uy

n( -1 <l+e=g<1, foralln > ny. (1.33)

Ups1

Let us also consider the series with general term w,, = 1, which is divergent.

From the inequality (1.33), we can easily see:

1 n+1  w,

u
<1+ =

Un+1 n n Wn+1

(1.34)

Since ), w, is divergent, it follows from the previous method that }, u, is
nx1 n>1
also divergent. |
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Bertrand Series

Definition 1.2.3. A Bertrand series is any numerical series whose general term

_ Inf(n)

ne '

a e Rl and p e R.

n

Proposition 1.2.7. The Bertrand series is:
1. convergent, if and only if
11.a>1land R,
or else
12.a=1and g < -1.
2. divergent if and only if
21.a<land pe R,
or else
22.a=1and p = -1.

Proof. 1.1. Let’s assume that « > 1 and € R. So it exists y € ]1, a verifying

. . Infn
lim n’u, = lim ()
n—+oo n—+co NV

=0, (since @ —y > 0). (1.35)

Since y > 1, the use of Proposition 1.2.3 confirms the convergence of the

considered series.

. In(n)
1.2 and 2.2. Now suppose that @ = 1. We can write u,, = .
1
*IfB=0, ), u, = ), — which is divergent.
n>1 n>1 1
*1f B > 0, we have:
lim nu, = lim Inf(n) = +oo, (1.36)
n—+oo n—+oo

and the series )| u, is divergent by applying comparaison theorem.
nx1

*If B <0, consider the function f defined by:

Inf(x)
xe

f(x) =

x €]06,+00[ (0 >1). (1.37)

This function is positive defined, continuous and decreasing on ]5, +oo[.

. , : Inf (1)
According to Cauchy’s theorem, the series }|
n=2

and the generalized
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+m1 B
integral f nxix) dx are of the same nature.
5
We know that
t 1 B+1 p+1 .
In? — |In""(t) = In""(6)|, it p # -1,
f I (gx)dx ! P +11n£ ] (1.38)
x .
5 h’l(m), lfﬁ=—1.
Which gives:
t IO g <
i [(W@ ) B o 1.39
dAm | =5 A0=Y o ifp > -1, (1.39)
’ oo, if g = —1
2 Inf (x

So, ifa =1 and < -1, the integral dx converges, whereas if « = 1

5 X
1P (x)
5 X

2.2 Now, let us suppose that a < 1 and € R. So it exists y € ]a, 1[ verifying

and > -1, the integral dx diverges.

lim n’u, = lir+n "~ *Inf(n) = +oo, since y—a>0. (1.40)
n—+0oo

n—+00

Since y < 1, the use of Proposition 1.2.3 confirms the divergence of the

series Y, 1. O
n>1

1.3 Series of arbitrary sign

1.3.1 Convergence rules forseries of arbitrary sign

Abel’s Rule

Proposition 1.3.1. Let (b,) be a positive sequence decreasing towards 0, and let
(ay) be a sequence verifying:

n

A”::2:uk

k=1

M > 0,¥n € N, <M. (1.41)

Then, the series of general term u, = a,b, is convergent.
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Proof. We can write:

+00

Y

n>1

ﬂl(bl - bz) + (ﬂl + ﬂz)(bz - b3) + ...+ (ﬂl +ay+ ...+ ﬂn)(bn - bn_1) + ...

+00
Y (@1 + a4 o+ a,)(bn — bua)

nx1
+00
- Z An(by = bps1). (1.42)
n>1
We can then see the series of general terms appear:
Up = An(bn - bn+1)- (143)

We just need to show that this series is convergent. Indeed:

|An(bn - bn+1)|
M(y, — by41), car b, — by = 0((by) is decreasing).  (1.44)

[0

IA

+00
The series Y, (b, — by+1) is convergent, since the sequence of its partial sums

nx1
is verified:
n
Z(bk — Ds1) = by — bup1 — by, asn — +oo. (1.45)
k=1
+00
The comparison theorem asserts the absolute convergence of the series ), v,,.
21
+00 !
It follows that the starting series ), u, is convergent. ]
n>1

1.3.2 Alternating series

Definition 1.3.1. An alternating series is any series whose general term

u, = (-1)"a,,a, >0, foralln € N. (1.46)

Convergence rule for alternating series

Proposition 1.3.2. (Leibniz criterion)

Let Y, uy be an alternating series. If (luy| is a sequence decreasing towards 0, then
n>0
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the series Y, u, is convergent, moreover we have:

n>0
+00
Y D

k=n+1

< Ui (1.47)

Proof. The series ), u, is alternating, so we can write:
n>0

Uy = Uy = a, X by, such thate b, = (-1)* and a, >0, foralln € N. (1.48)

n
Since |} bx| < 1 and (Ju,| = a,) a sequence decreasing towards 0, the use of

k=0
Abel’s criterion shows the convergence of the series ), u,,.
n>0
Let now (S,) be the partial sum of the series ), u,, we then have
n>0
Son+2 = Son = Ups2 — U1 <0, (1.49)
52n+1 - SZn—l = —Upps1 + Uy = O, foralln € IN. (150)

So the sequence (Sy,) is decreasing and the sequence (S3,+1) is increasing.

Moreover we have:
Sons1 — Son = —Uppa1, for alln € N. (1.51)

Which shows that the sequence (S2,+1 — S2,) tends to 0. The sequences (Sz,)
and (Sz4+1) are therefore adjacent and thus both converge to the same finite
limit S. Consequently the sequence (S,) converges to S, which shows once

again that the series ), u, converges. Furthermore, we have:

n>0
Sont1 £ 8 < Sousr = Soust1 + Upuso, for all m € INL (1.52)
That is to say
S —S5,40 =< Uoyso, foralln € (1.53)
We also have
Sopn — Uops1 = Sops1 £ S < Sy, foralln € N, (1.54)

or in an equivalent manner:

—Uppy1 < S5—-55,<0,foralln € IN. (1.55)
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It follows that, for alln € IN :

+00
Y Do =18 = Sl < i, (1.56)
k=n+1
where S is the sum of the series. O

1.3.3 Absolutely convergent series

Definition 1.3.2. A series with general term u,, is said to be absolutely convergent

if the series with general term |u,| converges.

Proposition 1.3.3. If the numerical series with general term u, converges abso-

lutely, then this series is convergent.

Proof. Suppose that the series of general term u, converges absolutely. Ap-
plying the Cauchy criterion to the series of general term |u,|, we find:

p

Ve >0, dnp €N, Vp,g €N, p > g = ny, we have Z lug| < €. (1.57)
k=q+1
On the other hand, we have:
p p
Y < Yl <e. (1.58)
k=q+1 k=q+1

The series of the general term u, then verifies the Cauchy criterion. This

series is therefore indeed convergent. o

Remak 1.4. The converse of this proposition is false. For example, the series with
n

general term converges, while it does not converge absolutely.

Proposition 1.3.4. Let )}, u, be a numerical series with arbitrary terms. Suppose
n=0
that there exists a positive numerical sequence verifying:

dny € N, VYn > ng, we have |u,| < v, (1.59)
then, if Y, v, converges, Y, u, converges absolutely.
n=0 n>0

Proof. The proof proceeds immediately, using the comparison theorem of

series with positive terms. O
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1.3.4 Semi-convergent series

Definition 1.3.3. A series with general term u,, is said to be semi-convergent, when

it converges without being absolutely convergent.
We also have the following immediate properties:

Proposition 1.3.5. Suppose that the two series of respective general terms u, and
v, are absolutely convergent (respectively semi-convergent), then the sum series
of general term (u, + v,) is absolutely convergent (respectively semi-convergent),
and the series produced by a scalar of general term au, is absolutely convergent

(respectively semi-convergent), for all a € k(k = R or C).

Proof. The proof of this proposition proceeds immediately using the Cauchy

criterion. O

=D

ne '

Example 1.3.1. It can be easily shown that the alternating Riemann series ),
a€Ris: =
* divergent for all « < 0,
* absolutely convergent, for all « > 1,

* semi-convergent, forall 0 < @ < 1.

1.3.5 Additional properties of series convergent

Property 1: Use of the D’Alembert and Cauchy criteria

We know that these two criteria apply a priori to series with positive terms.

Let ). u, be a series with of arbitray sign. We can therefore perfectly use
n=0
these criteria with any series of terms, but we must be very careful not to

forget the absolute values.
Un+1

Let us now suppose that I; = lim,—+c

I, = limy,_, 100 V|u,| exists).
*If I < 1 (respect. I, < 1), the D’Alembert criterion (resp. the Cauchy

exists (respectively

n

criterion) asserts that the series ). |u,| is convergent. The }, u, is then
n>0 n>0
absolutely convergent.
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*If I; > 1 (respect. I, > 1), the D’Alembert criterion (resp. the Cauchy

criterion) asserts that the general term |u,| tends to +co. The series ) u, is
n>0
then divergent.

(3n+1

3n
) a", a € R
n+1

Example 1.3.2. Consider the series of general term u, =
and n > 0.
We have limy,— .o V|un| = 27 |a| . the Cauchy criterion states that:

1 . o
1. If |la| < 57 the considered series is absolutely convergent.
1
2. 1. Iflal > 77 the considered series is divergent.

1
3. If1. If o] = 57 the value absolute of general term becomes

» |_(3n+1)3”_(1
" \3n+3)

3n
- 3) — exp(=2)(# 0), when n — +oo,

and the considered series is divergent.

Property 3: Use of Limited Developments

By performing a limited development of the general term u, of the series

Y. uy, in the neighborhood of infinity at a sufficiently high order (to have an
n>0
absolutely convergent remainder), we can quickly conclude on the nature of

this series.
(-1)"

m. We can éwrite:

As an example, the series of general term u,, =

(-1 1
x _.
" 1+ (=)
n

(1.60)

Uy =

in the

By performing the limited development of the function x 1 j—x

neighborhood of 0, we obtain:

L= ﬂ 1_ﬂ+1e(n)
n n n
_ = 12 N (—12)"6(71), ol e(1) — 0, when 1 — +o0. (1.61)
n n n

We therefore have the sum of two convergent series and an absolutely con-

vergent remainder. The considered series is therefore convergent.
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1.4 Cauchy product of series

Definition 1.4.1. We consider two numerical series with general terms u, and v,,
respectively. We call the Cauchy product of these two series the series with general

term:
n

Wy = 2 WOy, (1.62)
k=0
Proposition 1.4.1. Let ), u, and }, u, be two absolutely convergent series. Then
n=0 n=0

the Cauchy product series with general term defined by (1.62) is absolutely conver-

gent, and moreover, we have:

Y w, = [Z un] X [Z un] : (1.63)

n>0 n>0 n>0
Proof. For all n € N, Let us consider the following partial sums:

n n

Su=) i, Ty=) vyandR, = Z W, (1.64)
k=0

k=0 k=0
Let us also consider the following notations:
S= Z |ty and T = Z [0l (1.65)
n>0 n>0
The two sequences (5,) and (T}, are convergent, so they satisfy the following

Cauchy criterion:

P P
Ye>0, dng € N, Vp,n € N, p > n = ny, we have Z | < e and Z Uk < €,
k=n+1 k=n+1
)
On the one hand, Ry, — S,, T, can be rewritten in the form:
RZn - SnTn = u0(0n+1 +..+ UZn) + Z’ll(vn+1 +..t UZn—l) + ot Up-10n41

+Uo(un+1 + ...+ Mzn) + vl(u,,+1 + ...+ uZn—l) + .o+ U1 U

Forall p,n € N, p > n > ny, we then have

IRoy = SyTol - < e[Zw Zm]
k=0 k=0
< eS+T). (1.67)
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So (Ryy) is convergent, and furthermore, we have:

;11_1>er Ry, = hm ST, [Z u,,] X [Z un]. (1.68)

n>0

On the other hand, for all n > ny, we have:

[Ron+1 — Ronl [(10V2n41 + oo + Up10y) + (Vol2na1 + oo + Vp1Uhy)]

e(S+17), (1.69)

IA

which ensures the convergence of (Rp;+1).

Since (Ry,) and (Ro,4+1) are convergent, (R,) is also convergent, and moreover:

Tim Ry = lim Ry = lim Ry, = [Z un] % [Z unJ. (1.70)

n>0 n>0

That is to say:

[2 w] . [Z un]x[z ]

n>0 n>0

1.5 Exercises about chapter 1

Exercise 1.5.1. Show that the following numerical series are convergent and cal-

culate their sums:

400 +00 +00
1 n? 141 COS(11)
1);;1(;1—1) 2);5 3);6(_1) —— xR

Exercise 1.5.2. Study the nature of the following numerical series:
+00 1 +00 1 +0c0 o
1);nsm(7—l) 2);arctan(ﬁ) 3);m (a>0)

e TS o

. o T exp(inx)
7)Zﬁsm ©), GE[O’E] g) PV R,

n
n>1
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Exercise 1.5.3. Let O be a real number. Study, according to the value of 0, the
absolute convergence, the semi-convergence and the divergence of the following

numerical series:

O (-1 (20— 1\
1)2(;19) ’ Z)Zf(nn+1) 0" )Z nec-ic-)sc(:s)(n)

n=1 n=




Chapter 2

Sequences and series of

functions

2.1 Sequences of functions
Let kk be one of the fields R or C and let E and F be two non-empty subsets

of k.

Definition 2.1.1. We call a sequence of functions any application f,: N — £,
where £ = £(E, k) is the set of applications of E in F.

2.1.1 Simple convergence of a sequence of func-
tions

In general, to study the simple convergence of a sequence of functions f,(x)
on a subset E of R, we will try to fix the real x and we will study the

corresponding numerical sequence.

Definition 2.1.2. We say that the sequence of functions (f,)nen Simply converges

on E to a function f(xo), when the numerical series (fu(xXo))nen is convergent, for

23
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all xy € E. We thus define a function f on the domain E by:
() = Tim_ f(x). 2.1)
We will then say that f is the simple limit of the sequence of functions (fu)neN-

Example 2.1.1. Let the sequence of functions f,, be defined on R by

X

fn(x) =

5 neN. 2.2)

Ifx =0, f,(0) = 0, and the sequence converges to 0, and if x # 0, lim,— 10 fn(x) =
limy o0 = = 0,
n

Finally, the sequence f, simply converges on R, and its limit is f(x) = 0.

2.1.2 Uniform convergence of a sequence of func-
tions

Definition 2.1.3. We say that the sequence of functions (f,)neNn converges uni-

formly on E to a function f if and only if:
Ye >0, dng € N, Yn > ng and VYx € E, we have |fn(x) - f(x)| <E€. (2.3)

Remak 2.1. This integer ng obviously depends only on € and not on x. On the
other hand, if ny depends a priori on both x and €, we will say that the convergence

is simple on E.

Remak 2.2. Uniform convergence on E implies simple convergence on E.

2.1.3 A sufficient condition for uniform conver-
gence (convergence normal

Proposition 2.1.1. Let (f,)nen be a sequence of functions which simply converges
on E to a function f. If there exists a positive sequence (b,) that converges to 0, such
that

Vx €E,

fu@) = f()] < by, (2.4)



Smail Kaouache. Courses of Mathematical Analysis 3 (2024/2025) 25

then the sequence of functions (f,)nen is uniformly convergent on E.
In this case, we say that the sequence of functions (f,)nen is normally convergent

on E.

