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ABSCRAT

In this graduation thesis were titled *"On Poincaré Conjecture and Gregory Perel-
man’s Famous Theorem,"* we addressed fundamental concepts in algebraic topol-
ogy and category theory. The first section covered **homotopy theory**, examin-
ing the homotopy of continuous maps, contractible spaces, and a detailed analysis
of the fundamental group and Poincaré group. The second section focused on
**category theory**, exploring dual categories, subcategories, and specialized cat-
egories such as the category of pointed topological spaces and the category of
chain complexes, while emphasizing the role of homotopical functors in connect-
ing these mathematical structures. Together, these concepts provided the theoret-
ical framework essential for understanding the methods used to solve complex
topological problems.

Keywords: Homotopy- categories- functions- paths



RESUME

Dans ce mémoire intitulé *« Sur la conjecture de Poincaré et la démonstra-
tion célebre de Grigori Perelman »*, nous explorons des concepts fondamen-
taux en topologie algébrique et en théorie des catégories. La premiére partie
développe des aspects clés de la théorie de I'homotopie, incluant les homotopies
d’applications continues, les espaces contractiles, ainsi qu'une étude approfondie
des groupes fondamentaux et des groupes de Poincaré. La seconde partie examine
des structures catégoriques, analysant les catégories duales, les sous-catégories,
ainsi que des catégories spécialisées comme celles des espaces topologiques
pointés et des complexes de chaines, en accordant une attention particuliere aux
foncteurs homotopiques qui relient ces cadres mathématiques. Ensemble, ces
constructions théoriques forment le socle essentiel des travaux révolutionnaires
de Perelman sur la conjecture de Poincaré et les problémes topologiques associés.

Mots clés: L'homotopie- Les categories- Les fonctions- Les chemins
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INTRODUCTION

The Poincaré Conjecture is a mathematical problem proposed by Henri Poincaré
in 1904, concerning the shape of three-dimensional space. In 2003, Gregory Perel-
man proved it using advanced geometric ideas and rejected the major awards
offered to him, stating that he was not interested in money or fame.

The first chapter, titled "Topological Algebra," covers several fundamental topics,
beginning with categories and functors, and then moving on to the concept of
the dual category. The chapter also discusses other concepts such as subcategory,
functors, and various categories. It further addresses the chain complex, followed
by the category of pointed topological spaces and applications between them. The
chapter concludes with a section on the category of directed sets.

In the second chapter discusses homotopic functor, beginning with the concept
of homotopy between continuous maps, and delving into the construction of cat-
egory related to this concept. It then focuses on contractible spaces as a special
case of homotopy, followed by a presentation of relative homotopy and the es-
sential notions of retract and deformation, which play a key role in the study of
topological spaces.

Chapter three addresses the topic of Homotopy of Paths. It begins with a study

of the properties of path homotopy in section, which also includes operations on
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paths in subsection. The chapter then moves on to the fundamental group and
the Poincaré group in section, where the homotopy group of order 1 is discussed
in subsection, followed by continuous applications and fundamental groups in
subsection. Finally, the chapter concludes with section, which discusses homo-

topy of continuous maps and the Poincaré group.



CHAPTER 1

CATEGORIES AND FUNCTORS

In this chapter we introduce the notion of categories and functors which provides a
unifying language for understandding and solving different areas of mathimatics.
Definition: We say that C is a category if it consists of:

1. A collection of objects, denoted by Obj(C).

2. A collection of morphisms, denoted by Mor(C).

3. For any two objects X and Y in C, there is a subcollection Mor¢(X, Y) € Mor(C)
consisting of morphisms from X to Y.

4. A composition law for morphisms, denoted by "o":

For every morphism f € Mor¢(X, Y) and g € Morg(Y, Z), there exists a morphism
h € Mor¢(X, Z) such that: h =go f.

The composition law must satisfy the following properties:

1.Associativity: For all f € Mor¢(X,Y), g € More(Y,Z), and h € Morg(Z, T), we
have (hog)o f =ho(go f).

2.Existence of an identity morphism: For every object X in C, there exists an

identity morphism Idx € Mor¢(X, X) such that for any g € More(X,Y) and h €
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goldx =g
Mor¢(Y, X) we have:

IdXOh:h

1.1 Fondation of mathematics

Categories arose from three events:

e Crisis of foundations in mathematics.
e Accumulation in mathematics revealed by three paradoxes:

— Russell’s paradox (Whitehead),
— The librarian’s paradox,

— The liar’s paradox.

e Truthisrelative; it depends on the perspective where one emphasizes certain

advantages that are not necessarily valid in all contexts.

Thus, we must redefine the concepts on which mathematics is based, both by
rethinking the mathematical terms and by creating new theories.

Some properties:

If C is a category, then:

1. Amorphism f € Mor.(X,Y)suchthat: (f: X — YorX J, Y) is called an arrow.
2. If f : X — Y is an arrow, X is called the source of the arrow f and Y is called
the target.

3. Idx € Mor.(X, X) is called the identity arrow of X or morphism identity of X.
Definition:

. A category C is said to be small if obj C is a set.

. A category C is said Connected if Mor(X,Y) # 0 VX, Y € Obj(C).

. A category C is said Discrete if Mor(X,Y) = 0.

Some example:
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Category of sets and applications "Set":
. ODbj(Set) = the collection of sets.
. Mor(Set) = the collection of functions between sets.
. If X, Y € Obj(Set), that is, X and Y are two sets Mor.(X, Y) = the collection of
functions from X to Y.
Remarks:
1. A setis a collection, but a collection is not necessarily a set.
2. "o" is the composition of application their are exists and well-defined bacause
"composition of two application is also application".
3. Itis also associative.
4. If X is a set, the identity map denoted by Idx is the identity morphism associ-
ated to X.
5. This category represents the theory of sets, and is called the category of sets
and mapping.
Category of groups and homomorphisms groupes "G"
. Obj(G) = the collection of groups.
. Mor(G) = the collection of group homomorphisms.
. If G, G" are groups, then Morg(G, G’) = the collection of homomorphisms from
GtoG'.
” o ” The composition of homomorphisms it is well defined because "the com-
position of two homomorphisms is again a homomorphism".
. It is associative.
. If G is a group, Id¢ is the automorphism of G in G.
. G is the domain of the theory of groups. It is called the category of groups and
group homomorphisms.
Category of topological spaces and continuous maps
. Obj(Top) = Collection of topological spaces.
. Mor(Top) = Collection of continuous maps.
. If X and Y are two topological spaces, then Morrop(X,Y) is the collection of

continuous mapping from X to Y.
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. "o" The composition of continuous functions it is correctly defined because "the
composition of two continuous maps is continuous".

. It is associative.

. If Xis a topological space then Idx : X — Xis a continuous application satisfying:
foldx=f, Vf:X->Y.

Idyog=g, Vg:Y—>X.

Then Top is a category called the category of topological spaces and continuous
maps.

Category of mesurable sets and mesurable funtions

. Obj (Mes): Collection of mesurable sets.

. Mor (Mes): Collection of mesurable functions.

. If Xand Y are two measurable sets, then Mory.s(X, Y) = collection of measurable functions fror
Y.

. o: Composition of mesurable functions(composition of two mesurable functions
is mesurable function).

. It is associative.

. If X is a mesurable set, then

Idx : X — X mesurable function, (identity map).

Mes is the domain of probability theory and randon variables.

Definition: An object X of a category C is called an initial object if and only if
Mor(X, Y) = {f} (a singleton) for every object Y in C.

Definition: A morphism f € Morc(X, Y) of a category C is called isomorphism if
and only if there exists a morphism g € Mor(Y, X) such that:

fog=Idy = Mor(Y,Y) and go f=Idx = Mor(X, X).

In this case, we say that X and Y are isomorphic objects. Examples:
Af € Morset(X,Y) map

1) The category Set = two objects are isomorphic & {and

dg € Morse (Y, X)  map

10
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fog=Idy
with and
go f=Tdx

© X and Y two bijectives sets & the cardinality of X = the cardinality of Y.
2) G then G is isomorphic to G’ & G and G’ are isomorphic.
3) Top then X = X’ (topological space) & X and X’ are homeomorphic.
Indeed, if X, X" € Obj(Top) & X and X’ are topological spaces.
If X is isomorphic to X’, then:

df € Morr,,(X, X”) (f continuous) og=idy
X=zX)e / 1 / such that: fog .

dg € Morr,,(X’, X) (g continuous) go f=idx
= f and g are continuous bijections = f and g are homeomorphisms (f =
g
Definition: A diagram is said to be commutative if both paths with the same start

and end points are equal.

A—LsB
\\Lg wehavego f=h
h
C
And :
ALy B
\Lﬁz lgl wehave gy 0 fi = o
c—L5p

Definition: Let f € Mor¢(A, B). f is a monomorphism if for all :

1,92 : X—=A we have: fogi=fogpf=2>g=0p

Definition: Let f € Mor¢(A, B). f is an epimorphism if for all :
h1,]’l2 :B—X hl Of:hzof:)’hl :I’lz

11
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Remark: There are categories in which monomorphisms and epimorphisms are

the injective and surjective morphisms respectively as the category set.

1.2 Dual Category

Principle of reversal arrow

Definition: We called the dual category associated with a category C is the category
denoted by C* in which:

1. Obj(C*) € Obj(C)

2. Mor(C*) € Mor(C)

i, if X, Y € Obj(C") (so necessarily X, Y € Obj(C)), then:

More: (X, Y) = More(Y, X)

3. The composition law in C* is the same as in C

4. The identity morphism of an object X in C* is the same identity morphism of X
inC

Definition: An object X in a category C is called a 2"order object (category) if and
only if: Mor¢(Y, X) = {f} (singleton) for every Y € Obj(C).

Proposition: An object X in a category C is of 2"order

& X in the dual category is of 1 order

» More (X, Y) = More(Y, X) ={.}, VY € Obj(C)

Theorem: In a category C, two objects of 1 order are always isomorphic.

Proof 1.2.1 Let T, W be two universals objects of 1% order so by definition :
Moro(T, X) = {I'x} (singleton) VX € Obj C
And Morc(W, Y) = {Cy} (singleton) VY € Obj C

S0

12
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AfX =W, Mor(T, W) = {f}

IfY =T, s0 Mor(W,T) = {g}

C category, so:

df o g e Mor(W, W) = {.}

go feMor(T,T) ={}

where Idy € Mor(W, W) and Idr € Mor(T, T)
So block gives that W and T 1°'order

= Morc(W, W) = IdwandMorc(T, T) = Idr
= fog=Ildwandgo f=ldr =T=W

1.3 Subcategories

Definition: We say that C’ is a subcategory of a category C if and only if :
1. C’ is a category
2. obj(C”) € obj(C)
3. More € More
ie. if X, Y €objC'(so mnecessarly X,Y € objC)then : More (X, Y) € More(X,Y)
4. The composition in C’ is the same as in C,
5. The identity morphism of any object X € C’ is the same as in C
Definition: A subcategory C’ of a category C is said to be full if:
More (X, Y) = More(X, Y)
Examples:
1. Sety the category of finite sets:
. Obj sety : finite sets.
. Mor sety : applications between finite sets.
. "0" the Composition of application.
Thus, Sety is a category which according to the definition is a subcategory of Set.
2. Similarly: Setq
. Obj Set; = countable sets

13
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. Mor Set; = maps between sets
“0” is the composition of functions
Set, is a subcategory of Set

Remark: Set; and Setq are full subcategories.

1.4 Functors

Functors are a generalization of the notion of functions in set theory.

If we consider a category as a mathematical domain, a functor is then a tool that
serves as a bridge from one area of mathematics to another.

Examples:

If there exists a functor F : Top — G

that is if we can construct functors from Top to G, then we can transport a problem
from Top (topology) to G (algebraic problems).

This concept is what is called Algebraic Topology.

oG K AG: Functors from G to AG. In this case, the functor F can transport
problems of algebras into the category of commutative algebras.

Definition: A covariant functor F from a category C to another category C’ is
defined as follows, and we write F: C — C’

if the following conditions are satisfied:

1) Obj(C) — Obj(C)

X — F(x)

2) F : Mor(C) — Mor(C’)

that is, if X, Y € Obj(C) and f € Mor¢(X, Y), then

E(f) € More (F(X), F(Y))

that is F : Mor¢(X, Y) — More (F(X), F(Y)), VX, Y € Obj(C)

(X5 ¥) o (Fx) 22 F(y))

3) F(f o g) = F(f) o F(g), for all f, g € Mor¢ where f o g is exist.

14
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4) F(Idx) = ldpg for all X € Obj(C)
Example:

Construct the functor:

F:G— Ag

0bj(G) L obj(Ac)

G F(G) = ﬁ

f:G—LeMora(G,L) - F(f): (&5 — i)

Letx € ﬁ, then:

F((®) = f(), x €x

Is F covariant ?

answer :

e Let us show that f is well defined.

a)Letx, x" e x = x' =x”

> x'Rx“(mod[G, G])

= x'x " €[G,G]

= frx)e f(G,G))

(because G the category of groups) = f(x")f(x“)™! € f([G,G]) = f(G)
where f : G— Lso f(G') C L’

hence f(x').f(x*) 1 eL=[L, L= f(x').f(x")' €L, L]
= f() = f(")

= F(f(x")) = F(f(x"))

e Fisitahomomorphism ?

Let %, 7 € G/;G, G]f. Consider:

F(f)(xy) = F(f)(xy)
= f(xy)
= f(x)-f(y)
= f() - fv)
= F(f)(x) - F(f)(®)

15
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Let f and g be two morphisms of G:

GLL, Li>k:>gof;L_>k

Consider : G/ <> Ly, and  Ljye = Kl = F(@) o F(f): Glor = Kl
F(go f)(x) =? where x€G/g

F(g o f)(%) = 9(f(x))
= F(9)(f(x))
= F(g)(F(f)(®))
= (F(g) o F(f))(®)

Therefore:  F(g o f) = F(g) o F(f)

Let Gand Id¢ : G — G F(Idg) = Idf,

Glo Ko, Glo

Let ¥ € G/G’, then: F(Idg)(%) = Idg(x) = X = Idgc/ (%)

Example:

Reminder:

1. A topological space X is said to be locally compact if every point x € X has a
compact neighborhood.

2. A compact Hausdorff space X" is called the compactification of a topological
space X C X*if and only if

X =XU{#}, and X=X (Xisdensein X"

It is called the point at infinity of X.