Proof. Suppose that b, tends to 0, when n — +oo, that is:

Ye > 0, dng € IN, such that ¥Yn > ny we have b,, < g (2.5)
Since:
£ = f)] < b < g forall x € E. (2.6)
We find
sup |fn(x) - f(x)| < €< €, forall x € E. (2.7)
x€E 2
O

2.1.4 A necessary and sufficient condition for uni-
form convergence

Proposition 2.1.2. Let (f,)nen be a sequence of functions that simply converges on
E to a function f . For (f,)nen to be uniformly convergent to f on E, it is necessary

and sufficient that the numerical sequence (a,) which is defined by:

a, = sup |fu(x) - f(x)

xeE

/ (2.8)
is convergent to 0.

Proof. = Suppose that (f,),en be uniformly convergent to f, then:

Ye >0, dng e N, VYn>ngand Vx € E,

fil) - f@| <5 @9)

As a result:
€
a, = sup (f,,(x) —f(x)| < 3 <e. (2.10)
x€E

< Snow let’s assume that a,, tends to 0, when n — +0c0, we then have:

Ye>0, dng €N, ¥Yn > ng,a, <e. (2.11)
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As a result:

|fu0) = f(x)| < sup |fu(x) = f(¥)| = ay <€, forallx € E. (2.12)
x€E
m]

Remak 2.3. A sufficient condition for the sequence of functions (fy)sen not to

converge uniformly to f on E is the existence of a sequence of points (x,) C E,
verifying:

|fun) = fCn)| = 0, when n — +oo. (2.13)
Example 2.1.2. Let the sequence of functions f, be defined on [0, 1] by:

fa() =x"(1-x), neN. (2.14)

*Ifx=0o0rx=1, f,(0) = f,(1) = 0, and the sequence converges to 0.

*Ifx €]0,1[, limy— 400 fulx) = 0.

Finally, the sequence f,, simply converges on [0, 1] and its limit is the zero function
(@) =o.

By performing a simple calculation, we find

sup |fn(x) - f(x)| =a,, such that a, = L( " ) . (2.15)
x€[0,1] n+1

This last quantity is equivalent to the neighborhood of infinity by p_ Since this
quantity tends to 0, when n tends to +oo, the sequence of functions considered

converges uniformly to 0 on the segment [0,1].

2.1.5 Cauchy criterion for uniform convergence

Proposition 2.1.3. For the sequence of functions (fu)uen to be uniformly conver-

gent to f on E, it is necessary and sufficient that:

£,(x) - f,(0)] <e.
(2.16)

Ye>0,dnp €N, Vp,ge N, p > g =ngand Vx € E,
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Proof. = Suppose that (f,)en be uniformly convergent to f, then:

Ve >0, dng € N, VYn > ngand Vx € E,

Fi0) = £ < g 2.17)

Let € > 0, then for all p > g > 1y, we have:

@) - @] < [H@) - F@)+|f;x) - f@)|

< §+§=e, for all x € E.

< Now let’s assume that:

Ye>0,dnp €N, Vp,geIN, p>g>npand Vx € E,

£,(0) - f(x)] <e.
(2.18)

Let p tend towards +oo, we fin the result. m|

2.1.6 Properties of uniformly convergentsequences

of functions

Continuity of the uniform limit of a sequence of functions

Proposition 2.1.4. Let (f,) be a sequence of continuous functions on a segment
[a,b], converging uniformly on the same segment to a function f. Then f is a

continuous function on [a,b].

Proof. Let x( be any point of [a, b].

fn is continuous at the point xo, then:
Ve>0,35>0, Vxeabl, x—xl<5= [fx) - fulxo)| < g (2.19)
(fu)new converges uniformly to f, then:

Ye >0, dng €N, VYn > ngand Vx € E,

filR-f@l<5 @20
We can write:
lf) = fxo)| = [f() = fulx) + fulx) = fulxo) + fulxo) — f(x0)|
|f(0) = £u)| + [ £ux) = fulxo)| + [ fulxo) — f(x0))|
€

< —+E+——e
3 3 3
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Remak 2.4. Under the conditions of the previous proposition, we can write:

lim lim f,(x) = lim lim f,(x) = f(xo). (2.21)

X—Xg n—+00 Nn—+00 X—X(

Integration of the uniform limit of a sequence of functions

Proposition 2.1.5. Let (f,) be a sequence of continuous functions on a segment
[a,b], converging uniformly on the same segment to a function f. Then f is an

integrable function on [a, b], and moreover:

b b
f f(x)dxznl_i)rllc>o f fu(x)dx. (2.22)

Proof. Under the assumptions of proposition 2.1.5, the uniform limit f is also
continuous, which ensures the integrability of f,(x) and f.

(fu)new converges uniformly to f, then:

Ye>0, dngeN, VYn>ngand Vx € E,

fulx) = f(0)] < ﬁ (2.23)

We can write:

b w(x0)dx — b (x)dx
| e s

IA

b
f (@) — F)] dx

b
fdx
a

Corollary 2.1.1. Under the assumptions of proposition 2.1.5, we deduce that the

sequence of integrals ( fu i fn(y)dy)n is uniformly convergent to ( fa : f (y)dy)n , for all
x €la,b].

€
b-a

A

= €.

O

Proof. Since the rank g in the relation (2.23) does not depend on b, it suffices

to replace b by x. |
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Differentiability of the uniform limit of a sequence of func-

tions

Proposition 2.1.6. Lef (f,) be a sequence of functions defined on a segment [a, b]
and verify the following three conditions:

1. f,,n=0,1, ... are of class Clona segment [a, b].

2. (fu) simply converges on the same segment to a function f.

3. The sequence of derivatives (f,) converges uniformly to a function g.

Then, the sequence of functions (f,) converges uniformly to a derivable function f

and moreover f = g.

Proof. Since ( fn) is a sequence of continuous functions on a segment [a, b],
converging uniformly on the same segment to a function g, then the use
of the proposition of integration affirms that f, is an integrable function on

[a, b], and moreover:
fu(x) = fula) + f fn (x)dx. (2.24)

According to Corollary 2.1.1, the sequence ( fﬂ * f;(x)dx) fa converges uni-
formly, and the numerical sequence (f,(a)) is also convergent, (f,(x)) is

therefore the sum of two uniformly convergent sequences, so it is uniformly

convergent.
We have: . .
nl_i)rz; f f;q(x)dx = f g(x)dx, (2.25)
On the other hand:
Tim f fdx = lim (5, = @)
= f(x) - f(a). (2.26)
Using (2.25) and (2.26), we get:
| swax= - s e27)

We derive this last equality, we find:

g(x) = f(x). (2.28)
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o

Remak 2.5. Under the conditions of the previous proposition, we can write:
lim (2 =2 (4 =f 2.29
lim (= £) = 5 ( tim_ £,69) = fxo). 229)

2.2 Series of functions

Definition 2.2.1. Let (f,) be a sequence of functions from E to k. A series of
functions with general term f, is any expression of the form = Y5 fu(x).
Let Sy(x) = Y.p_o fa(x), n € Nand x € E.

S, is called the partial sum of order n of the series ) ,~q fu(X).

2.2.1 Simple convergence

Definition 2.2.2. A series of functions with general term f, is aid to ne simply
convergent on a subset E of IR, if for all x € E, the numerical series with general
term f,(x) converges.

If the series simply converges, the term:

R, (x) = S(x) - S, (x) = Z fa(x), ne Nand x € E. (2.30)

k=n+1
is called the rest of order n of the series with general term f,,.
The convergence of the series of general term f,, is then expressed by the convergence

of the sequence of partial sums (S,(x)). That is to say:
Ye>0, dnge N, Vn = ngand VYx € E, |S,(x) — S(x)| = IR, (x)] <e. (2.31)

Example 2.2.1. Let us study the series of functions with a general term

n

X
falx) = il

,n>0and x € R. (2.32)

fn+1(x)
fu()

For x # 0, the d’Alembert criterion gives us limy, e = |x|. The series

converges when |x| < 1 and diverges when |x| > 1.
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If x = =1, the series becomes alternating and verifies the convergence criterion. If
x =1, it diverges.

Finally, the series of functions simply converges on [-1,1[.

2.2.2 Uniform convergence

Definition 2.2.3. A series of functions with general term f,,, converges uniformly
on a subset E of R and has the sum S, when the sequence of its partial sums is
uniformly convergent on E, that is:
Ve >0, dng € IN, Vn > ng, sup|S,(x) — S(x)| = sup [R,(x)| < e. (2.33)
x€E x€E

To say that the sequence of partial sums converges uniformly on E there-

fore means that (R,),en converges uniformly to 0 on E.
Remak 2.6. We can define a norm of uniform convergence of S, on E by:

[1Sull = sup S, (X! (2.34)

x€E

The series of functions with a general term f, converges uniformly and with a sum

S if and only if the numerical sequence (||S, — S|),en converges to 0.

2.2.3 Cauchy criterion for uniform convergence

Theorem 2.2.1. For the series of functions with general term f, to be uniformly

convergent on E, it is necessary and sufficient that:

p
Ye>0,dngeN, Vp,ge N, p>qg>ngand ¥x € E, sup Z fi(x)| <e.
*€E  li=g+1

(2.35)

Proof. The proof of this theorem is the same as for sequences by reasoning

on the sequence of partial sums. ]

Corollary 2.2.1. The use of the uniform Cauchy criterion is often by its contrapo-

sition, to show that a series of functions does not converge uniformly.
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2.2.4 A necessary condition for uniform conver-
gence

Proposition 2.2.1. For a series of functions to be uniformly convergent, it is

necessary that its general term tends to O uniformly.

Proof. It suffices to apply the uniform Cauchy criterion on:

]l = sup 170 = sup 112) = Sl (2.36)

O

2.2.5 A sufficient condition for uniform conver-
gence (Weierstass criterion)

Proposition 2.2.2. (Proposition and definition) Let Y., fa(x) be a series of func-
tions defined on E. If there exists a positive series Y., by that converges, such
that:

Vx € E,

fu)| < by, (2.37)
then the series of functions ) ,,~q fu(x) is absolutely and uniformly convergent on E.

In this case, we say that the series of functions (f,)nen is normally convergent on
E.

Proof. From the inequality (2.37) and the comparison theorem, we deduce
absolute convergence.
On the other hand, the numerical series },,., b, converges, that is:

Ve >0, dnp € N, such thay if¥n > ng Z by <e. (2.38)

k>n+1

So

Ye>0, dng e N, ¥Yn > ny

Z fr(x)

k>n+1

< Y < Y bo<e (239

k>n+1 k>n+1

This latter quantity independent of x, the rest of the series ), fu(x) con-
verges uniformly to 0, the series }.,.( fu(x) is therefore uniformly conver-

gent. a
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) . sin(nx .
Example 2.2.2. The series of functions ), #, a > lis normally convergent
sin(nx)

. 1Y o
on IR, since < (—) , general term of a convergent geometric series.
a

2.2.6 Necessary and sufficient condition for nor-
mal convergence

Proposition 2.2.3. For the series of functions ) ,~q fu to be normally convergent

on E, it is necessary and sufficient that the numerical series (a,) with general term:

a, = sup |f,(x)|, (2.40)

xeE

be convergent.

Proof. = When the series of functions ), f, is normally convergent on E,

there exists a positive convergent series of term b,, verifying:

Vx € E, |fu(x)| < by, (2.41)
As result
a, = sup |fu(x)| < by, (2.42)
x€E

and the series )., a, is convergent.

& Now let’s assume that },,5( 4, is convergent, then we have:
|fn(x)| < sup |fn(x)| =a,<¢€ x€E, (2.43)
x€E
this is the definition of a normally convergent series. |

Example 2.2.3. The series of functions )., fu(x) defined on [0, 1], such that:

fu(x) = (2.44)

x”lnzxifxe]o,l],
0,ifx=0

We have:

fu(¥) =In(x) 2 + nln(x)) x" ' =0, ifx = exp(%z) =X, (2.45)
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As result
4
a, = sup |[fu(¥)| = fuln) = 5., (2.46)
x€[0,1] n<e

general term of a convergent series. The series of functions is normally convergent
on [0,1].

Proposition 2.2.4. The normal convergence of a series of functions on a subset E

of R implies the uniform convergence of this series on E, and the converse is false.

Proof. When the series of functions ), f, is normally convergent on E, the

proof proceeds from the inequality:

p p
sup Z fi(x)] < Z sup | fk(x)( (2.47)
xeE k=g+1 k=g+1 xeE

and the Cauchy criterion.
The converse of this proposition is false. As an example, we take the series

of functions with a general term

fulx) = % xe[0,1] and n > 1. (2.48)

This series is uniformly convergent without being normally convergent on
[0,1].
On the other hand:

1 < 1
n+l+x n+1

Ry ()| < |frrr ()| =

<eg, forall x € [0,1], (2.49)

which shows uniform convergence on [0, 1].
By against:
1
sup |fu(®)| = =,

x€[0,1] n

(2.50)

general term of a divergent series, the series is therefore not normally con-

vergent. o
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2.3 Properties of uniformly convergent se-

ries of functions

2.3.1 Continuity of the sum of a series of functions

Proposition 2.3.1. Let be a series of functions of general term f,, defined on the
interval [a, b], which converges uniformly and of sum S on [a, b]. If f, is continuous
on [a,b], for all n € N, then S is also continuous on [a, b], and moreover, we have
the following éequality:

lim Zg fulx) = ZS lim £,() = S(xo), forallxo € [a,b],  (251)

which is a case of inversion of limit and infinite sum.

Proof. It suffices to apply Proposition 2.1.4 to the sequence (S,) of partial
sums of the series }_,.( f,, which are continuous as finite sums of continuous

functions. o

Remak 2.7. The condition of uniform convergence of the series of functions is

sufficient but not necessary to ensure the continuity of the sums.

Remak 2.8. When the series of continuous functions of general term f, simply
converges on [a,b] and has as sum a discontinuous function S, then Yo fu does

not converge uniformly on this interval.

Example 2.3.1. The series of general term continuous functions:

o) = sin(x) cos"(x), x € [0, g] neN. (2.52)
converges simply on [O, g] and has the sum:
;2
sin“(x) ifxe ]0, _]
S(x) =< 1-cos(x) 2 (2.53)
0,six=0.

. o . . s
Since S is discontinuous at 0, Y,~o fa does not converge uniformly on [O, 5]'
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2.3.2 Integration of the sum of a series of functions

Proposition 2.3.2. Let a series of functions with general term f,,, defined on [a, b],

converges uniformly and with sum S on [a,b]. If f, is continuous on [a, b], for all
. o b

n € IN, then, the numerical series with general term fa fa(x)dx converges and has

the sum j; ! S(x)dx , and moreover, we have the following equality:

[ swac=Y [ o= [ [Z fn(x)dx],

a n>0 n>0

which is a case of interversion sum and integral.