Theorem: A space X € & admits a compactification if and only if it is Hausdorff
and locally compact.

Let X € &, Hausdorff and locally compact.

Then it admits C.A & d* € X* = X U {#}, such that X" is compact and Hausdorff,
and X is dense in X".

3. If X, Y are two tobological space, Hausdorff, compact, and if f € Morr,,(X,Y),
then we have:

X =XU{s} and Y+t=YuU{l}

16



Chapter 1. Categories and functors

We can construct:

X* i> Y* where f(x) = S, it

*, ifx ==

Problem: Under what conditions is f continuous if f is continuous ?

Class Proper continuous maps.

Definition: A continuous map f : X — Y is said to be proper if the preimage of
every compact subset of Y is a compact subset of X.

Theorem: f : X* — Y* is continuous if and only if f is proper!

Let TopLoc = the category of locally compact Hausdorff spaces and proper con-
tinuous maps.

Let Topc = the category of compact spaces and continuous maps.

(TopLoc and Topc are subcategories of Top)

Consider:
F : TopLoc — Topc

obj(Toprac) — obj(Topc)
X~ X' = F(X)

MorTopLoc(X/ Y) = MorTopc(F(X)/ F(Y))

(X ER Y) m X M Y* (the proper continuous map)
We have:
xLy , v%z .
7 = F(gof)(x) = go f(x) = gof(x) = F(g)oF(f)(x)

x5y and v+5 77
F(Idx)(x) = Idx-(x)
Theorem: If F is a covariant functor from a category C to another category C’,
then if f is an isomorphism in C, we can affirm that the morphism F(f) in C’ is
also an isomorphism.
Consequence: Therefore, if X and Y are two isomorphic objects in the category

C, then the image objects F(X) and F(Y) are also isomorphic in C".

Proof 1.4.1 Let F : C — C’ be a covariant functor and suppose that f € Morc(X,Y)

is an isomorphism. Then there exists a morphism g € Morc(Y, X) such that: fog =

17
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Idy and go f=1Idx
E(f o g) = F(Idy)
Therefore: { and
F(g o f) = F(ldx)
E(f) o F(g) = ldrx)

So:{ and = F(f) and F(g) are isomorphisms in C’ inverse to each other.

E(g) o F(f) = ldry)

Note that this theorem (consequence) is of great importance in mathematics.
Indeed; F is a functor from a category, for example

Top: the category of topological spaces and continuous maps, into a category G,
which is the category of groups and group homomorphisms.

One wishes to address in Top one of the fundamental problems, which lies in the
topological classification of topological spaces: let X and V be two topological
spaces (i.e.,two objects of Top), are they homeomorphic? Do they have the same
topological type?

If X and Y have the same topological type, then they are
homeomorphic.

Forthat:\If X and Y are not homeomorphic, one of the ways is to

show that all continuous maps from X in Y are not

homeomorphisms.

Here the functor comes into play: for that, we consider F(X) and F(Y) in G, and if
F(X) and F(Y) (groups) are no longer isomorphic, then X and Y in Top cannot be
homeomorphic.

This principle is the basis and foundation of algebraic topology.

Example:

Problem:

Are R! and R? in Top of the same topological type? < Is the line homeomor-
phic to the plane? There exists a classical proof based on advanced analysis tools

using the notion of functors to solve this problem.

18
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To do so, we will introduce the following mathematical concepts for the construc-
tions:

1. Convex companionship:

Let X be a topological space, We introduce on X a linear relation R defined as fol-
lows Two elements x, y € X are inrelation modulo R (thatis, x = y mod R) if there
exists a continuous function: w : [0,1] - X suchthat w(0)=x and w(l)=y
The relation R is relation of equivalent

2. Free Group:

Theorem:

If X is a given set whose elements are of any nature, we can always construct a
group on X the group generated by this set is called the free group generated by
X denoted F(X) moreover we have the following property:

Any function f : X — G (where G is a group) can be uniquely extended to a homo-
morphism  fr; : F(X) = G such that (f.|x = f).

Remark:

If f: X — Y is a morphism in Top, then f is a continuous map in X in space

topoligic Y.

if x=yR) f) = f(yER)
then: =

in X in Y

Further solution:

R!'=R? (since R!isisomorphic by R?)
Construction: G : Top — G

G : obj(Top) — obj(G)

X = F(X/r) := G(X) free group generated by the connected components of X
G : Morryp (X, Y) — Morg(F(X), F(Y))

x L v) = FxIR) 22 FYR)

where X Ly is continuous

XIR L YR c F(YIR)

F(XIR) funique hom. (YIR)

Let G(f) = F, € Mor(G)

19
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We observe that G is a covariant functor from Top to G

Assume R! = R? in 7 N so: R?\ {0} = R?\ {0})(homeomorphism)
Then: G(R' \ {0}) = G(IR*\ {0}) (functor principle)

F(R*\ {0}, R) = F(R*\ {0}, R) in G Impossible!

Because R? \ {0} has 1 connected component

and R? \ {0} = R?\ {0} has 2 connected component.

Then R?and R! are not homeomorphic Contravariant Functor:

Let C, C’ be two given categories. A contravariant functor is the data of a relation:
F:C—>C or

F : Obj(C) — Obj(C")

X - F(X)

F : Mor(C) — Mor(C’)

such that:

Let x, y € obj C and f € Mor(x, y) then:

F(f) € Mor¢(F(y), F(x)) Moreover:

a) If f, g are two morphisms in C where fog then : F(f o g) = F(g) o F(f)

b) If Id, is the identity morphism of the object x in C, then: f(Id,) = Id
Example:

1) Category of K-vector spaces and linear maps, denoted Vectg.

a) Objects of Vectk: vector spaces defined over the same commutative field K.
b) Morphisms in Vectx = linear maps.

c) Composition of linear maps.

d) Idx identity automorphism Idy if X € K-vector spaces.

20



Chapter 1. Categories and functors

1.5 Various types of categories

1.5.1 Category of Categories

This category is denoted by Cat.

Objects: Collection of categories. Morphisms: Covariant functors (or contravari-
ant functors).

We define the composition of functors as follows:

This composition is defined whenever we have two functors:

FGF:C—-C, GoF:C—-C(C"

where,

G o F : Obj(C) - Obj(C’ = Obj(C")

X = F(X) = G(F(X))

G o F : More(X, Y) 5 More (F(X), F(Y)) 5 Morc(G(F(X)), G(E(Y)))

f:XD5 Y (P EX) — FY) o GE() : GEX) ~25 GEY)  GE®) 2
G(F(y))

Therefore: G(F(f)) = (G o F)(f)

We can easily verify associativity (standard composition): Ho (GoF) = (HoG)oF
And since C is a category, we define the identity morphism.