Proof. 1t suffices to apply Proposition 2.1.5 to the sequence of partial sums
(Sn)nen of the series ) ,5o fu(X). O

Example 2.3.2. Let the series of functions with general term:

x2n
fn(x) = M/ X € [0/ 1] .
This series converges uniformly on [0, 1], since | fn(x)| < ﬁ, forall x € [0,1].

According to the previous proposition, we then have:

X 2n X 2n
fo [ZO (;nﬂdx] Zfo o

n>0

Z x2n+1
L 2n+1)!

sinh(x), for all x € [0,1].

2.3.3 Derivability of the sum of a series of func-
tions

Proposition 2.3.3. We consider a series of general term functions f,, derivable on
the segment [a, b] and verifying:
1. The series of functions ), fa(x) simply converges on [a, b].

2. The series of derivatives of general term f, converges uniformly on [a, b] and has
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as sum a function g .

Then, the series of general term f, is derivable term by term, and we have:

5= 2 [Z fn(x)] =Y 2 f = s,
n>0

n=0
Proof. It suffices to apply Proposition 2.1.5 to the sequence of partial sums
(Sn)nen of the series of general term f,,, which are derivable as finite sums of

derivable functions. ]

2.4 Exercises about chapter 2

Exercise 2.4.1. Let (f,) be a sequence of functions defined on the set E; € R.
Study the simple and uniform convergence of this sequence of functions on E; in the
following cases:

1—nx?

1. fulx) = T E1 =[—-a,a], then on E; = [a,+oo[ (a > 0).

2. fulx) = ﬁ Es = [0,1].
3. f,(x) = cos(22

4 fm = 20

), Es=R

and f,(0) =0, Es =R, then on E¢ = [a,+oo[ (a > 0).
Exercise 2.4.2. Let the series of functions with general term:

fu(x) = sin®(x) cos"(x), forn > 1and x € [O, g] .

1. Prove that the series of functions Y, f,(x) converges simply on [O, g] and calculate
its sum.

2. Is the series uniformly convergent on R?.
Exercise 2.4.3. Let

x
fn(.X)Z m, n>1landx e R.
1. Prove that the series of functions Y, f,(x) converges simply on R and calculate
its sum.

2. Is the series uniformly convergent on R?.
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3. Study the normal convergence on [a, b], then on [a, +oo[, (0 < a < b).
4. Calculate ) 54 f: fu(x)dx.



Chapter 3

Power series

In this chapter, we will study a power series which are special forms of the
series of functions of real or complex variables. For this, x denotes a real

variable and z a complex variable.

3.1 Real (or complex) power series

Definition 3.1.1. A real (resp. complex) power series is any series of functions

whose general term:
fu¥) = anx", 3.1)

where ap, ai, ..., Ay, ... are real numbers and x € R (resp.
— n
fn(x) = a,z", (3.2)
where ag, a1, ..., Ay, ... are complex numbers and z € C.)

To unify the presentation of the following results, we consider the case

where x € R.

Lemma 3.1.1. (Abel’s Lemma) If the power series ), a,x" converges at the point

xo # 0, then it converges absolutely for all x € R, such that |x| < xo.

39
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Proof. Since the power series )’ a,x; converges, its general term is bounded,

there then exists M > 0, such that:

foralln € N,

x| < M. (3.3)

For all x € R, such that |x| < xp, we thus have:

x n
la.x" = |a,,xg) X |—
X0
n
x
< M|—|, (3.4)
Xo
x| x
and ‘x_' is the general term of a convergent geometric series ( 1< 1); we
0
deduce that the series }’ a,x" converges absolutely. m]

3.1.1 Radius of convergence of a power series

Theorem 3.1.1. (theorem and definition) If a power series ), a,x" converges to the
point xo # 0, then there exists a unique element R € Ry U {+oo} verifying the
following two conditions:

1. Forall x € R, such that |x| < R, the power series ) a,x" absolutely converges .
2. Forall x € R, such that |x| > R, the power series ), a,x" diverge.

The number R is called the radius of convergence of the series, and the set ]-R, R[

is called the interval of convergence.

Proof. Suppose there exists at least one real xo # 0, such that the series } a,,x{;
converges and one real x; such that the series }' a,x] diverges.

Since absolute convergence on [0, R[ implies convergence on ]-R,0], and
divergence on |R, +oo[ implies divergence on |-oo, —R[, we will study the
nature of ) a,x" on R,.

Let us then consider the set D of positive reals defined by:
D= {x eR,, Z a,x"’ converge.} (3.5)

Since the series ) a,x; converges, D is therefore non-empty.
According to the relation (3.5), the set D is majorized, it therefore admits a

non-zero upper bound R = sup, . D.
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1. Prove that for all x € R;, such that x < R, the power seires ), a,x"
converges absolutely.

The second property of the upper bound states that there exists r = xg
between x and R, such that ), a,x" converges at the point xo, so according to
Abel, it is absolutely convergent for all x € R, such that x < xo.

2. Let us now show that for all x € R,, such that x > R, the power series

Y. a,x" diverges.

R+x

2
Since 0 < y < x, Abel’s lemma states that the series }_ a,y" converges, y is

Suppose by contradiction that )’ a,x" converges, and consider y =

therefore a point of convergence, that is y € D. Consequently y < R, and

.. . X .
this is false, because by construction y = > R, and the series ) a,x"

diverges. O

3.1.2 Cauchy-Hadamard rule

Theorem 3.1.2. The radius of convergence of a power series ), a,x" is given by:
-1
R = lir+n ( |un|) ( when this limit exists ). (3.6)
n—+0oo

Proof. Tt suffices to apply the Cauchy criterion on the series of functions
2 layx"| m|

n+1
n

)nzxn

Example 3.1.1. The power series Y51 (

3.1.3 D’Alembert’s rule

Theorem 3.1.3. The radius of convergence of a power series Y, a,x" is given by:

An+1
an

-1
R = lim ( ) ( when this limit exists ). (3.7)

n—+oo

Proof. Tt suffices to apply D’Alembert’s criterion on the series of functions

2 lanx"| O

. ) n! .
Example 3.1.2. The integer series },5q ﬁx" has for the radius of convergence
R=e
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3.1.4 Normal convergence (Weierstrass rule)

Theorem 3.1.4. Any power series Y, a,x" converges normally in any compact

contained in the domain of convergence ]-R, R[ (R > 0).

Proof. Let[-a,a] € ]-R,R[ (a > 0). In the segment [-a, o], the series )} a,x"
is bounded above in absolute value by the positive series }’, |a,| a”, which is

convergent, the series }} a,x" is therefore normally convergent. ]

3.2 Properties of power series

3.2.1 Continuity of the sum of a power series

Theorem 3.2.1. Let ), a,x" be a power series with a non-zero radius of convergence
R; then the sum of the series S(x) = ), a,x" is a continuous function on any compact

set contained in the domain of convergence ]-R, R[.

Proof. For all n € IN, each function f,(x) = a"x" is continuous on [—a, a] of
]-R, R[ and the series }’ a,x" converges uniformly on [-a, a] . By the property
of the continuity of series of functions, the sum of the integer series ), a,x"

is a continuous function. O

Theorem 3.2.2. (Abel’s Theorem) Let ), a,x" be a power series with radius of
convergence R. If this series converges for x = R (resp. for x = —R), then this series
is uniformly convergent on [0, R] (resp. on [—R, 0] ) and the sum S of this series is

continuous to the left of x = R (resp. to the right of x = —R), that is:

lim 3" a,x" = Z a,R" = S(R), (3.8)
(resp.
lim Y g = Zan(—l)”R” = S(-R). (3.9)

Proof. We demonstrate this in the case where the series converges for x = R.

Consider the new power series )., 2,R"y" of the variable y € [0, 1].
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For y = 1, the series becomes },.,4,R", which is convergent, so it is uni-
formly convergent.
Let us now assume that y € [0, 1[. We use the Abel transformation, we can

write:

Z a,R"y" = 2 (a0 + R + ... + a,R") (y” - y””) (3.10)

n>0 n>0

We can then see the series with terms general:

gu(y) = (@o + ;R + ... + a,R") (1/" - 3/”1).

We just need to show that this series is uniformly convergent.
Indeed:

‘(ao +mR+ ... +a,R") (y” - y"”)
M(®y" -y, (3.11)

|g()|

IN

because y" — y"*! > 0 ((y") is decreasing) and the sequence of general term
Yi_o aR¥ is bounded.

For all y € [0,1], the sequence of general term y" converges uniformly
to 0, hence according to the telescopic property, the series Z (" -yt
is uniformly convergent. The comparlson theorem therefore asserts the

uniform convergence of the series Z gn. It follows that the initial series

n=0
+00
Y. a,R"y" is uniformly convergent on [0, 1] .
n=0

+00
We then deduce the uniform convergence of }’ a,R"y" on [0, 1].
n>0
Since each function a,R"y" is continuous on [0, 1], it results in the continuity

of the sum of this series on [0, 1], and moreover:

« S(yR), if y € 0,1
Y @Ry = R tye o1 (3.12)
n>0 YusoanR", ify =1.

Continuity on the left at y = 1, then gives us:

lim S(yR) = S(R) = Z a,R" (3.13)

n>0
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3.2.2 Derivability of power series

+00

Theorem 3.2.3. Let ), a,x" be a power series of non-zero radius of convergence R,
n>0

then its sum S is a function derivable on any compact [a, b] contained in the domain

of convergence 1-R, R, and for any x € [a, b], we have:

a +00 +00 a +00
S(x) = =— Zanx” = Z — (a,x") = Z na,x" L. (3.14)
ox ox
n>0 n>0 n>1
+o00
Proof. Tt suffices to show that the power series ) a,x" and its derivative
n>0
+00
series ), na,x" have the same radius of convergence R; then the theorem
n>1

of derivation of series of functions applies since a power series converges
uniformly on any compact contained in the domain of convergence. Indeed,
let R be the radius of convergence of the series } (1 + 1)a,41x".

1. If |x| < R, the series ) (1 + 1)a,.1x" is convergent.

Since:

|12 < |1+ D x™ = 004+ 1) x| ], (3.15)

the series Y |a,,+x”+1| is convergent, the series Y. a,,,1x"*1( or simply Y’ a,x")
is therefore convergent.

2. If |x| > R, the series } (1 + 1)a,.1x" is divergent. Let y = R+T|x| € IR, |x][,
the series Y (1 + 1)a,+1y" diverges and its general term is not bounded.

We can write:

1 (|«
1| _
|an+1x”+ | = |(n + 1)an+1y”| 1 (?) . (3.16)
|x] I\
Since — > 1, limyHm # ;) = 409, SO limnHJroo |an+1xn+1| +0.
The series Y. a,,+1x""( or simply Y a,x") is therefore divergent. o

+00

Corollary 3.2.1. Let Y a,x" be a power series of non-zero radius of convergence
n>0

R, then its sum S is an infinitely derivable function on any compact contained in

the domain of convergence |—R, R[, and for any x € 1-R, R[ and k > 1 we have:

S®(x) = Z(n + R+ k= 1)ea(11 + D™ (3.17)

n>0
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+00

Proof. Tt suffices to show by recurrence that the series ), (n+k)(n+k—1)...(n+
n>0

Dayx", k =1,2,.... have the same radius of convergence R. O

3.2.3 Integration of a power series

Theorem 3.2.4. Any power series Z a,x" is term by term integrable over any

>0
compact contained in the domain of convergence 1-R, R[ . In particular, its sum S

verifies:
X i n+1
x
tydx = — 1 —R,R[. 1
fOS()x ;unnﬂ,fora x € ]-R,R[ (3.18)
+00
Proof. Let x € ]-R, R[. Since the power series }, a,x" converges uniformly

n>0
on [0, x], the sum S is then a continuous function, , and therefore integrable

on [0, x]. The Equ. (3.18) is therefore well defined. Moreover, if we derivate

the series (3.18), we find:

+00

S(x) = Z a,x", for all x € ]-R, R[. (3.19)
n=0
+00 +00
The two integer series ), a,x" and ), na,x" then have the same convergence
n=0 nx1
radius R . O

Example 3.2.1. Consider the power series of general term:
le
a,x" = o n >1. (3.20)

The d’Alembert criterion shows that this series is absolutely convergent on ]-1,1[
and has the sum S.

+00
Forall x € -1, 1], the series Y, a,x" is derivable term by term. We then have:
n>1

+00

S(x) = Zx” = 1%( forall x € 1-1,1[. (3.21)

n>0

S is continuous on [0, x], so it is integrable on this interval. We then have:

S(x) = —In(1 - x). (3.22)
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+00 _1 n
On the other hand, if x = —1, the numerical series }, converges, we can then
n>1
apply Abel’s theorem 3.2.2, we deduce that:
+00 _1\n
Z D o (3.23)
n>1 n

3.3 Sums and products of power series

3.3.1 Sum of two power series

Let ). a,x" and }, b,x" be two power series with radius of convergence R,

and R, respectively, we then have:

Proposition 3.3.1. The radius of convergence R of the power series }.(a, + b,)x"

verifies:

v

inf(R,, Ry), if Ry = Ry (3.24)

irlf(I{Ll/ Rb)/ ZfRﬂ i Rb
Moreover, for all |x| < inf(R,, Rp), we have:

Z(an +b,)x" = Z apx" + Z bux". (3.25)

Proof. 1. When |x| < inf(R,, Rp), the two series )" a,x" and ) b,x" are conver-

gent, the series ) (a, + b,)x" is therefore convergent, we deduce that:
R > inf(R,, Ry). (3.26)

Let R, # Rp. Suppose for example that R, < Rp, and let x € R, such that
R, < |x| < Ry, the series ), a,x" is therefore divergent while the series } b, x"

is convergent. The series },(a, + b,)x" is then divergent, and moreover:
R < R, =inf(R;, Rp). (3.27)

From (3.26) and (3.27), we deduce that R = inf(R,, Rp).

2. If R, = Ry, we cannot conclude anything about the radius of convergence
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of the series Y (a, + b,)x".

n
L) x" have
n+1

the same radius of convergence R, = R, = e, while the sum series is the series

n
As an example, the two power series } (#) x"and -}, (

with a zero general term, and therefore R = +co. O

3.3.2 Product of two power series

Proposition 3.3.2. The radius of convergence R of the series with general term:

Xt = (Z akbn_k] x" (3.28)

k=0
verifies R > inf(R,, Ry). In addition, for all |x| < inf(R,, Rp), we have:
Z Xt = [Z a,,x”] X [Z b,,x”] . (3.29)
n>0 n>0 n=0

Proof. let|x| < inf(R,, Rp). Since the two series (}.,,50 4,x") and (3,5 bnXx") are

absolutely convergent, the Cauchy product series of general term:

Y () (o) = (Z b]

k=0 k=0

is also absolutely convergent, and for all x| < inf(R,, R;), we have:

Z X" = 2 Z (ax") (bn_kx”-k)] = (Z a,,x"] x [Z b,,x”]. (3.30)

n=0 n>0 | k=0 n>0 n>0

O

3.4 Functions developable in a power se-

ries ( Taylor series )

In this section, we will study the problem in reverse.
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3.4.1 Functions developable in a power series

Definition 3.4.1. Let xq be a given real number and let f : R — R be a function
defined in the neighborhood of xo. We say that f is developable in a power series
at the point xy, if there exists a power series Y., a,x" with radius of convergence
R > 0, such that:

forallx e R,|x — x| <R, f(x) = Z ay(x — xp)" (3.31)

n>0

By performing the change of variable X = x — xo, we then speak of a function that

is developable in a power series at the origin.

Definition 3.4.2. A function f of a complex variable z is said to be developable in
a power series at the point zy, if there exists a power series Y., an(z — zo)", with

radius of convergence R > 0, such that:

forallze C,|z—zp| <R, f(z) = Z an(z — zo)". (3.32)

n=0

Definition 3.4.3. If f is indefinitely differentiable, the power series with general
f9)

term i

x" is called Taylor series of f.

3.4.2 Necessary condition for developmentin power
series

Theorem 3.4.1. When a function f is developable in power series, then f is of
class C** on any compact contained in the domain of convergence |-R, R[ and f
coincides with its Taylor series. Moreover, if the power series development exists it

is unique.

Proof. Suppose that f is developable in a power series at the origin, then
there exists a power series )., 4,x" with a non-zero radius of convergence

R, such that:

forall x € R, x| < R, we have f(x) = Z a,x" = S(x), (3.33)

n>0
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where S is the sum of this series.
According to the theorem of the derivation of power series, we deduce that
f is of class C** on ]-R, R[ and moreover:

+00

F0x) = Z(n + R0+ k= 1) + Vg (3.34)

n>0

It follows that:

“(0)
FO0) = ark!, ie. a = f o (3.35)
which ensures the uniqueness of the development. ]

Remak 3.1. The converse of the previous theorem is false. Indeed, the condition that
f is of class C** on any compact contained in the domain of convergence ]-R, R],
is not sufficient to ensure that this function is developable in a power series, even if
its Taylor series converges. As an example, we consider the function f defined on IR
by:

1
exp(—;), six >0,

f) = (3.36)

0,six<0.
By recurrence, we can easily verify that this function is of class C** on R. Moreover
for all k € IN, the derivative of order k of f at point 0 is zero. So, if we assume
that f is developable in a power series, its development is the zero series, which is
impossible since f(x) # 0, for all x € |-R, R[.

3.4.3 Sufficient condition for developmentin power
series

Theorem 3.4.2. Let f be an indefinitely derivable function on an interval 1 —r, ++[.

A sufficient condition for f to be developable in a power series is the following:

AM >0, Yn e N,Vx €] -7, +7], [f"(x)| < M. (3.37)
In addition, for all x €] —r, +r[, we have:
+00 (n) (0)
fx) = Z fo (3.38)

n>0
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Proof. Since f is indefinitely derivable on ] -7, +1{, the formula of Mac-Laurin

gives:
n f(k)(o) ' Peas! 1)
= —_— — 1[. .
) ; — +1)!f (6x), 6 €10,1] (3.39)
Itis enough to show that limn_>+Do 1! = 0. Indeed, by hypothesis,
we can write:
< (n+1) = | 4
0 (+1)'f (6] =< M‘(n+1)! (340)
n+1
Since CF is the general term of a convergent series, we therefore have:
. xn+1
Consequently:
) xn+1 (1)
The function f is indeed the sum of its Taylor series on ] — 7, +r[. O

3.5 Developmentin power series of usual

functions

3.5.1 The sine and cosine functions

These two functions are of class C** on R. By recurrence, we can easily

verify that their n th derivatives are:
sin®(x) = sin(x + ng) (3.43)
cos™(x) = cos(x+ ng), (3.44)

are indeed majored by M = 1, for all x € R. They are therefore developable

in power series on IR, which means that R = +co. We therefore have:

. 1
sin(x) = 2 (2(n +)1), x*"1, for all x € R. (3.45)
cos(x) = 1" x*", for all x € R. (3.46)

— (2n)!
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3.5.2 The exponential function x — exp(x)

This function is of class C*® on any interval ]-7,r[. By recurrence, we can
easily verify that its n th derivative is also equal to exp(x), and is well
bounded above exp(r). It is therefore developable in a power series on any
interval ]-r,7[. Since r is arbitrary, we deduce that R = +co. We therefore
have:

exp(x) = Z z—’:, for all x € R. (3.47)

n=0

3.5.3 The logarithm function x — In(1 — x)

The function x —

is developable in a power series on ]-1,1[ . Indeed,

let (x"),en be a geometric sequence, we can write:

1 B n L xn+1
1_x—kE_0x +1_x,x€1R/{1}. (3.48)
We deduce that:
1 — n
1_x—nE>0x,xe] 1,1[. (3.49)

Integrating term to term, we obtain:

n+1 n+1

In(1 —x) = —Z ;+1,x€ [-1,1] (because Z (n-l)-l

n>0 n>0

converge). (3.50)

Remak 3.2. The techniques of the previous parts can be applied to obtain other

developments from these cases. These techniques are adapted to the following func-

tions: ® ) X
_ exp(x) +exp(—x) x"
cosh(x) = > = Z anl’ xeR. (3.51)
. ex (x) —ex x2n+l
sinh(x) = —P pC Z e (3.52)
1 — 1 n,n é
ax+b_b1 —Ex bZ 1)( )ix", xe] a[anda,b#O. (3.53)

1 - - Za(—nnxz", xel-1,1[. (3.54)

1+x2 1+ (—xz)
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X _1\142n+1
arctan(x) = f at = Z %, xe[-1,1]. (3.55)
n>0

0 1412 2n+1
1. 1+« K2l
arg th(x) = 7 In(;—) = Z& s €L (3.56)

3.5.4 Rational functions

The decomposition of a rational function into simple elements and the use

1
——, allow us
-x

of the power series development of the function x = f(x) = I

to develop a rational function in a power series.

1
Example 3.5.1. We consider the rational function f(x) = T
We then have
1 1 1 x\"
== =—= =, -2,2[. 3.57
f09==3% 7 2M(z) xel-2,2| (357)

3.6 Application to the resolution of cer-

tain differential equations

We will present here an example of a differential equation, a method that
allows us to find a solution in the form of a function that can be developed
in a power series over a certain interval |-7, 7.

Let us then consider the differential equation:

2xy+y— =0. (3.58)

1-x
Suppose there exists a power series y(x) = )~ a,x" with radius of conver-
gence r > 0.

Forall x € ]-1,1],

LR Z X", (3.59)

So, we have:

2xy+y— 11Tx =ap+ Z(Zn + 1)a,x" - {1 + Z x”] =0. (3.60)

n>0 n>1
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We deduce that:
1

2n+1"

ao=1anda, = (3.61)

Therefore:
le
¥ =) 5, -1l (3.62)

n>0

3.7 Exercises about chapter 3

Exercise 3.7.1. Give the radius of convergence and calculate the sum of each of the

following power series:

+00 +oo
DA@ = Y a2 hE)=) m+ 1)
n=0 n=0
+00 2n
— 2..n — _1\ n
3) fox) = L 4) fa(x) = ;5( '
+00 n
Exercise 3.7.2. Let the power series Y, .
n=2 1’1(1’1 - 1)

1. Find the radius of convergence of this series and calculate its sum S.

2. By passing to the suitably justified limit, calculate S(1) and S(-1).

Exercise 3.7.3. Consider a power series with general term a,t", radius of con-
vergence R > 0, and sum S. We assume that S is a solution of the differential
equation:

1+ 2)f(H) = 2f().
1) Establish a relation linking for each n € IN the coefficients a,, and a,.».
2) Determine the value of ay then of ay, , for all p > 2.
3) We now assume that S(0) = 0 and $(0) = 1. Calculate ag,a, and the value of
agps1, forallp € N.
4) Prove that the power series with general term a,t" converges normally on the
interval [-1, +1]. What is its radius of convergence?
5) Let g(0) = 0 and g(t) = S(Lt_l

will find a simple rational fraction).

for t # 0. Calculate the derivative ¢ of g (we

6) Deduce from 5) an explicit expression of the function S.
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x sin(t)
x2 +1—2xcos(t)
1) Develop f into a power series according to the powers of x.
s

2) Calculate ff(t, x)dt.
0

Exercise 3.7.4. Let f(t,x) =



Chapter 4

Fourier series

4,1 Periodic functions

Definition 4.1.1. Let f be a function defined on R. We say that f is periodic with
period T (or T—periodic), if and only if:

f(x+T) = f(x), forall x e R. 4.1

Corollary 4.1.1. Let f be a T—periodic function. We then have the following
properties:

1. The number =T is also a period of f.

2. The number nT, n € Z is also a period of f.

Proof. 1. Since f is a T—periodic function, we can then write:

f(x=T) fx=T+T7)

f(x), forx € R. (4.2)

55
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2. If n > 0, by recurrence, we can write:
fx+nT) = fx+m-1DT+T)=f(x+n-1T)

f(x+T) = f(x), forall x € R. (4.3)

Now, suppose that n < 0. Since —T is also a period of f, using the previous

proof gives:
fx+nT) = f(x+ (-n)(-T)) = f(x), for all x € R. (4.4)
O

Proposition 4.1.1. Let f be a T-periodic function, then the function g defined on
Rby g(x) = f(ax+B) (a #0) is g— periodic.

Proof. Since f is T—periodic, we can write

s(rz) = ool z) o
= flax+B+T) = flax+p) = gkx). (4.5)

O

Proposition 4.1.2. Let f be a T—periodic function and integrable on an interval

[A, A + T] (interval of length T), then we have:
A+T

T
f(x)dx = fo f(x)dx, forall A € R. (4.6)

A
Proof. Indeed:
A+T

T A+T
fx)dx = f;\ fx)dx + : f(x)dx

T A+T
f fx)dx + f(x—=T)dx (because — T is also a period off )
A T

T A
f fx)dx + f f(x)dx (by posing x — T = X)
A 0

T
fo f(x)dx, forall A € R. 4.7)
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4.2 Trigonometric series

Definition 4.2.1. A trigonometric series is a series of functions that can be written

112—0+Za,, cos(n—?)+bnsin(n7m), (4.8)
n>1

where (ay), and (b,), are two sequences of scalars, real or complex, T = 21 is the

in the form:

period of the series.

Definition 4.2.2. (Complex form of a trigonometric series) Since sin 0 = 0, we can

assume that by = 0.

a, — ibn _ Oy + ibn
Cp = — and c_, = 5 (4.9)

the expression (4.8) can be rewritten in the complex form:
ch exp (z@) (4.10)

nez.

Thus, a trigonometric series can be considered as a series of functions in C of the

fOrm Y, cz Cn €Xp (1”—7;96) .

4.2.1 Rules of convergence

Proposition 4.2.1. 1) If the series ) 1 4, and },,5q b, are absolutely convergent,
then the trigonometric series (4.8) is normally (therefore uniformly) convergent on
R, and its sum is a continuous function on R.

2) If the sequences (a,) and (a,) are positive, decreasing and converge to 0, the
trigonometric series (4.8) simply converges on R — 217 and it is uniformly con-
vergent on any interval of the form [2kmt + A,2(k + 1)mt — A], where k € Z and

O< A<

Proof. 1) We can write:

nTx . (nTx
a, cos (T) + b, sin (T)

The trigonometric series (4.8) is therefore normally convergent on R and

<lau| +b,, forall x € R. (4.11)

therefore uniformly convergent on R by the Weierstrass criterion.
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The continuity of the sum of this series occurs because the functions x +—
nmx . (nmx . . . .
a, cos (T) + b, sin (T) are continuous and the series (4.8) is uniformly

convergent.

2) This is an immediate consequence of Abel’s criterion. O

4.2.2 Calculation of coefficients of a trigonometric
series

Proposition 4.2.2. Suppose that the numerical series ) s, a, and ),,s, b, are
absolutely convergent, and let S be the sum of the trigonometric series (4.8). Then

the coefficients of this series are given by:

a, = -

!
% f S(x) cos(nlﬂ)dx, n>0, (4.12)
-1

!
b, = %f S(x) sin(@)dx, nx1, (4.13)
-

Proof. We multiply the general term of the trigonometric series (4.8) by

cos (g) or by sin (@) and under the following inequalities:
nmx . (nmx mmx
[an cos (—) + b, sin (—)] cos (—)
l l l
nmx . (nmx\] . (m7x
[a” o8 (T) + b Sm(T)] - (T)

we can ensure the uniform convergence of the following series of functions:

; [an cos (@) + b, sin(g)] cos(@) (4.16)

<la,| +1b,], x € R, (4.14)

<lay| + by, x € R, (4.15)

and

Z [an cos(nlix)+b,, sin(g)] sin(@) (4.17)

nx1
Therefore, we can integrate term by term.
The properties (4.12) and (4.13) are therefore consequences of the following

calculation:

! 1
f cos(n—?)cos(@)dx = f sin(@)sin(@)dx =0, n#m, (4.18)
-1 -1
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I I
f cos? (n—?(x)dx = f sin? (nlix)dx =1 (4.19)
-1 -1
! 1
f cos(g)sin(@)dx= f C03(@)Sih(”—?)d}(=0, n,m > 1.
_l -1

(4.20)
O

We can now define the Fourier series of a periodic function.

4.3 Fourier series

Definition 4.3.1. Let f be a function defined on R, 2l—periodic and integrable on
the interval [—1, I]. We call the Fourier series of f and we denote SF(f) the trigonomic

ag nmx . (nmx
E +Zan COS(T)-an SIH(T). (421)

n>1

series:

The numbers a, and b, defined by:

!
a, = %f f(x) cos(nlix)dx, n>0, (4.22)
-1

1 (!
b= 5 f F(x)sin (”lix) dx, n>1, (4.23)
-1
are called Fourier coefficients of f .
Corollary 4.3.1. To calculate the Fourier coefficients of a function, we can calculate

the integrals over any interval of the type [A, A +2I] instead of [, I], and the Fourier

coefficients become:

A+21
a, = % f(x) cos(nlix)dx, n>0, (4.24)
A+21
by = % f ) sin(”li")dx, n>1, (4.25)
A

Proof. This is an immediate consequence of the Proposition 4.1.2 . ]
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4.3.1 Fourier series of even or odd functions

Proposition 4.3.1. 1) If f is even on R, the Fourier coefficients are given by:

=0, forn>1
ay lfof(x) os( )dx n > 0.
2) If f is odd on R, the Fourier coefficients are given by:

a,=0,n>0
2 . (nmx
b, = 7f0 f(x)sm(T)dx, forn>1.

Proof. 1) Since f is even, we can then write:

!
a, = 1‘ff(x)cos @ d

f(x)cos dx+ f f( x)cos

~|}~—k N|p—x

N|>_x

= TIOf(x)cos —

fﬂf(—x)COS _n_nx d(—X)+ff(x)cos @)dx
f f(x)cos dx+ f f(x)cos ) x]

(4.26)

(4.27)

al
|

On the other hand, if f is even on R, the function f sin (nTnx) is odd for all

n > 1, and therefore:

by

-5 f feysin(“F )dw = -

Therefore b, =0, for alln > 1.

2) The proof is analogous for the case where f is odd.

Example 4.3.1. Consider the f 2m -periodic function defined by:

fx)=x, xe]-n,nl.