1) Id¢ : C — C defined by:

Id¢ : Obj(C) — Obj(C)

XX

2)Id¢ : Mor(C) — Mor(C)

Id¢ : Mor(x, y) — Mor(x, v)

(x y) — (x 5 Y)

Thus we have the category of categories and covariant functors (contravariant

functors).
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1.5.2 Category of differential groups and their homomorphisms

We denote the category of differential groups by Gd.

Definition (1):

A differential group is a pair (G, d) where:

e G is an abelian group

e d: G — G is an endomorphism (i.e., 4 is a homomorphism from G to G) such
thatd*> =d od = 0, where 0 : G — G is the zero map, x - 0.

Definition (2):

A homomorphism between differential groups (G,d) and (G’,d’) is the data of a group
homomorphism f : G — G’ that respects the differentials 4 and d’, i.e., the

following diagram must be commutative:

CEEANYe
d\L ¢ © fod=dof
¢ L3¢

Example:

Let G, be defined by:

» Obj(G.): the collection of differential groups.

» Homyg,: the collection of homomorphisms of differential groups.
» Composition: composition of group homomorphisms.

» The identity morphism of a (G, d) is id¢: the identity map of G.
Show that G, is a category.

“ 0" definit:

Let (G,d), (G’,d"), and (G”,d"”) be differential groups.

c 1 ¢
| fee fed=dos
G 13 ¢c
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Chapter 1. Categories and functors

Then we get:

Associativity:

We have:

Identity:

Then:

GI f } GII

\Ld \Ld”'{:} god' =d"og

G/ f } Gl/

¢ 1o oo

L

G f ; GI GI g } GII

d"ogof:god’of:gofod

G f > G/ g > GN h > G///
dl da l 4 \L "
G f > GI g > GN h > GI//

(hog)of=ho(gof) Dby definition

idg

T

)
D

d

U

ldG

—<

o
D

idGOd:dIdOidG

Therefore, G, is a category.
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1.5.3 Category of graded groups and homomorphisms of any

degree

Note: G,

Definition 1: A graded group G is defined as a collection of abelian groups
indexed by integers, i.e., G = {Gi}iez.

Definition 2:

A homomorphism of degree p (integer) between two graded groups {Gi}rez and
(G
fi: Gy = G o Vk € Z If (Gk & G]/H—p)keZ/ we say that f is a homomorphism of

}kez is given by a family of homomorphisms indexed over integers:

degree 0.

Definition of Gg:

»Objects of Gg: Collection of graded groups.

»Morphisms of Gg: Homomorphisms of any degree.

»Composition: Composition of homomorphisms of degree = defined application
composition.

»Identity morphism of a graded group {Gliez is:

{ldg kez = IdiGpey,

Idg, : Gy — Gy (identity map)

Proposition:

Gg is a category called the category of graded groups and homomorphisms of
, 9

. G Gl = @ i Ge= G

. fi
arbitrary degree, where:( G, 5G o k+p+g

1.5.4 Category of differential graded groups of the Same degree
d and homomorphisms of arbitrary degree, noted DG

Definition 1:
A differential graded group of degree d is defined as a family of graded differential
groups over the integers {Gy, Di}iez such that:

dy : Gk = Gisa
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Gy &, Grsd S, Grsoa and  digode =0

Definition 2: A homomorphism of degree p between two differential graded
groups of the same degree d

(G, dikez and (G, d) ez

is defined as a family of homomorphisms (indexed by the integers) that respects
the differentials.

i.e Here, we must have for all k € Z the following commutative diagrams:

G —2— g
dkl \L; & diy, 0 fe = frra 0 di
v —> G(k+d)+d

Definition of the category DG:

» Obj DG: A collection of differential graded groups having the same degree.

» Mor DG: A collection of homomorphisms of differential graded groups of
arbitrary degree.

» Composition: composition of group homomorphisms

» The identity morphism of {(G, dx)}iez:

1d{(Gx, dhez = 1dc hiez

Proposition:

DG s a category = the category of differential graded groups and homomorphisms

of graded groups of arbitrary degree.

1.5.5 Category of Complex Chains

Definition: A complex chain is defined as any graded differential group of degree

(=1).
Thus, if {G,, d,},cz is a chain complex, it can be represented by the following chain:
k1 di-1

— G, —>Gk1——>

diodi1 =0 VkeZ
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Definition: A family of homomorphisms { fi}iez is called a morphism of chain com-
plexes between:

{Gr,dilkez and  {G}, d}}kez-

1) The morphism is of degree zero.

2) The following diagram commutes:

dis1 dy di-1
> Gy —> Gy —Ly o
b, L
dk+1\ C dy e dk—l\
7 Gy 7 G4 7

Proposition:
Complex chains and homomorphisms of complex chains is a category that is a

subcategory of DG.

1.5.6 Category of pointed topological spaces and maps between

pointed topological spaces

Definition:

A pointed topological space is a pair (X, xy) where X is a topological space and
xo € X is a fixed point.

Definition:

A continuous map between two pointed topological spaces (X, xp) and (Y, yo) is a
continuous function f : X — Y such that:

f(XO) = Yo That is:

) - (Y f : X — Yis continuous
: ,X0) — (X, Yo —

f(xo0) = yo

Definition : Tgp:
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e Obj Tgp: collection of pointed topological spaces.

e Mor Top: collection of continuous maps between pointed topological spaces.

Composition: the composition of the morphisms.

Identity morphism of (X, xo):

Id(xx,) : (X, x0) — (X, x0)

is defined by:
Id(X,X[)) = IdX

Proposition

Top is a category called the category of pointed topological spaces and continuous maps

between them.

1.5.7 Category of direct spectrum

Let A be a set equipped with a partial order relation, i.e., a relation denoted by <
that is reflexive, anti-symmetric, and transitive.

Definition:

We say that A is directed to the right if and only if for all a, § € A, there exists
y € Asuchthata < yandp <vy.

Definition: A family of the type (X, Cap, A)aspg  and  Cop € Morse(Xa, Xg) Va,p €
R is said to be direct spectrum if it satisfies the following conditions:

1) Coa : Xo = X, verity Gy = 1d, : X, — X,, i€, identity morphism.

2) For a < <y, we have:

X, =5 X, 5%,

and we must verify that C,y = (gy o (.8
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Suppose that: ((X,, Cafp, A)asp, @, p € Rand (Y, Yop, A)asp, @, fE€R

Given two direct systems indexed over the same directed set A.