: -1
lff(x)sm @ dx:‘lf f(x)sin(@

)d(—x)

(4.28)
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fisodd, soforalln >0,a, =0, and

U _1\n—-1
bnzzf xsin(nx)dsz( b ,n>1. (4.29)
T Jo n
The Fourier series of f is therefore:
n-1
SF(f(x)) = 22( D™ sin(nx). (4.30)
n>1

Example 4.3.2. Consider the f 2m -periodic function defined by:
flx) = X%, x € [-m,n]. (4.31)

fis even, soforalln >0, b, =0, and

Tl 2 Tl —1)"
ap = gf dex = 47-[_, an = %f X2 cos (Tlx) dx = 4( ) Sz 1. (432)
0 3 ™ Jo n

Tt

The Fourier series of f is therefore:

SF(f(x)) = §n2 +4 Z (;12)” cos (11x). (4.33)

n>1

4.3.2 Riemann-Lebesgue Lemma (Necessary Con-
vergence Condition)

Lemma 4.3.1. Let f be a function integrable on an interval [a, b], we then have:

b
1ir11ff(x)cos(n dx = hr;nff(x ) sin d =0.
n—+oo a n—+0oo0

Proof. It is enough to show that:

b
lim f F)exp (i@)dx:& (4.34)

Suppose that f is integrable on [g, b], that is, that there exists a subdivision
of the interval [g, b] by a finite number of points:a = xg < x; < <x, = band
a staircase function ¢ defined by ¢(x) = m;, x € [x]-_l, x]-[ , 1j=1,2,..,n,such
that:
€
- < ——, forall . 4.
|f(x) (p(x)|_2(b_a), oralle >0 (4.35)
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We can write :

r

b
[f(%) - ()] exp (z@) dx < f |f() — p(x)| <, foralle > 0. (4.36)

Therefore:
! nmx ’ nmx
lim f f(x)exp (i — ) dx = lim @(x) exp (i —) dx
n—+oo J I n—+oo . 1

v [ NTIX
- i Y [ e ()
=1 YXj-1
< b NTIX
= Z lim mjexp(z—)dx
n—+oo l
j=1 f
= Zn: lim m—jlex (i@)b
- n—+oo | NTT p 1 .

j=1
=0 (4.37)

O

Corollary 4.3.2. Let f be a function defined on R, 2I—periodic and integrable on
[—1,1], then the sequences of Fourier coefficients (a,) and (a,) converge to 0 when

n — +oo.

4.3.3 Dirichlet Theorem (Sufficient Convergence
Condition)

In this section, we will study a case of convergence of Fourier series.

Definition 4.3.2. Let f be a function defined on an interval [a, b]. We say that f is
piecewise continuous on [a, b] , if there exists a subdivision {[xj_l, x]-[ ,j1=12,., n}
of [a, b] such that:

1. f is continuous on each interval [xj,l,xj[, i=12,..,n

2. f admits discontinuities of the first kind at the points x;, j = 1,2, ..., n.

We recall that f admits a discontinuity of the first kind at a point xo, when it admits
at this point a right limit f(x{) and a left limit f(x;), such that f(x;) # f(xp).
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Definition 4.3.3. We say that f is of class C' piecewise on [a, ], if there exists a
subdivision {[xj,l,x,-[, i=12,., n} of [a, b] such that:

1. f is of class C' on each interval [xj_l,xj[, i=12,..,n

2. f admits right-hand derivatives and left-hand derivatives at the points x;j,

j=1,2,...,n which are distinct..

Definition 4.3.4. (Dirichlet kernel) We call the Dirichlet kernel the function

D, dédefined by:
. 1\ tx
sn(n+3) F)
— ifx#2ml, meZ
Dy ={  2sin (_) (4.38)
21
n+ =, ifx =2ml, m € Z.

2
Proposition 4.3.2. The Dirichlet kernel D,, has the following properties:
1. D, is an even and periodic function of period 21.
2. Dy, is a continuous function on R .

3. Dy, can be represented by the formula:

D(x) = % £y cos(@), xeR, (4.39)
k=1

and furthermore, we have:

1 1
T fo Dy(x)dx = 5. (4.40)

Proof. 1. D, is an even function (obvious).

On the other hand, for any x # 2ml, m € Z, we have:

sin[(n+ %)nTx + (2n+1)n]

D,(x+2l) = o
23in(—+71)
21
. 1\ ix . 1\ ix
_ —sinf(ee3)7F) _sinf(ne3) )
. (TX . (Tx
—Zsm(g) ZSII’I(E)

= D,(x). (4.41)
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The function D,, is therefore 2! -periodic.

2. It suffices to show that D, is continuous at the point xy = 0. Indeed,

ofl- 1))
. smi\n 5 l
im——n—>——-

x—0 . X
2 -
s 57)

sin ((n + 1) _nx) X (n + 1) ™
- 2) 1 21 2) 1
= lim
x—0 ( 1) X sin(nx) 2% X
n+ 2T 57 57

1
= n+ E = Dn(O)

lir% D, (x)

By periodicity of the function D,, we then deduce that D, is continuous at

all points x = 2ml, m € Z. Therefore D,, is continuous on IR.
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3. For all x # 2ml, m € Z, we have:

Dy(x)
% +R exp(i"Tx)
% +R exp(inTx)
% +R exp(i?)

X

exp(iTT)

(

n+1

1
E-l—%

n

%+‘R exp(z

2 + Z cos(k—) =- + R (Z exp(ik¥)]

1- exp(zn—)

1- exp(zT)
) _ i (28
l l

1- cos(ﬂ) - z’sin(?)

1—cos(

)

2 sz( 2ic

)

2 sin® (
cos(nnx) + isin(nn
21 21
(nnx) +1 in(_nnx in
cos o] S ol S

o

sm( 7 )
sin

+1
2

X

T in (7
sin( o )
nmx

X ol

1+cos
2

)

2

{

+

2n+1

()
%)
5)-e0(3)

)

sin

T nmx

N~
N~

an((
il )%

1
sin ( i )
2]

If x = 2ml, m € Z, we have:

D, (x) =

I\)I'—‘

In addition, we have:

fD(x)dx—zlfdx+lch (—dx—;

X
1
in(E)
S\

= D,(x). (4.42)
- 1
Z cos(2kmm) = 3 + n. (4.43)
k=1
(4.44)
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Here is now the Dirichlet theorem:

Theorem 4.3.1. (Dirichlet theorem) Let f be a 21— periodic function of class C*
piecewise on R, then the Fourier series of f converges simply at every point x of
R - 2I7Z and has the sum:

£ + )

S(x) = 5

(4.45)

Moreover, if f is continuous, the Fourier series of f converges uniformly on R and
S(x) = f(x), forall x € R.

Proof. Let’s consider for alln € IN, the sequence of partial sums of the Fourier

series:

Su(x) = ‘%0 +Y ay cos(g) + by sm(”—7x). (4.46)
k=1

Let x be any point of R. It is enough to demonstrate:

fo) + f)

> (4.47)

lim S,(x) =
n—+co
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Indeed:

Su(x)

32(7)17(7)
- Ll f(t)dH; [N P e P
= %ij(t) %+kzz:‘c0s(nn(tl_x))]dt

!
_ % fl FODy (t - x)dt

/—x
= % flx f(x+y)D, (y)dy (using change y =t — x)
/
= % I l f(x+y)D, (y)dy (By Proposition 4.1.2)
1 ]
= 5 (ﬁf(x +y)Dy (y) dy + jo‘ f(x+y)D, (y)dy)

!
= % f (f(x—y) + f(x + v)) D, (y) dy (by making the change u — —u ).
0
(4.48)
sin ((n + %) ny

I

The use of formulas ! fol D,(y)dy = ! fol [ )de = %, we get:

l 1 2an(E)
+ - ! sin n+l Ty
s - L L (f(x—y)+f<x+y>)[%de+

frgey {3,

2 sin (Z—ly)

e g y

= %fo‘f(x y)y f(x)xSin(lZ_ly)XSin((n+%)nTy)dy+
ny

+% Olf(x+y)y—f(x )>< Sin(lz_]l/) ><sin((n+%)¥)dy
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Ty
Since the function f is of class C' piecewise and lim zézy = 1, the
sin(—)
21
functions:
y Ty
— p— — - _ + —_—
PPt ) b {0 SO BP0 AV N
y sin (n_y) Y sin(n—y)
21 21
(4.49)

are bounded.

The result is therefore a consequence of the Riemann-Lebesgue lemma. O

4.3.4 Parseval’s formula

Theorem 4.3.2. Let f be a function defined on R, periodic of period 21, integrable
on [-1,1] and let
_% XY (T
fl) = > +;(ancos( i )+bnsm( 7 )), (4.50)

Then Parseval’s formula is given by:
1 2
- f Peyde= 2+ ) (a2 +12). (4.51)
! -l 2 n=1

Proof. We demonstrate this theorem when
Zan cos(nlﬂ)+bn sin(g), (4.52)
nx1

isuniformly convergent. Let us then assume that the numerical series )51 5
and ) -1 b, are absolutely convergent, and let (S,,) be the sequence of partial

sums of the Fourier series such that

Su(x) = % + Z (ak cos (@) + by sin(@)) . (4.53)
k=1

For all x € R, we have:

f@) = Su)| < Y, lawc+ il (4.54)

k>n+1
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quantity tending towards 0, when n — +co. We deduce:

|f(x) = $2()| () = Su(@)| | f(x) + Su(®)|

|f(0) = Su()| x 2| f ()|

2 Z |ax + bk|[|112—0| + Z ax + bkl] — 0, when n — +oo0.
k1

k>n+1
(4.55)

IA

IA

The sequence of functions S? is therefore uniformly convergent towards f2.

This uniform convergence allows us to write:

! /
% fl fz(X)dX = nl—i>I+l:loo (% fl Sf,(x)dx) . (456)

Using the properties (4.18), (4.19), (4.20) and the fact that:

n 2 n n
[Z ai] = Z ozl.z +2 Z aiaj, (4.57)

i=1 i=1 i,j=1izj

1 ('} a3
z dx = = 4.
()7 dx X (4.58)
we can clearly deduce that
1 (7 TR
2 _ 2 12
T I 1 Sidx = 2 + (a7 +12), (4.59)
k=1
By making n tend to +oo, the expression (4.56), becomes
1 2
- f Peyde= 2+ Y (a2 +12). (4.60)
I J 2
nx1
o

Remak 4.1. The preceding Parseval theorem remains true even if f is not the sum

of its Fourier series.

4.4 Some applications of Fourier series

The use of the continuity of the sum of the Fourier series on certain intervals

and Parseval’s theorem gives us remarkable new identities:



Smail Kaouache. Courses of Mathematical Analysis 3 (2024/2025) 70

Indeed, in the example 4.3.1, the Fourier series of x is given by:

SFw=2Y D" ). (4.61)

n
n>1

T o n -t (m
X0 = > is a point of continuity, we then have 5 = 2Y 1 ( sin (ﬂ—),

n 2
S0
) _m
— = 4.62
2n+1 4 (4.62)
n>0
On the other hand, using Parseval’s theorem gives us
1 (", 2 1
- dx=S1*=4) —. 4.63
Tt j:n rax=3m ; n2 (463)
So: s
1 =
- =— 4.
ol (4.64)
n>1
Similarly, in example 4.3.1, the Fourier series of x? is given by:
2 (=1)
2y _ £ 2
SF@) = 3m +4)] 5 cos (nx). (4.65)
nx1
Cns . o 2, (-1"
xp = 0 is a point of continuity, we then have 0 = 3T 4y 51 a2 hence
(_1)n 3 7.(2
Y = (4.66)

n>1

On the other hand, using Parseval’s theorem gives us:

1, 2, (2, 1
;dex—gn —[gn +16Zﬁ, (4.67)

n n>1
So:
— = —. (4.68)

4.5 Exercises about chapter 4

Exercise 4.5.1. Consider the function 2m-periodic f defined by:

fx) =1xl, x €[-m,m]. (4.69)
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1. Represent f.
2. Prove that f is developable in Fourier series and explain its sum on [—m, 1t].
3. Deduce:

1 1 1 1
"Ly Vi Ol Yl
n=0 n>1 n=0 nx1

n>1

Exercise 4.5.2. Consider the 2m-periodic even function f defined by:
f(x)=x-m, x€[0,m]. (4.70)

1. Represent f.
2. Prove that f is developable in a Fourier series and explain its sum on [-m, 7t].

3. Deduce the sum of the series

17 by choosing a particular value of x.
n=0

4 . P 7 _—
) Calculate by applying Parseval’s formula the sum nE‘O 2+ 1)

Exercise 4.5.3. Let a be a non-integer real number and let f be the 2m— periodic
function defined on R by:

f(x) =cos(ax), xe€[-mn,n]. (4.71)

1. Prove that f is developable in a Fourier series and determine this series.
2. Is the Fourier series of f uniformly convergent on IR?

3. Deduce the following identities:

n 1 -1"
= —+2ay —2.
2 sin () a a;a a? —n?
1 1
b) mcot(a) = — +2az g
n>0

2

c)n—zzlz.

sin? (am) ~ (a—n)




Chapter 5

Generalized (improper)

integrals

This chapter mainly consists in generalizing the notion of Riemann inte-
grals to unbounded functions defined on intervals that are not necessarily
bounded.

5.1 Convergence of generalized integrals

Definition 5.1.1. Let f : [a,b[(or b = +00)— R be a locally integrable function on
[a, U] (i.e. its restriction to each compact of [a, b[ is Riemann-integrable), and let F
be the function defined on [a, b[ by:

F(x) = fx f(t)dt, forall x € [a, b] . (5.1

We say that the generalized integral L ! f(t)dt converges, if and only if lim,_,,- F(x)
exists. Otherwise, we say that the integral fa ’ f(t)dt diverges.

Remak 5.1. Let f : [a,b[(or b = +00)— R be a locally integrable function on [a, b[.

For all ¢ € [a, b], we can write:

fa b f(hdt = f C F(hdt + f b F(t)dt. (.2)
7

2
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Since j; f(H)dt always converges (Riemann integral), the generalized integrals
fu ! f(t)dt and fc ’ f()dt are therefore of the same nature.

Definition 5.1.2. Now, let f : ]a, b](or a = —o0)— R (or C ) be a locally integrable
function on Ja, b] and let F be the function defined on ]a, b] by:

b
F(x) = f f®dt, for all x € Ja, b]. (5.3)

The generalized integral fa ’ f(t)dt is said to be convergent if and only if lim,_,,+ F(x)
exists. Otherwise, the integral fﬂ ! f(t)dt is said to diverge.

Definition 5.1.3. Let f be a locally integrable function on Ja, bloit a € R U {—oo}
and b € R U {+co} and let ¢ € Ja, b].

The generalized integral fa ’ f()dt is said to be convergent, if and only the two gen-
eralizedl integrals fa ‘ ft)dt and fc ! f(t)dt are convergent. Otherwise, this integral

is said to be divergent.

oo dt
Example 5.1.1. Consider the generalized integral f0+ ok Since:
1
dt 1
— = -1+~ — +co, when x — 07, (5.4)
x L x
he i ;[ dt i 3
the integra fo 7z tverges, however
*dt 1
— =1-=—>1, whenx — +co. (5.5)
1 b x

. —+00 dt . —+00 dt .
So the integral fl 72 converges. We deduce that the integral fo 7 diverges.

Proposition 5.1.1. Let f and g be two locally integrable functions on [a, b| .
1. Iftheintegrals fu ’ ft)dtand fa ! g(t)dt converge, then the integral fﬂ ! (f(t) + g(t)) dt

is also converged, and moreover:

b b b
f(f(t)+g(t))dt:ff(t)dt+f g(t)dt. (5.6)

On the other hand, if one of the two integrals fa ’ f(H)dt or fu b g(t)dt diverges, then
fab (f(t) + g(t)) dt diverges.
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2. Let a € R, then the integral fa ! f(t)dt converges if and only if the integral

b
fu af(t)dt also converges and moreover:

b b
f af(t)dt = a f F(t)dt. (.7)

Proposition 5.1.2. The proof of this proposition is based on the linearity of Riemann

integrals and on the theorems on the sum and product of limits.

5.2 Integration formulas for generalized

integrals

The following two theorems are very useful in the study of generalized

integrals:

5.2.1 Integration by parts

Theorem 5.2.1. Let f and g be two functions of class C' on la, bl. If the integral
fu ! f(t)g(t)dt converges and if the function fg has a limit on the right of a and a
limit on the left of b, then the integral fa ! f(t)g(t)dt converges and we have:

b b
f fhgtdt = (}E? f)g(x) = Ylggl f(x)g(x)) - f fHg(t)at (5.8)

Proof. It is based on the fact that the function fg is the primitive of the
function fg + f¢ on the compact interval [a,x] and on the fact that the

function fg has a limit on the right of 2 and a limit on the left of b, o

5.2.2 Change of variables

Theorem 5.2.2. Let f be a continuous function on la, b[ and let ¢ be a bijective
function of class C* on a, B[, verifying a = limy_,o+ @(x) and b = limy_g- (x).
Then the integrals fu ’ f(t)dt and fa i @(x) f(p(x))dx are of the same nature, moreover,
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if they converge, we have:

b B
[ o= [ owseun (59)

Proof. 1t is based on the change of variable t = @(x) and the fact that a =
lim, 4+ @(x) et b = limy—- @(x).

5.3 Generalized integral of functions of

constant sign

In the following, we are interested in the case where the functions f and g
are locally integrable and of constant sign on the interval [a, b[ or ]a, b] .

In particular, we will state all the results in the case where the functions f
and g are positive. If the functions f and g are negative, we will study the

integral of the functions —f and —g.

Theorem 5.3.1. Let f be a positive and locally integrable function on [a, b[. Then
the integral fa ! f(t)dt converges if and only if the function

x F(x) = fx fdt,x € [a,b], (5.10)

is majorized [a, b[, and moreover, we have

b
forall x € [a,b[; F(x) < f f(Hdt, (5.11)

Proof. Since f is positive, the function F is therefore increasing. But for
lim,_,;- F(x) to exist, it is necessary and sufficient that F be majorised and we

have: i ,
F(x):f f(t)dtsff(t)dt. (5.12)

O
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5.3.1 Comparison of generalized integrals of two
positive functions

Theorem 5.3.2. (comparison theorem) Let f and g be two positive and locally

integrable functions on [a, b[ or la, b] verifying:
0 < f(t) < g(B). (5.13)

1. If the integral fu ! g(t)dt is convergent, then the integral fa ! f()dt is also conver-

b b
f F(ht < f S, (5.14)

2. If the integral fa ! f(t)dt is divergent, then the integral fg ! g(t)dt is also divergent.

gent, and we have:

Proof. To prove this theorem, suppose for example that f and g are defined
on [a,b[.

For all x € [a,b] , we have
F(x) = fx fHdt < fx g(tdt = G(x). (5.15)

1. If the integral fu ! g(t)dt is convergent, G is majorized, F is also majorized,
hence the result.

2. If the integral fa ’ f(t)dt diverges, this means that lim,_,;- F(x) = 400, so
lim,_,;- G(x) = +00 and the integral fu ’ g(t)dt diverges. O

Corollary 5.3.1. Let f and g be two positive and locally integrable functions on

[a, b[ verifying:
f(t) = O(g(t), whent — b™. (5.16)

1. If the integral f,, ! g(t)dt is convergent, then the integral J; ! f(t)dtis also convergent
2. If the integral fa ! f(t)dt is divergent, then the integral fa ! g(t)dt is also divergent.

Proof. By definition f(t) = O(g(t)), when t — b~ if and only if:
tp € [a,b], and dc > 0, such that Vt € [ty, b, we have f(t) < cg(t). (5.17)

The rest of the proof follows immediately from Theorem 5.3.2. ]
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Corollary 5.3.2. Let f and g be two positive and locally integrable functions on

[a, b[ verifying:
iU

lim = =0. (5.18)

1. Ifthe integral fﬂ ! g(Hdt is convergent, then the integral fﬂ ! f(t)dtisalso convergent
2. If the integral fu ! f(t)dt is divergent, then the integral fa ! g(t)dt is also divergent.

Proof. By definition lim;_,;- f (t; = (0 if and only if:
fo
Ye > 0,3ty € [a,b[, such that YVt € [ty, [, ona — (t) (5.19)

The rest of the proof follows immediately from the theorem 5.3.2, taking

e=1. O

5.3.2 Generalized integral of two positive equiva-
lent functions

Definition 5.3.1. Recall that two functions f and g are equivalent in the neigh-
borhood of a point ty, if and only if:

nf®

lim =5 = (5.20)

Theorem 5.3.3. Let f and g be two positive functions equivalent to the end of the
integration interval [a, b[ or Ja, b] . Then the two integrals fﬂ ! f(t)dt and dt fa ! g(t)dt

are of the same nature.

Proof. Suppose for example that f and g are defined on [a, b[ .
(®) . :

— =1 & if and only if:

8(#) Y

Ve > 0,3a € [a,b[, such that ¥Vt € [a, D[, (1-€)g(f) < f() < (1+e€)g(t). (5.21)

By definition, lim,_,,

Fore = % fixed, we then have:

vt € [a,b[, = (t)<f

NI())

(5.22)
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We can therefore apply the theorem 5.3.2: If fa ! g(t)dt converges, fu ! f(t)dt also
converges by the inequality on the right and if fa ! f(t)dt converges, J; ! g(t)dt
also converges by the inequality on the left.

We make an analogous demonstration to show that if one of the integrals

diverges, then the same is true for the other. ]

Proposition 5.3.1. (Riemann functions)

1. Let f be a locally integrable function on [1,+oco[. Then the Riemann integral
+00 dt . d l .

fl Ja converges ifand only if o > 1.

2. Now, let f be a locally integrable function on 10,1]. Then the Riemann integral

fol %: converges if and only if o < 1.

Proof. 1. A simple calculation, we find:

1 1
" 1 .
fifdtz 1—0z(x“‘1 1),1f0¢¢1,
1

Inx, ifa =1.

These functions admit finite limits in the neighborhood of infinity only in
the case where a > 1.

2. Similarly, for x € ]0, 1]

-1 ( 1 ) .
1 -1}, ifa#1,
f d—atdt: 1—a\xe1 (5.23)
x 1 —Inx, ifa=1.

These functions admit finite limits in the neighborhood of zero only in the

case where o < 1. O

Remak 5.2. Using a change of variable t — t — t, allows us to also apply the
preceding arquments to the functions t
1to, b] and [b, +ool, such that b > t,.

on the half-open intervals
(t—to)° fop
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5.4 General convergence criteria

5.4.1 Cauchy criterion

Theorem 5.4.1. Let f a locally integrable function on [a,b[. For the integral
b . .
fu f(t)dt to be convergent, it is necessary and sufficient that:

fx ’ F(t)dt

Proof. It suffices to apply the Cauchy criterion to the function x — F(x) =
[ f(Hdt and the fact that F(x) - F(y) = [ f(t)dt. O

Ve>0,36>0, Vx,ye[a,b,b-6<x<y<b,

<e.  (5.24)

5.4.2 Abel-Dirichlet criterion

Lemma 5.4.1. Let f be a function of class C!, positive, decreasing on [a,b[ and

tends to 0 when x tends to b, and let g be a continuous function on [a, b[ verifying

fx ’ g(B)dt

Then the integral fa ’ f(t)g(t)dt converges, and for all x € [a, b], we have:

the property:

AM > 0,Vx,y € [a,b], <M. (5.25)

b
f f(Hgtdt| < Mf(x). (5.26)
X
Proof. By definition, we have:
lim f(x) =0 & Ve > 0,36 > 0, Vx € [b - 5,b[, f(x) < 1\% (5.27)
x—b-

Now let x be fixed in [, b[ and let G(y) = [ g()dt.

By doing an integration by parts, we obtain:

Y L
f fB)gBdt = f(y)G(y) + f (—=f(1)G(t)dt. (5.28)
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So for all y > x > a, we have:

IA

U Y .
[ o] < Lo+ [ l-rorce)a

IA

v
Mf(y) + f (Mt
Mf(y) + Mf(x) — Mf(y)
MF(x). (5.29)

Using the inequality (5.27), we find:

<e. (5.30)

Yy
[ rogtoar

The Cauchy criterion then allows us to assert that the integral fa ’ f(H)g(t)dt
converges. Moreover, by making y tend towards b in the inequality (5.30),

we obtain the inequality (5.26). O

5.5 Absolute convergence or semi-convergence

Let f be a locally integrable function on [a, b[.

Definition 5.5.1. The integral fa ’ f(t)dt is said to converge absolutely if and only
if the integral fa ’ ( f (t)( dt converges.

. b o . .
Definition 5.5.2. The integral fa f()dt is said to be semi-convergent when it is

convergent without being absolutely convergent.

Theorem 5.5.1. If the integral fﬂ ! f(t)dt converges absolutely, then fﬂ ! f(t)dt con-

verges ﬂnd moreover:
b
| s

Proof. The proof proceeds using the Cauchy criterion and the fact that:

[ s

b
< f ()] dt. (5.31)

< f ’ |f(t)| dt, x, y € [a,b] (5.32)

O
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sint

Example 5.5.1. Consider the function f defined on [g, +c><>[ by f(x) = T

Forall t > g, we have:

fx ’ f(t)dt' < %2 (5.33)

. . oo dt o
Since the integral f; 7 Converges, we deduce that f; f()dt converges abso-
2 2
lutely, so it converges.

The following theorem is widely used in practice.

Theorem 5.5.2. Let f be a locally integrable function on the interval [a, +oo[,
where a > 0, such that there exists a > 1 verifying lim;_, o t* | f (t)| = 0. Then the
integral fa e f(t)dt converges absolutely.

Proof. By definition:

lim *|f(t)| = 0 & Ve > 0,3A > a such that Vt € [A, +oo[,

t—+o00

€
f(t)| <a

. . . o dt . .
Since the Riemann integral L " 7o converges, using the comparison theorem

5.3.2 shows the absolute convergence of the integral fa e fH)dt . ]

5.6 Generalized integrals and numerical

series

In this section, we will give some results specifying the link between gener-

alized integrals and numerical series.

Theorem 5.6.1. Let f be a locally integrable function on the interval [a, +oo[. Then
the following properties are equivalent:
1. The integral fa o f(t)dt converges.

Xn
2. The numerical sequence with general term F(x,) = f f(x)dt converges, , where

a
(xn)n is a sequence of elements of [a, +oco[ with limit +oco, when n — +oo.
Xn+1
3. The numerical series with term general u, = f f(x)dt converges, where (x,),
Xn
is a sequence of elements of [a, +oo[ with limit +oc0, when n — +oo.
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Proof. Let’s show 1= 2. For all x € [a, +o0], the integral fu e f(t)dt converges

fa a F(B)dt - f ' F(t)dt f -~ F(t)dt
(5.34)

Letnow (x,), be a sequence of élements of [4, +oo[ of limit +co0, whenn — +oo,

if and only:

Ye > 0,36 > 0,Yx > 5, we have = <e.

i.e.

VA >0,3np € N,¥n > ng, x, > A (5.35)

Let’s take A = 6, so for all n > ngy, and for all x,, > 6, we have:

fa " fo - f " fpar f " fo

Hence the sequence F(x,) = f f(n)dt converges.

<e. (5.36)

f " it - Fxy)

Xn

Let us now show 2 = 1. Suppose that F(x,) = f f(x)dt converges and that

the integral fu e f(t)dt does not converge, we then have:

fa ” f(hdt - f ) f(t)dt' >e.

(5.37)

As a result, we can find a sequence of elements (x,) of [a, +oo[verifying::

fa ™ e - fa "t

which contradicts the hypothesis that (F(x,)), converges.

de > 0,¥6 > 0, we can find x > 6, such that

> €,

f ~ F(t)dt — E(xy)dt

Finally, let us show that2 < 3. Foralln € IN :

Xk+1

*n o n—-1
F(x,) = f F(n)dt = f f(n)dt+z f F(n)dt. (5.38)
a a k=0 Xk

Therefore the numerical sequence (F(x,)), converges if and only if the series

Xn+1
of general term u, = f f(n)dt converges. |

Xn

Corollary 5.6.1. Similarly, when f is a locally integrable function on the interval
[a, +b[, we can easily demonstrate that the integral fa ’ f(t)dt converges if and only
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b—x,
if the numerical sequence with general term F*(x,) = f f(x)dt converges, where

a
(xn)n is a sequence of elements of [a, +b[ with limit 0, when n — +o0.

Theorem 5.6.2. (Chauchy’s theorem) Let f : ]0,+oo[ — R be a positive, contin-

uous and decreasing definite function, then the series with positive terms Y, f(n)
nx1
+00

and the generalized integral f f(x)dx are of the same nature.
1

Proof. Let (S,) be the sequence of partial sums of the series ), f(n).
n>1
Since f is decreasing on ]0, +co[, we can write:

forallk=1,2,.., x €]0,+oo[, such thatk < x < k+1, we have f(k+1) < f(x) < f(k).

(5.39)
Integrating over [k, k + 1], we find:
k+1
flk+1) < ff(x)dx < f(k), forallk=1,2,... (5.40)
k
By adding these last equalities, we obtain:
n+1
S — f(1) < ff(x)dx < S, (5.41)
1
+00
* Suppose that f f(x)dx converges, we can see then :
1
n+1 +00
Spe1— f(1) < ff(x)dx < ff(x)dx. (5.42)
1 1

Which shows that the sequence (S,+1) is majorized, and consequently the
series ), f(n) converges.

nx1

* Suppose that ), f(n) converges. We know well that
n>1

n<x<n+1forx>1, (5.43)
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where n represents the integer part of x. We then have:
X n+1
ff(x)dx < ff(x)dx <S,. (5.44)
1 1

Since (S,) is majorized, the integral f f(x)dx is also majorized, which ensures
1

+00

the existence of the integral f f(x)dx.