Definition:

A family of morphisms (f,).ca indexed over A is called a morphism of the direct
spectrum (X, Yag, A)asp, @, B € Rinto the direct spectrum (Yo, Pup, A)asp,  a, B €
R if:

1) fa: Xe =Y,y VYaceA

2) For all o, € A such that a < 5, the following diagram commutes:
X, & v,
b Cap Lo (@<B Va,p € A)iscommutative
X, By,
Proposition:
The family of direct spectrums fors a category Spect ,(Set) is defined by:
e A collection of direct systems indexed over A of the form:
(Xar Capr A)asp, apen
where X,, € Obj(Set) and C.s € Mor(Set).
e A collection of morphisms between direct systems constitutes a category is
called the category of direct systems of sets indexed over A and of morphisms
between direct systems.
e Let (fu)aca be a morphism from the direct system (X,, Cag, A) = (Yo, Cap, A), and
(9a)aca @ morphism from (Y, Cap, A) = (Za, Cap, A).
Two morphisms of direct systems over A are defined with their composition as
follows: X, LR Y, EAN Za

We define the composition (g,)aca © (fa)aca as: (Ga © fa)aca

Proof 1.5.1 Let us prove that the composition thus defined is a morphism of the direct

system over A:

(Xou Caﬁ/A) - (Zou waﬁ/ A)

i.e., we must verify the commutativity of the following diagram:
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gaofa
_—>

X Zy
J/Caﬁ l¢aﬁ fOT’OC,ﬁGA,OZSﬁ
X b, Zs

Indeed, for a < B in A, we have the following commutative diagrams:

fa
—

I

Ja

Yy — Z
9p

From (1) and (2), we deduce the commutativity of:

f[x Ja

X, Y, Za
caﬁl lw lw 3)
Xﬁ fp Yﬁ 9p Zﬁ

From the proposition on the commutativity of pasted diagrams, we deduce that the
diagram (4) is commutative.
Consequence:
The composition above is correctly defined.
2) Existence of identity morphisms.
Let (X, Qap, A) be a direct system over A Let us consider
(Ida)aeA = (IdX,),)aeA
where
Idx, =1d, : X, — X,.

Then we have, for a < B the following diagrams:
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X, —y X,

ﬁgaﬁl \L(Paﬁ

Xp — 7 Xp

From the commutativity of diagram (*), we deduce that
(Idy)aea = (Idx,)aca is a morphism of the system
. (Xa/ Ca‘B/ A) B— (Xa/ Caﬁ/ A)
and we consider: (Idy)aea © (fa)aca :
(Aa/ \yaﬁ/A) — (Xa/ faﬁ;A)
N /1,
(Xou (Paﬁ)
Moreover, by construction:
(Ida)aeA o (,Ba)aeA = (Ian o Xuz)aeA
That is, if (9a)aca
(Xas Pap, A) — (Bas Pap, A)
Then we can define
Id,
(Xoc/ (Paﬁ/A) — (Xa/ (Paﬁ/A)
N " Ja
(Ba, Pap, A)
s0:

(ga)a€A o (Ida)aeA = (ga o Ida)aeA
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CHAPTER 2

HOMOTOPIC FUNCTOR

Homotopy studies the problem of continuous deformations of maps. It appears

to classify topological spaces more weakly than homotopy.

2.1 Homotopy of continuous maps

We will study the deformations of continuous applications. let us consider Top
the category of topological spaces and continuous applications: let be X and Y

two objects of Top.

Definition 2.1.1 Two morphisms f, g € MorTop(X,Y) are said to be homotopic if and

only if we can continuously deform f to obtain g or deform g to obtain f.
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Chapter 2. Homotopic functions

F(X, to) -----------------------------

A N A PR U I O

Definition 2.1.2 We say that a morphism f € Morr,,(X,Y) is homotopic to a morphism
€ Morre,(X,Y) and we denote f ~ g (ie:f homotopic to g) if and only if it exists a

continuous application:

F(x,0) = f(x)
F:Xx[0,1] = Y with / Vxe X

F(x,1) = g(x)

Theorem 2.1.1 the relation "homotope”=homotopy relation,is an equivalence relation in

Morrep(X,Y).

Proof 2.1.1 Reflixivity: Let X,Y € objro, be and we cosider the homotopy relation on
Morr,,(X,Y) for f € Morr,,(X,Y) consider:

We have F : X X [0,1] — Y given by: F(X,t) = f(x) Vt € [0,1]

F is continuous and F(X,0) = F(X,1) = f(x)so f ~ f

symmetry: Let f, g € Morr,,(X,Y) suppose that:

. . |F(x,0) = f(x)
f~ge3 F:XxI[0,1] = Y continuous with :

F(x,1) = g(x)

F(X, 1)

Consider:G:X X [0, 1] — Y where G(x,t) = F(x,1 - t) for x € X, t € [0, 1]
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Chapter 2. Homotopic functions

G(x,0) = F(x,1) = g(x)
We have that G is contunuos and in addition

G(x,1) = F(x,0) = f(x)

g(x)

By the previous results we conclude that g ~ f and consequently the relation of homotopy
is symmetric

transitivity: Let f,g,h € Morrop(X,Y) suppose the following :

, . |FX.0) = f(x)
f~ge= IF: X x[0,1] = Y continuous with:

F(X,1) = g(x)

, , G(X,0) = g(x)
g~he= 3G : X x[0,1] = Y continuous with :

G(X,1) = h(x)
Consider the diagram and the relation H :

1 h(x) 1 h(x)
G(X,T) oD
T T % 1:(( X,I T) g(x)
7
0 g(x) 0 f (x%I(X, N
&
1 g(x)
F(X, T)

A

F(X,2t) 0<t<
H:Xx[0,1] = Y where H(X,t) =

1
2
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Chapter 2. Homotopic functions

F(X,1) = G(X,0) = g(x) consequently H is continuous and we have :
H(X,0) = F(X,0) = f(x)

H(X,1) = G(X,1) = h(x)
Then f ~ g From this result we deduce that the homotopic relation is transitive

Conclusion 2.1.1 . The homotopy is equivalence relation Morr,,(X,Y) is .

Consequence 2.1.1 . For any pair of objects X,Y of Top the homotopy relation do a
partition the set of morphisms of source X and goal Y into classes called homotopy classes.
Thus the homotopy relation on Morop(X, Y) classifies the morphisms which can be defined

continuously on each other.

Notation

[f]

o If F € Morr,y(X, Y) the homotopy classes of f are: or

f
e The set Morr,,(X, Y)/. which is the set of homotopic classes is denoted by [X,Y]

Thus [X, Y] ={[f] f € Morre(X,Y)? f~g, g€ Morry}.

2.1.1 construction of a category related to homotopy

Let Top be the homotopy relation defined above and let us consider the following
classes :

1) Class of objects of Top =topological space .

2) If X,Y are two isomorphic topological spaces, a morphism from X to Y will be an
element of [X, Y] in other words we consider as morphism the homotopy classes

of the morphisms of Top .

Lemma 2.1.1 The definition of the 2 classes above determines a category noted [Top] and

associated with the homotopy relation.
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In order to prove that [Top] is a category, we must clearly show a morphism composition

law for each object of [Top]

Remark 2.1.1 If X and Y are two topological spaces, a morphism from X to Y in the class
of morphisms of [Top] is a set of morphisms that are all homotopy of Morr,,

We mean that: Morro,(X,Y) = [X, Y] = Morre,(X, Y)/ ~

Or equivalently: A morphism of [Top] is a set of contunuos applications homotopic
between them!!, morover:

Let X,Y,Z be three topological spaces:

[f]: X = Yand[g] : Y — Z two morphisms, consider the relation

[glolf] : X = Y — Z or equivently [glo[f] : X — Z where [glo[f] = [g'0f’] where
g lgl f < [f]

o Let us show that this composition is correctly defined that it is independent of the choices
of morphisms in the homotopic classes.