1
It also follows by contraposition that the divergence of the series ), f(n)
n>1
+00

entails the divergence of the integral f f(x)dx.
1

5.7 Generalized integrals and numerical

sequences

Theorem 5.7.1. (Dominated convergence theorem) Let ( f,), be a sequence of locally
integrable functions on [a,b[, which converges uniformly locally on [a,b[ to a
function f, and let g be a positive and locally integrable function on [a, b[ verifying
the following two properties:

1. The integral fﬂ ! g(H)dt converge.

2. Foralln € N and for all x € [a, b[ , we have:

|£u(8)] < g(8). (5.45)

So the two integrals fﬂ ’ fu(t)dt (n € N) and fa ! f(t)dt converge absolutely, and we

have:

b b
Tim f fu(bdt = f F(t)dt. (5.46)

Proof. The absolute convergence of the integral fu ! fa(t)dt proceeds from the
inequality (5.45) and the use of the comparison theorem. Moreover, by

making 7 tend to +oo in (5.45), we obtain:

forall x € [a,b],

f)] < g®. (5.47)
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We then deduce the absolute convergence of the integral fa ’ fa(t)dt.
Let us now show that lim,,_, fub fa@)dt = J;h fHdt.
By definition, the integral j; ! g(t)dt converges if and only if:

b
f g(H)dt

On the other hand, the sequence (f,), converges uniformly locally to f on

Ye > 0,30 > 0, such that Yx € [b - 6,b[, we have

€
<3 (548)

[a,b], so it converges uniformly to f on any compact [4, x], for any x fixed in
[b—0,b[ie:

€
3(x—a)

Ve >0,dnyg € IN,¥Vn € N, Vt € [a,x] n > nyg,

fulh) = f()] < (5.49)

We then have:

f; fa®)dt — j;b f(t)dt.

b
f (fu(H)dt — f(t))dt

X b
f (fu(bdt — f())dt + f (fu(t)dt — (1)) dt

X b b
f(fn(t)—f(t)|dt+f |fn(t)(dt+f |f(t)] dt
ax x . x
f |fu()) = f(B) dt +2 f g(bdt

€(x —a) +§ B
3x—a) 3 O

IA

IA

5.8 Mean value theorems for integrals

5.8.1 First formula of the mean value

Theorem 5.8.1. Let f and g be two functions verifying f integrable and with a
constant sign on [a,b] and g is continuous on the same segment, then there exists

c € [a, b] verifying:
b b
f FBgbdt = g(0) f F. (5.50)
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Proof. Let us place ourselves in the case where f(x) > 0, for all x € [a,b].

Let m = infyefop) g(x) and M = sup, ., ; (x) , we can then write:

b b b
m f F(hydt < f F(Hg(tydt < M f f(b)dt, (5.51)

Hence: .
d
m < M <M. (5.52)
[ f(e)t

[ foygt

That is to say that € [infxe[a,b] 8(x),sup, ¢, 5 g(x)].

G
Since g is continuous, we can then find ¢ € [a, b] verifying:
b
(H)g(t)dt
—f” J; g = g(c), (5.53)
[ f(t)dt
which completes the proof of the theorem. ]

5.8.2 Second formula for the mean value

Theorem 5.8.2. Let f be a function of class C', positive and decreasing on [a, b],

and let g be a continuous function on [a, b], then there exists c € [a, b] verifying:

b
ff(t)g(f)df=f(ﬂ)ff(f)dt- (5.54)

Proof. Let G(x) = fax g(t)dt.

By doing an integration by parts, we obtain:

b b )
f fhgdt = FERGE) + f ()Gt

b
F(b)G(D) + f (- f(H)G(b)dt (because G(a) = 0).(5.55)

Since f is increasing (i.e f (x) <0on[a,b]) and f(b) > 0, we can then write:

b . b . b .
F(byxm+ f (—f(t))xmdt < f(b)G(b)+ f (—f())G(t)dt < F(b)xM+ f (- f(H)xMdt,
! ’ " (5.56)
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where m = infye[, 5 G(x) and M = SUP e[ah] G(x), or in an equivalent manner:
b
mf(a) < f f(t)gt)dt < Mf(b). (5.57)
a

[ fg(tyat
@)

Since G is continuous, we can then find c € [a, D] verifying:

That is to say that: € [infxe[glh] G(x), Sup, ¢, 5] G(x)] .

b
J; figtoydt
”—:Gc=f tydt, 5.58
f(u) ©= s0 (558)
which completes the proof of the theorem. |

5.9 Cauchy principal value

Definition 5.9.1. Let f be a locally integrable function on ]—oo, +oo[ . The Cauchy
principal value (or principal value of the divergent integral f_ t:’ f(H)dt), denoted
v.p ( f_ J:o f (t)dt)) is the element of R defined by :

V.P (f f(t)dt)) = a_l)iir}roo ff(t)dt) (when this limit exists). (5.59)

Definition 5.9.2. Now, let f be a function, wich has a singular point ¢ € la, b[.
The Cauchy principal value (or principal value of the divergent integral fﬂ ! f(t)dr),
denoted V.P ( fu ’ f (t)dt)) is the element of R defined by:

b c—€ b
VP (f f(t)dt)) = lim0 (f f()dr) +f f(t)dt) (when this limit exists).
’ ' o (5.60)

. dt . .
Example 5.9.1. As an example, we take the integral foz T It is clear that this

integral is divergent. We then have:

2 1-€ 2
v.pfi lim f £)+f "
0 t—]. e——0 0 t—]. 1+€t_]'

im (mE +In 1) - 0. (5.61)

e——0 1
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5.10 Exercises about chapter 5

Exercise 5.10.1. Returning to the definition, study whether the following general-

ized integrals have meaning or not and give their possible value:

+00 +0o
L = f x"exp(—x)dx, ne N, I, = f x sin(2x)dx.
0 4

+00

2
dx

I =f(ln(x))”dx,ne]N, I :f—.

’ J ! J V(2x — x2)

Exercise 5.10.2. Study the convergence of the following generalized integrals:

: In(1 .
I = f sinx i I = f n( +x51énx) i
J x In x? J xlnx

0

I = fsin(x2) +COS(x3)dx, = fexp(—g)sin(ln(x))dx.

x(Inx)? (x—1)3

[SIE

Exercise 5.10.3. Study the absolute convergence and semi-convergence of the fol-

lowing generalized integrals:

+00 +00

I = f Slxiexdx, 0eR, L= f x* cos(exp(x))dx.
1 0



Chapter 6

Functions defined by an

integral

This chapter consists of studying functions of the form:

b
Fly) = f f(x,y)dx, ora € RU{—oco} and b € RU {+o0},

in particular, we ask ourselves the question of knowing on what conditions
on f we have the continuity, the differentiability and the integrability of
the function F . We will distinguish the cases of proper integrals where f is

defined on a compact interval of R and improper integrals.

6.1 Functions defined by a proper integral

In this section we consider a function f = f(x,y) : [2,b] X I — R (I an open
interval of R ) Riemann-integrable with respect to the first variable x on [, b],

forally e I.

89
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6.1.1 Properties of a function defined by a proper

integral

Continuity

In this paragraph, we are interested in the continuity of the function defined
by:
b
k)= [ fpdnyel 6.1)
Theorem 6.1.1. Let f : [a,b] X I — R be a continuous function, then the function

F defined by the relation (6.1) is also continuous on 1. In particular, for all yo € I,

we have:

b b
im Fo) = Jim [ fonix= [ tim fes s

Y=Yo Y—=Yo

b
[ s = Fa)

which is a case of interversion of limit and integral.

Proof. Since f is continuous, the function x — f(x, y) is integrable on [a, b].
Let now y1, y, be any two points of I and let V C I be a compact interval
containing y; and y».

Since f is continuous on [a, b] X I, it is therefore uniformly continuous on the
compact [4,b] X V, i.e;

Ve > 0,36 > 0, such that ¥ (x1, y1), (x2, 12) € [a,b] X V, we have:

[ ) =G| <6 = [fe ) - fea ) < g 62

In particular, if we set x = x; = x, we find, forall y3, y, € V :

= val <= [F oy - f v < 5. (63)

Hence, for all 1, y, € V, such that | y1— y2| < 0, we have:

b
f (f (v 10) - f (3, y2)) dx

|F (41) - F(|

IA

b
f |f (x, 1) — f(x, y2)| dx <e. (6.4)

Consequently F is uniformly continuous on V, so it is continuousonl. O
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Derivability

Theorem 6.1.2. Let f : [a,b] X I — R be a continuous function on [a,b] x I. We

0
assume that the partial derivative —f exists and is continuous on [a, b] X I, then the

)
function F defined by the relation (6.1) is derivable on I, and we have:

b b
E(y) = j—y( f f(x,y>dx)= f a%f(x,y)dx, (6.5)

which is a case of inversion of derivative and integral.

Proof. Let us first note that the functions x — f(x,y) and x % f(x,y) are

d
integrable on [a, b] because f and P f are continuous.
Asbefore, let ybe any pointof Iand let V' C Ibe a compactinterval containing

y. It suffices to show that:

_ b
lim(w)— f ;—y Fx, y)dx = 0. (6.6)

h—0 h

Indeed, if the theorem of finite increments applies, we have then:

Fiy+h)-Fy) ("9 (M fayeh) - fy) 9
— - fa a—yf(x,y)dx = fu ( . —&—yf(x,y))dx (6.7)

fb if(x +9h)—if(x Y| dx, 6 €10,1]
. \ay? ™Y ay’ P o

. d .. .
Since 3 f is uniformly continuous on the compact [a,b] X V, we then have,

Ve > 0,30 > 0, such that Vx € [4,0], Yy, h e V:

J d
ly+m -yl =h<o= ‘@f(x,y + Oh) — a—yf(x,y)‘ < ﬁ (6.8)

Consequently:
F(y+h)—F "9 K 0
|w_ f e f @f(x,w@h)—a—yf(x,y)‘“f
(6.9)

which proves the differentiability of F at iy, and since y is considered arbitrary

in I, this clearly shows the differentiability of F on I. |
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Integration

Theorem 6.1.3. Let f : [a,b] X I = R be a continuous function on [a, b] X I, then

the function F defined by the relation (6.1) is integrable on 1. In particular for all

fl F(y)dy f; dy ( f b fx, y)dx)
= fﬂb dx(ff(x, y)dy), (6.10)

which is a case of interversion of integrals.

y € 1, we have:

Proof. We are going to demonstrate a more general formula. That is, we

want to demonstrate that:

G(z) = fldy(fz flx, y)dx) = fz dx (If(x, y)dy) = H(z), for alltz € [a, ],

(6.11)
where G, H are continuous functions on [a, b] .
On the one hand, if we set fa - f(x,y)dx = F(z, y). Itis clear that F is continuous

by the theorem 6.1.1, and moreover:

0
55E@ Y = fzy). (6.12)
We deduce from the theorem 6.1.2 that:
. 0
Glz) = f 55 EE ydy = f f(z y)dy. (6.13)
I I

On the other hand, if we set fc § f(x, y)dy = K(x), we can then write:

H(z) = fz K(x)dx. (6.14)
Since k is continuous, we deduce:
d
H(z) = K(z) = f f(z,y)dy (6.15)
From (6.13) and (6.15), we find:
G(z) = H(z) (6.16)

By integrating this last equality from a to f, and using the fact that G(a) =
H(a) = 0, we deduce that G(z) = H(z), for all z € [a, D] . O
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6.2 Functions defined by a generalized in-

tegral

Let f : [a,b[x] — R (I an open interval of R) be a function of two variables.
b € R U {+co} and that for some y € I, the function f is not defined at b. We
also assume that the generalized integral fﬂ ! f(x,y)dx converges and we are
interested in the properties of the functions defined on I by the following

generalized integrals:

wtme%Mfmy (617)

and:

mwame " fx . (618)

6.2.1 Uniform convergence of generalized integrals

Definition 6.2.1. We say that the generalized integral (6.17) is uniformly conver-
gent on I, if and only if:

Ve>0,360>0, Vyel, Vz e[, +oo], <e. (6.19)

F(y) - f fx, y)dx

Definition 6.2.2. We say that the generalized integral (6.18) is uniformly conver-
gent on I, if and only if:

by
Fy) - flx, y)dx

a

Ye>0,30>0, Vyel, Vy €]0,0[, <Ee. (6.20)

Theorem 6.2.1. Let f : [a, +00[xI — R (I be an open interval of R) an integrable
function (in the generalized sense) on the interval [a, +oo[. Then the following
properties are equivalent:

1. The integral fg o f(x, y)dx converges uniformly on I.

Yn
2. The sequence of functions with general term F,(y) = f f(x, y)dx converges

a
uniformly on I, where (y,), is a sequence of elements of [a, +oo[ with limit +oo,

when n — +oo.
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Proof. The proof of this theorem follows immediately from the proof of
Theorem 5.6.1 (See Chapter 5). O

Corollary 6.2.1. Similarly, if f is an integrable function (in the generalized sense
on the interval [a, b[. Then the following properties are equivalent:

1. The integral fa ! f(x, y)dx converges uniformly on I.
Vn
2. The sequence of functions with general term F, (y) = f f(x, y)dx converges uni-

formlyon I, where (y,), is a sequence of elements of [a, +b[ of limit 0, when n — +oo.

6.2.2 Uniform convergence criteria of generalized

integrals

Cauchy criterion

Theorem 6.2.2. A necessary and sufficient condition for the generalized integral

(6.17) to be uniformly convergent on I is:

Ye>0,30>0, Vyel, Yz, >z 26, f flx, y)dx| <e. (6.21)
Proof. * Suppose that the generalized integral (6.17) is uniformly convergent
on [a, +oo[. We then have:
+00 € +00 €
Ye>0,30>0, Vyel, Vz >z 26, f fx, y)dx <§and f flx, y)dx| < 5
Forall y € I, and for all z; > z; > 0, we can write:
ZD —+00 +00
f flx,y)ydx| = flx, y)dx — f fx, y)dx
1 1Jroo J —+00
< f f(x, y)dx| + f flx,yydx| <e. (6.22)
Z1 22

* Now, suppose that the generalized integral is realized (6.17) verifies the

L ",y

Cauchy criterion, i.e:

VYe>0,36>0,Vyel, Vzu > z; 2§, <e.
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By passing to the limit, when z, — +o0, we obtain the requested result. O

Corollary 6.2.2. In the same way, we can demonstrate that the generalized integral

(6.18) is uniformly convergent on 1, if and only if:

b—)’z

fx, y)dx

b_Vl

Ve>0,36>0, Vyel, Yy1,y2 €10,6[, (y1 > y2), <e.

(6.23)

Weierstrass criterion

Theorem 6.2.3. Let f : [a,b] X I — R be an integrable function on [a,b[ (I an
open interval of R and b € R U {+00}). Suppose that there exists a real function g

locally integrable on [a, b[ (called the upper bound function) verifying:

1. |f(x, y)| < g(x), forall x € [a, b,
2. fa ’ g(x)dx converge.

Then, for all y € 1, the generalized integral fa ! f(x, y)dx converges absolutely and

uniformly on 1.