For this purpose we consider y', y” € [gl and f', f* € [flef" ~ f" and g’ ~ g” so:

o [FX0) = fi(x)
F:Xx[0,1] = Y contunuos with : Yxe X

F(X,1) = f“(x)
and AG : Y x [0,1] — Z continuous

consider : H(X,t) : X X [0,1] —» Y x [0,1] — Z such that H(X,t) = G(F(x,t),t)
Vx e XVt €[0,1].
H is correctly given in fact if (x,t) € X X [0,1] = (F(x,t),t) € Y € [0,1]
so: G(F(x,t),t) € Z this one is contunuos and.:
H(x,0) = G(F(x,0),0) = G'(f"(x), 0)
=g (f'(x)
= (g'of)(x)
H(x,1) = G(F(x,1),1) = G(f“(x),1)
=g"(f"(®)
= (g"0f")(x)

Conclusion 2.1.2 . [g'of’] = [g”0f”] = [gof]
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Therefore to simplify writing and understanding we take : [glo[f] = [gof]
([glolfDoh = [gofloh = [(gof)oh]

= [go(foh)]
= [glo[foh]
= [glo([f]o[h])

e [t is associative —

e Existence of the identity morphism :

Let X be a topology space consider :

[ldx] : X — X then [Idx]o[f] = [Idxof] = [f] and [glo[Idx] = [goldx] = [g].
until now we have compared the topology spaces and we know that:

e two objects X, Y (e.T) of the category Top are isomorphic

Af : X =Y a contunuos application fog = Idy
= with

dg:Y — X acontunuos application gof =lIdx

Definition 2.1.3 The topological spaces X and Y are said to be of the same homotopic
type or homotopic or homotopically equivalent if and only if :

f: X = Y contunuos(morphismo f Top) " fog ~ Idy
wit

g:Y — X contunuos gof ~ Idx

Remark 2.1.2 .1t is said to be a weak classification compared to the topological classifi-

cation because : homeomorphi < homotopic

fog ~ Idy [fog] = [Idx] [flolg] = [Idy]
o If S0 S0

gof ~ ldx [g0f1 = [1dx] [91olf] = [Idx]
We then say that f is the homotopic inverse of § where g is the homotopic inverse of f , we

also say that f and g are homotopically invertible.

Proposition 2.1.1 .The homotopic relation in the class of topological spaces is an equiv-
alence relation which thus classifies topological spaces by homotopy.

1) Reflixivity : Let X be a topological space then Idx : X — X such that Idx o Idx = Idx
then X ~ X
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2) symmetric : Let X and Y be two homotopic topological spaces X ~ Y i.e.

df: X =Y contunuos fog ~ Idy
and
dg9:Y — X contunuos gof ~ Idx
dg:Y =X of =1d
= 7 and 9of Tooyex
df: X->Y fog = Idy

3)transitivity : Let X Y, Z be three objects of the category Top and suppose that X ~Y
and Y ~ Z that is X and Y homotopic and Y and Z homotopic therefore

Af: X =Y contunuos fog ~ Idy
and

dg:Y - X contunuos gof ~ Idx

Jda:Y —z contunuos aof = Idy
and

d8Z — Y contunuos poa = Idy

Then :

[ao[f]: X =Y —>Z = dlao[f]: X —Z

[glolfl : Z—->Y - X = dlglolp]:Z - X

Lets consider their composition :

(aof)o(gop) : Z — Z.

(aof)o(gop) = ao(fog)op ~ a ~ Idyop = aof ~ Idy
On the other hand :

(gop)o(aof) : X — X.

(goB)o(aof) = go(Boa)of ~ goldyof = gof ~ Idx
then X ~ Z

consequence 2.1.1 . This relation is equivalence relation
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2.2 Contractible space

Definition 2.2.1 A topological space X is said to be contractile it has the same homotopy

type as a point if and only if X is homotopic to a singleton.

Remark 2.2.1 If X'is a set not reduced to a point, topologically it cannot be homeomorphic

that is of the same topological type as a point however they can be homotopic

Proposition 2.2.1 A topological space X is contractible if and only if the application Idx

is homotopic to a constant application .

1)Necessary condition : Suppose that X is contractible so by definition there exists

f:X_>x0 fogwldxo
such as

g:x% — X go f~Idx
then :

gOf:Xoni)X

X — x9 — g(xo0)

So gof is a constant homotopic application to Idx that is :

IdX = gof = &44) Where €4x) 1 X = X for e44) = g(x) Vx € X

2) sufficient condition : Suppose that Idx : X — X homotopic to a constant

application ¢, : X — X, consider the application :

XL X0 XO£>X
and

X = X xo — g(xp)

So fog(x) = xo = Id,,(x) thatis fog = Id,,
and gof(x) = g(xg) = €y,(x) thatis gof = €, = Idx .

X and x, are the same homotopic type = X is contractile.
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Proposition 2.2.2 A topological space X is contractile if and only if every continuous

application f : X — Y is homotopic to a constant application .

1) Necessary condition : Suppose that X is contractile and f : X — Y is an

arbitrarity given continuous application , from the previous proposition we know
that there exists a constant application ¢,, : X — X which is homotopic to Id, :

X — X we thus have the following homotopics :

f~f
and (2.1)

IdX ~ &X,

So from the contrability of the composition of the application and the homotopy
relation we deduced from (1,1) : foldx ~ foexy from which f ~ &fy,) where
€f(xy) : X = Y is the constant application where ey = f(xo) .

2) sufficient condition : Suppose that is contractible if and only if continuous

application is homotopicf : X — Y, in particular Idx : X — X it will be homotopic

to a constant application so X is contractible .

Proposition 2.2.3 A topological space X is contractible if and only if any continuous

application f : Y — X is homotopic to a constant application .

1) Necessary condition :

Same as previous

f~f Idxof ~ &'x,0f

SO
IdX ~ EIXO f ~ EIX[)

2) sufficient condition : this is true for all f : Y — X in particular for Id, : X — X.
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Consequence 2.2.1 A topological space X is contractible ifand only if f,g: Y — X two

continuous application are homotopic .

1) Necessary condition : We have the following homotopics :

f~f ,
:>fE€XO
Idx~€X0
and =f~yg
g~g ,
=g =Ex,
IdXNEXO

2) sufficient condition : If for all pairs of continuous applications f,g: Y — X

are homotopic in particular , if one of them is a constant application , thus from

the preceding proposition we deduce that X is contractible .

2.2.1 Relative Homotopy

Let X and Y be two topological spaces, then

Definition 2.2.2 We say that two morphisms f,g € Morr,y(X,Y) are homotopic rela-
tively to A C X if and only if :

1) f(a) =gla)Vae A

2) There exists : F : X X [0,1] — Y continuous with :

F(x,0) = f(x)

F(x,1) = g(x)

F(a,t) = f(a) = g(a)V¥(a,t) € AX[0,1]

Proposition 2.2.4 The relative homotopy relation is an equivalence relation .
Let X,Y € objr,, and A C X consider the relative homotopy modulo A (compared to A).
1) Reflixitivity : Let f : X — Y then obviously f(a) = f(a)Va € Aand F : XX [0,1] = Y
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where F(X,t) = f(x) shows that f is homotopic to f modulo A.

2) symmetric : Let f,g : X — Y where f is homotopic to g relative to A therefore :
(1) f(a) = g(a), Ya € A

F(X,0) = f(x)

(2) AF : X X [0,1] = Ywith: {F(X,1) = g(x)

F(a,t) = f(a), ¥(a,t) € AX[0,1]
(3) consider G : X X [0,1] = Y where G(x,t) = F(x,1 —t)so:

G(X,0) = F(x,1) = g(x)
G is continuous and : { G(X,1) = F(x,0) = f(x)

Gla,t) = F(a,1-t) = f(a) = g(a)
& g is relatively homotopic to f modulo A.

3) transitivity : Let f,g,h € Motr,,(X,Y) with f(a) = g(a) = h(a), Ya € A and suppose
that :

(1) f is relatively homotopic to § modulo A.
(2) g is relatively homotopic to h modulo A.

There exists so :

F(X,0) = f(x)

(1) F: X% [0,1] — Y continuous { F(X,1) = g(x)

F(a,t) = f(a), Y(a,t) € Ax[0,1]
G(X,0) = g(x)

(2)G : XX [0,1] = Y continuous { G(X, 1) = h(x)

Gla,b) = g(a), ¥(a,H) € Ax[0,1]
(3) consider : H: X X [0,1] — Y continuous

X, 2t 0<t<i
HXH) = f(X,2t) 5
G(X,2t — 1)

H is continuous

<t<l1
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H(X,0) = F(X, 1) = f(x)

H(X,1) = G(X,1) = h(x)
= f(a) = g(a) = h(a)
H(a,t) = f(a,2t)

(@)
IA
-
IA
N =

IA
—
IA
—

=G(a,2t-1)

NI=

Thus H(a, t) = f(a) = g(a) = h(a)¥(a,t) € A x[0,1]
So f is relatively homotopic to h modulo A .

Consequence 2.2.2 The relative homotopy relation (modulo A) partitions Morr,,(X,Y)
into equivalence classes called relative homotopic classes thus we have : g € [ f] (homotopic
relative modulo A) <= f relatively homotopic to g (modulo A) and we denote : f ~ g
(mod A).

2.2.2 Retract and Deformations

Restriction and application

Let f : X — Y be a given continuous application and X, C X .

Definition 2.2.3 We called the restriction of f to X, denoted by:

flxy(x0) = f(x0), Vxo € Xo

In this case, f is called the extension of f|x, on X. The inverse problem, which is the problem
of the existence of such an extension, is one of the major problems in mathematics. This
problem does not have a global solution up to now, meaning there is no general answer

for the existence of extensions in all posed problems.
The problem of extension existence is stated as follows:
Let f : Xo = Y bea continuous function where Xy C X. Does there exist a continuous
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function f : X — Y such that:

leO:f

The problem of existence reduces to the existence of the following diagram:

Xp —— X

f\L —}?’
£
Y

?f: X > Y|f oi = f such that i is the canonical injection.
An important class where the problem of the existence of a continuous extension has a

solution (answer) is the class of retracts.

Characterization of the class of retracts in Top

Definition 2.2.4 A subset X, of a topological space X is called a retract of X if and only

if there exists a continuous map
T:X— Xy suchthat Toi=Idy,
where ix, : Xo — X is the canonical injection (X, C X).

Definition 2.2.5 (equivalent definition)

Xy is a retract of X if and only if there exists a commutative diagram in Top such that

Xo —— X

|
I'T
ldx, -

Xo

We observe that the diagram of the retract resembles that of the existence of an extension.

theorem 2.2.1 A sub space X, of a topological space X is a retract of X if and only if
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every continuous map f : Xo — X admits a continuous extension to X.

1)Necessary condition : Suppose X, is a retract of X and let f : Xy — X be a

continuous map.
We know there exists a continuous map T : X — Xo with T o i = Idx,.

Consider then:

fol: X— Xy— X

This is a continuous map and it’s an extension of f because for Xy — xo we have:

f(Xo) = foT(Xp) = foToi(Xp) = f o Idx,(Xo) = f(Xo)

2)Suf ficient condition : Suppose every continuous map admits an extension. Con-

sider Idx, : Xo — Xo C X, which is continuous and therefore admits an extension
T : X — Xo. From the extension existence diagram, we deduce T o i = Idx,, so X is a

retract of X

Remark 2.2.2 If X is a retract of X, then the map T : X — X, satisfying T o i = Idx, is

called a retraction .

Definition 2.2.6 We say that a topological sub space X, of a topological space X is a
slightly retract of X if there exists a continuous map T : X — X, with T o i ~ Idx,
(T o i homotopic to Idx,).

Remark 2.2.3 Every retract is strongly a retract family - equality implies homotopy.

The notion below is a generalization of the retract concept where equality becomes

homotopy. We can obtain other mathematical concepts by generalizing these notions.

We complete the generalization by using relative homotopy.

Definition 2.2.7 A topological sub space X of a topological space X is called a strongly
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deformation retract of X if there exists a retraction T : X — Xo such thatio T ~ Idx

and T o i ~ Idx, (mod Xo). The property T o i ~ Idx, (mod Xo) has a meaning:

f@) = g(a) , ,
(Recall: f ~ g (mod A)) This makes sense because: T o i(xy) =

IdXO(xo), VXO S X()

Homotopy in Top
LetTgp be the category of pointed topological spaces and continuous maps.

Definition 2.2.8 Two morphisms f,g € MorT(»)p[(X, x0), (Y, yo)] are said to be homotopic

if and only if there exists a continuous map:

F(x,0) = f(x)
F: (X X [0/ 1]/ {xO} X [0/ 1]) — (Y/ yO) such that: F(x, ]_) = g(x)

F(xo,t) =yo Vte[0,1]
The last equality means that F(xo, [0, 1]) = yo.

Proposition 2.2.5 The homotopy relation in MorTA [(X, x0), (Y, yo)] is an equivalence
op

relation.

It partitions MorT(-)P[(X, x0), (Y, yo)] into homotopy classes, denoted by:

MorT;p[(X, x0), Y, yo)l/ ~  [(X, x0), (Y, yo)]

We can think of inverting T and i to consider: i o T

thatis, AT : X —> X, continuous such that: 10T ~ Idy (1) thatis, AT : X — X,

continuous such that: 1o T ~ Idx... (1)
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if we want to generalize from (1) that is there exists T : X — X, continuous with

/Z}OT:Idx.

This case is trivial because the equality: ioT = Idx = i bijection = i = Idx = X, =

X.
This generalization does not lead to an important particular class of topological objects.

However, the second mathematical consideration is the class of deformations.

Definition 2.2.9 We say that a topological subspace X, of a topological space X is a

deformation of X if there exists a continuous map d : X — X such thatiod ~ Idx.