Proof. The absolute convergence of the integral L ! f(x, y)dx follows immedi-
ately from the first condition.
The uniform convergence of the integral fa ! f(x, y)dx follows immediately

from the inequality:

f f(x, y)dx| < f |f(x, y)| dx < f |g(x)| dx <e,
Z1 z1 Z
and the Cauchy criterion. |

Abel-Dirichlet criterion

Lemma 6.2.1. Let f : [a,b] X I — IR be an integrable, positive and decreasing
function with respect to x on [a, b[ and tending to 0 uniformly when x tends to b,

and let ¢ : [a, b[ XI — R be an integrable function on [a, b| and verifies the property:

j; Z 8(x, y)dx

Then the integral fu ’ f(x, v)g(x, y)dx converges uniformlyon I.

M > 0,Vz € [a,b],Vy € 1, we have <M. (6.24)
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Proof. Forallzi,z; € [a,b], using the second formula of the mean value, gives

us:

Zn k Zn
f £ )8 yix = flz,v) f $(x, Y+ f(z, v) fk g )i, k€ [z1, ).
- “ (6.25)
By hypothesis,

lirrl}f(x,y) =0 Ve>0,36>0, Vyel, Vxe[§1],
X—

fey)| < g5 (626)

On the other hand, using the hypothesis (6.24), allows us to write:

k k Z1
f $x, y)dx f g6, Yz~ f o5, Y)ix
Z1 a a
and

’ g(x, y)dx ; g(x, y)dx — ‘ g(x, y)dx
k a a

So, for all x,z1,2, € [, b] and for all k € [z1,2>], we can write:

k
f g(x, y)dx
1 €

<2M, forall k € [z1,2].
(6.27)

<2M, forall k € [z1,2].
(6.28)

IA

|f(z1, )|

f £ 956 y)dx || fk " g, )

A
|
X
S
+
|
I
m

6.3 Properties of a function defined by a

generalized integral

In this section, we are interested in properties of the function defined for

y € Iby:
E(y) = f fx, y)dx, (6.29)

The case where b is fixed in R this deals with the same way.
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6.3.1 Continuity

Theorem 6.3.1. Let f : [a,+0o[ X I — R be a continuous function and let the
integral (6.29) converge uniformly on I, then the function F defined by the relation
(6.29) is also continuous on 1. In particular, for all yo € I, we have:

lim F(y) = lim f flx, y)dx = f hny1 flx, y)dx

Yy=Yo J-’yo

f(x, Yyo)dx = F(yo), (6.30)

a

which is a case of interversion of limit and integral.

Proof. According to the theorem 6.2.1, the uniform convergence of the inte-
gral (6.29) implies the uniform convergence of the sequence of functions (F,)

with general term
Yn

Fo(y) = | f(x,y)dx,
where (y,) is a sequence of elements of [a, +oo[ with limit +oc0, when n — +co.
Using the theorem 6.1.1 shows that F,, is a continuous function on I, ; that is,

F(y) = im0 fa o f(x, y)dx is a continuous function on I, and moreover:

Yn Yn
lim F = lim li = lim li
S F@) = fim lm o foyde= lim lim ] fy
Yn
= lirp lim f(x,y)dx:f f(x, yo)dx = F(yo) (6.31)
n—+too ), Y=o a

O

6.3.2 Derivability

)
Theorem 6.3.2. Let f,a—jyr : [a,+00[ X I = R be two continuous functions. We

w0 d
assume that the integral (6.29) converges and that the integral j; " a—fdx converges
uniformly on I, then the function F defined by the relation (6.29) is derivable on I ,

and we have:

b= g [ s = [ 5 s (632)

which is a case of inversion of derivative and integral.
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Proof. According to the theorem 6.2.1, the convergence of the integral (6.29)

leads to the convergence of the sequence of functions (F,) of general term

Yn
Fu(y) = f(x,y)dx, (6.33)
where (y,) is a sequence of elements of [4, +oco[ with limit +co, whenn — +oco.
Since f, 3 : [a,+0o[ X I = R are continuous functions, using the theorem

6.1.2 shows that: i &f
Euy) = f L, (6.34)

and moreover F, is continuous on I (according to the theorem 6.1.1).

On the other hand, F, is uniformly convergent on I because fﬂ e aiy fx, y)dx
is also.

Now;, using the theorem of the derivability of sequences of functions ensures

the derivability of the function F on I, and moreover, we have:

n—+o0

P = Tim )= tim [ Lpax= [ L
W= Jim )= Jim [ S s [ D

6.3.3 Integration

Theorem 6.3.3. Lete f : [a,+0o[ X I — R be a continuous function and let the
integral (6.29) converge uniformly on I, then the function F defined by the relation

(6.29) is also integrable on 1, and moreover, we have:

[ Fpay - Idy( [ +wf(x,y>dx)= [ - dx( | f(x,wdy). (635)

which is a case of interversion of the two integrals.

Proof. According to the theorem 6.2.1, the uniform convergence of the inte-
gral (6.29) implies the uniform convergence of the sequence of functions (F,)

with general term

Yn
Fu(y) = f(xr y)dx, (6.36)

a
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where (1) is a sequence of elements of [4, +oo[ with limit +oc0, whenn — +oc0.
Using theorem 6.1.3 shows that F, is an integrable function on [; thatis, F(y) =
lim, 400 J; o f(x, y)dx is an integrable function on I (limit of a continuous

and uniformly convergent sequence of functions, so it is integrable), and

moreover.
oy = . dy(nli:f; [ f(x,y)dx) - Jim [ dy( [ f(x,wdx)
Jim | ' dx( fI fa, y)dy). (6.37)
We then deduce:
ey = [a [ o) = [ ax( [wim).  e39
o

6.4 Special Functions

6.4.1 Euler’s Gamma Function

Definition 6.4.1. We call Euler’s gamma function the special function I defined
by:

+00

I'(a) = f x* ! exp(—x)dx, @ > 0. (6.39)
0

Remak 6.1. The Euler gamma function defined by the relation (6.39) is well defined

on 10, +oo].

Indeed: In the neighborhood of zero, x*~* exp(—x) O yant,

1 1
Since f x%Ldx converges if and only if « > 0, we deduce that f x¥ L exp(—x)dx
0 0

converges if and only if a > 0.

In the neighborhood of infinity, if we set for example g(x) = x~2, we then find:

= lim x*"'exp(-x) =0, forall a € R. (6.40)
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+00 +oo

Since f x~2dx converges, we deduce that f x%Lexp(—x)dx converges, for all
1

1
aeR.
.

Finally fm x*Lexp(—x)dx converges if and only if a > 0.
0
Theorem 6.4.1. The function I having the following property:
I'(a+1)=al(a), foralla > 0. (6.41)
In particular I'(n + 1) = n!, for all n € IN.

Proof. An integration by parts gives us:

+o00

f x* exp(—x)dx

0

T(a+1)

+00

= - tlil;n [x* exp(—x)]g +a fx"“l exp(—x)dx = al'(a).(6.42)
0

+00

On the other hand I'(0) = f exp(—=x)dx = 1, we deduce that I'(n + 1) = n!, for
0

alln € N. |

Remak 6.2. The function I can be extended to a function defined on the set of real

numbers, except fora = 0,-1,-2,-3, ....

Indeed, from the relation (6.41), we can write:

_ Ia)
Ia-1) = p— l<a-1<0
_ Tla-1)
INa-2) = = 2<a—-2<-1.
In this way, we can find:
T(a) = @ —n<a<—(n-1). (6.43)

Figure 6.1 shows the graph of Euler’s gamma function.

Theorem 6.4.2. The function I is infinitely derivable on IR}, and furthermore, we

have:

+00

I (q) = f In" (x)x* ! exp(—x)dx. (6.44)
0
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Figure 6.1: Graph of the gamma function.

Proof. Let us set f(a,x) = x* Lexp(—x), (a,x) € (R:)*.
Foralln € N, fis of class C" on (R%)* and furthermore, we have:
@)

Consider any compact interval [a, b] of ]0, +oo[ . It suffices to show that the
+o00 1

(a,%) = In"(x)x*" exp(~x). (6.45)

integral | —=—(a, x)dx is uniformly convergent on any segment [a, b] . In-
g y 24 y seg

o Q)"
deed, forall x € ]0,1], the function @ — x* 1 is decreasing, so forall o € [a,b],

we have 0 < f(a,x) < 21, and for all x > 1, the function @ — x*! is increas-
ing, so for all a € [a,b], we have 0 < f(a,x) < ¥~ exp(~x).

In the neighborhood of 0, we then have

‘ﬂ(a x)| = [In" ()| f(e,x) = 0 (6.46)
(aa)n 7 7 - E 7 B
x 2
and in the neighborhood of infinity,
of ; 1
‘W(a, ¥)| = [In" ()] f(@,2) = 0 (;) . (6.47)

dx T dx .
and f —; are convergent, the Weierstrass
x
1

1

Since the two integrals f
0 1-

x

NS
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+00 n
criterion shows that the integral f @a) (@, x)dx is also uniformly conver-
5 (@a

gent on any segment [4, b], which completes the establishment that I' is of

class C" on R?, for all n € IN, so that I' is of class C** on R?. O

6.4.2 Euler’s Beta function

Definition 6.4.2. We call Euler’s beta function the special function B defined by:
1
B(a,p) = f 11 —x)fldx, fora, g > 0. (6.48)
0
Remak 6.3. The Euler function beta defined by the relation (6.48) is well defined
on (R:)%.
In the neighborhood of zero, x*~' (1 — x)F ! O yat,
1 1
Since fz x*Ydx converges if and only if a > 0, we deduce that fz 11— x)f dx
converoges ifand only if o > 0 and p € R. ’
In the neighborhood of 1, x*~1 (1 — x)F™! O -1,
Since fl xLdx converges if and only if B > 0, we deduce that fl (1 - x)fdx
3 1

2

2
converges if and only if f > 0 and a € R.
1

Finally fx“‘l exp(—x)dx converges if and only if & > 0 and > 0.
0

Theorem 6.4.3. (Symmetry) The function B is symmetric, that is, for all a, § > 0,

ona:
B(a,p) =B (p,a). (6.49)

Proof. Indeed, by making the change of variable x = 1 — t, we immediately

find the result. a

Theorem 6.4.4. (Another formula for the beta function) The beta function can be
represented by the following formula:

= ta—l
B (0(, ﬁ) = ‘Of‘mdt (650)
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t . .
——, we immedi-
1+t
ately find the result. ]

Proof. Indeed, by performing the change of variable x =

6.4.3 Relationship between gamma and beta func-
tions

Theorem 6.4.5. 1) For all a, > 0, we have:

_ T(@)T(B)
B(a,p) = T+ (6.51)
2) The functions B and T verify the following Euler reflection formula:
B(a,1—a) = T()[(1-a)= $ aelo 1. (6.52)

Proof. By making the change of variable x = (1 + z)y (z > 0) in the relation
(6.39), we find:
+00
M = fy”ﬁ‘l exp (-1 +2z)y)dy, a,p,z> 0. (6.53)

(1+z)ab
0

Multiplying both sides of the equality (6.53) by z*7!, then integrating with

respect to z from 0 to +oo, we find:

+00 +00 +00
Za—l 3 5
I(a+p) f mdz = fz“ 1dz[ v lexp (- (1+2)y) dy], foralla, B,z >0,
0 0

0
(6.54)

or in an equivalent manner:

I'(a+ ) X B(a, B) fz“‘l [f v lexp (- (1+2)y) dyJ dz
0

0

+00 +0o
f y*Fexp (-y) [ f 2" exp (~zy) dZ] dy

0 0

+00

f Y exp (-y)
[(a)I(B)

rﬁ)dy =TI(a) f ¥ exp (—y)dy
0

(=)
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2) The equality B(a,1 —a) = I'(@)[(1 — a) follows immediately from the
relation ( 6.51) by setting =1 — a.

Using the second formula of the beta function, we find:

+00

a-1
B(a,1-a) = f 1t —dt (6.55)

0

Let us now calculate the integral (6.55) by the theorem of residues. We then
a-1

and0<e<1<R:

define the following path, for f(z) = f+ .

a) Ce the half circle of radius € on the half plane R(z) < 0.

b) The two segments S, = {J_rie, +ie + VR? - 62} .

€ €
c) ThearcofacircleI'. g = {Rexp(i0), O € |arctan ————, 27 — arctan —]} .
© VRZ_ &2 VRZ _ &2
Let us choose € and R such that zg = -1 is in the loop. Using the residue

theorem gives us:
ff(z)dz + ff(z)dz + ff(z)dz + ff(z)dz =2mni xRes(f,-1). (6.56)
Ce Sk Ter St

Passing to the limit, when € — 0 and R — +oo, it comes by Jordan’s lemma

that:

lin(} ff(z)dz + ff(z)dz =0+0=0. (6.57)
Rore Ce rE,R
On the other hand, for all t > 0, we have:
lim(t + ie)l™ = % et lim(t - ie)'™% = 7% exp(-2mia). (6.58)
€ €
So:
lirr(}(t +ie)* =Tt lirr(}(t —ie)*! = t* L exp(2mia). (6.59)
€ €

From (6.56), (6.57) and (6.59), we can then write:

+00

0
a—-1 a—-1
exp(2ric) f 1Z —dz+ f 1Z+ _dz=2mixRes(f,~1).  (6.60)
+00 0
We deduce:
+00
Za—l
1- exp(2nia¢))f n Zdz = 2miXRes(f,—1) =2mix lim1 z*71

0

T 1 )
271 X Zlirgl i exp(ina),
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so, after simplification, we find:

+00

zo1 T
f T Zdz = Sn@n)’ a>0. (6.61)
0
O
+00 tZ
Example 6.4.1. Consider the integral I =
P g Of 1+ t)3
We have:
R 5 5\ 4
INE)NE
b= f - dt = B(g%) - (;1353)
J (1+1¢)37s
FG+1IrG+1)  2xT(3)xir3)
B 2 - 2
_ 1TA-9%TG) (i-1)
9 T1-3+3%) 3 3
i 2m
= —— = 6.62
sin(3) \3 ( )

6.5 Exercises about chapter 6

Exercise 6.5.1. Returning to the definition, study whether the following limits

make sense or not and give their possible value:

s

dx ) fz cos(x(y+1))
2.lim -
y—=0 ) 2+sin(x(y + 1))

1

1. 1 -,
y_)l(gn +yr+1
-1 0
Exercise 6.5.2. 1. Study whether the following integral makes sense or not and

give their possible value:

I(a, B) = f exp(—ax) siniﬁx) dx, a > 0.
0

2. Passing to the suitably justified limit, find the value of the Dirichlet integral:

+00

D(B) = f wdx.

0
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3. Deduce the values of the following integrals:

+00

+00 +oo
. . 2 .3
I = f‘ sin(ax) cos(fx) i, L= f sm}({x ) dx, I = f sin®(ax) .

X X
0 0 0

Exercise 6.5.3. Using the special functions, calculate the following integrals:

i = fxz V1 — 4x2dx (by posing x = %).
0
T In(In () dx .
= ———— — (byposing y = Inx).
& !xx/ﬂ(ulnx) YRS
s = fexp (=3x) (exp (x) — 1)% dx (by posing expx =1+ y).

0
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