Generalization

Definition 2.2.10 A topological subspace X of a topological space X is called a defor-

mation retract of X if there exists a retraction 7 such that:

n Toi:IdXO
ZOTNIdX:>37~X—>X0

iOTNIdX

Definition 2.2.11 A topological subspace X, of a topological space X is called a weak

deformation retract if and only if there exists a continuous map d : X — X, such that:

dOiNIdXO

and

iod’vldx
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CHAPTER 3

HOMOTOPY OF PATHS

Let X be a topological space and xo, yp € X

Definition 3.0.1 We call a path of X with origin x, and extremity Yy, any continuos
p:[0,1] - X

application :
p@O =x0  and  p()=yo

Two paths u and A of X which have the same origin and the same extremity are said to be

homotopic if and only if
F(0) = u(t)
F(t,1) = A(t)
dF :[0,1] x [0,1] — X continuos : Yt € [0,1], VYt €]0,1]
FO,7) =x
F(ll T) = ]/0

Remark 3.0.1 We can redefined the homotopy of paths using relative homotopy .
Indeed, two paths p and A with origin x, and extremity yo are homotopic A &= p ~ A

(relative [0,1])
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F0,7) =x0 & F(0,7) = u(0) = A(0) = xp
In fact the continuous :

F1,7) =yo = F(1,7) = u(1) = A1) = yo

3.1 Properties of homotopy of paths

3.1.1 Operation on paths

Composition of paths (concatenation of paths)

Let 1 be a path from X with origin xy and extrimity y, and A is a path from X with
p :[0,1] = X continuous u(0) = xo, u(1) = yo
origin yo and extrimity z, &
A :[0,1] = X continuous A(0) = yo, A(1) = zg

Yo

xo /\ ZO

We call concatenated paths i and A the path noted :

2 0<t<i
p.A :[0,1] = X with : (u.A)(t): w2t <t<j

A2t-1) i<t<1
The composed (u.A) has the origin xp = (u.A)(0) = u(0) and extrimity z, =

(A1) = AD)

Remark 3.1.1 Due to concatenation we have introduced a composition law in the set of

paths and this composition is not always defined this law operates in the set | J C(X, {x, y})
%y

which is the set of all paths of X.
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Properties of concatenation

Proposition 3.1.1 Let u € C(X, {xo, vo}), A € C(X, {yo,20}), ¢ € C(X, {zo,o}) then we
have the paths (u.1). € C(X, {xo, lo}) and u.(A.@") € C(X, {xo, lo}) these two paths are
not equal however: (pA).@ = p(A.@)

Remark 3.1.2 In R all intervals of type [a,b] are homotopic to [0,1] the passage applica-
tions is f:[a,b]—[0,1] such that f(x) = i
Let us show that (u.A). and p.(A.@") are two homotopic paths .

(uA)@2t) 0<t<l
Let € [0,1] then : (u.A).(f) : : 2
pRt-1) 1<t<1
p(2 x2t) 0<t<1i
HA@x2t-1) 1<t<]
P2t —1) 1<t<1
1i(4t) o<t<i
HA@At-1) 1<t<d
pt-1) 3<t<1
1(2t) 0<t<i
w(A)@)(H) : ’
M.pt-1) 1<t<1
1(2t) o<t<1i
A2 % (2t — 1)) I<t<3

p2x(2t-1)-1) 3<t<1

1(2f) 0<t<
A4t — 1)

p@dt-3) 2<t<1
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So' (wA)p(t) % p(Ap)(®)
Let’s prove that u.(A.@)(t) ~ (u.A).¢(t)

Consider the square of homotopy

u(sh) O<t< i
F:[0,11x [0, 1]>X where: F(t,7) = | 1(4f — 1~ 1) 1% <f< 2
(52 Lrcpg

Proposition 3.1.2 Let u € C(X, {x, y}) and ¢, € C(X, {x, x})and ¢, € C(X,{y, y}) Then,

Ey F Wy~
&y = but H-&y ~ U
Ex-U#F U Ex.U~ U
1(2t) o<t<l!
Let’s calculate the paths : (u.e,)(t) =
g,t-1) 1<t<1
ut) o<t<i
y 1<t<1
Let us show that they are homotopic :
(& O<t< s
F(t,7) = S 2
gRt—-1-1) Hi<t<1
(L) o<t< it
y Hr<t<1
Ay 0<t<i
F(t,0) = Ao 2 =(u.&,)(t)
y 1<t<1

4y o<t ) 0<t<1
E(t,1) = u(3) 2 _ u(t)

y Bl<t<1 |y t=1
As before : ex.u ~ U
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1=

€x3

Definition 3.1.1 Let u €C (X, {x, y}) be the inverse path of u the path i €C (X, {x, y})

where :

i [0, 1]=>X with f(t) = u(l —t)

Proposition 3.1.3 If u € C(X, {x, y}) then we have the paths :
JF &y Jo~ &y
Bt but p-H
fi.u # ey fl.ph ~ €€y

)

1(2t) o<t<i
Let us calculate for t € [0,1] : (u.p)(t) = # &y

aRt-1) $<t<1
Let us show that u.fi ~ &, for this we consider :

x 0<t<?
| - uet-1  fs<t<i
Then consider the application : F(t,7) =
uE=-2t-T) i<t<zI
x Hl<t<l
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Ex
Ex Eyx
X
T 4
(u, u')

Since for the variable is (1-t) , we must find it's interval when t € [3, 5"]
y(Z,% —T) = u(0) = x

2,3 —t)=u(,b F(t,0) = (u, @)(t)
3 ( ? ) 3 similarly, verify that : e
u(2-2,4-1t)=p(1,1 F(t,1) = ex(t) = x

p2-2,t—t)=pu0) =x

Then, flL.u ~ &,.

Remark 3.1.3 By analyzing the properties of concatenation and homotopy of paths , we
observe that operation of path compostion (concatenation) satisfies properties similar to
internal operations such as associativity , neutrality (1) , and symmetry . For this reason ,
we say that |, ,ex C(X, {x, y}) equipped with the operation of concatenation is a groupoid,
that is : the operation of concatenation does not always exist for 2 paths , however if it is

a path , we have the properties :

Do ~p-(A-9)
2) gy~ p

3 u-f~ e
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3.2 Fundamental group, Poincaré group

3.2.1 Homotopy group of order 1

Proposition 3.2.1 Let u.fi € C(X, {x, y}) and A.A" € C(X, {y, z}) then if :
g~
and then  p.A ~ pu'.A*

A~ A

E(t,0) = u(t)
F(t,1) = 1'(t)
FO,7) =x
F1,t)=y

Andthen: p~p & F:[0,1] X[0,1] = X continuous

G(t,0) = A(t)

G(t,1) =X
A~A & 4G:[0,1] x[0,1] - X contunuos

GO,7)=y
G(1,7) =z
,H 2 A
X Yy z
Owulpl
F(2t,7) o<t<1?
Consider : H : [0,1] X [0,1] — X continuous : H(t,7) =
G@t-1,1) i<t<1
We check that for t = 1 we have y over more,
F(2t,0) 0<t<li
H(t,7) = 2

G(2t-1,00 i<t<1
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similarly : H(t,1) = (' - A')(t)
Then consider the set L(X,x) which is C(X, {x, y}) where x = y so L(X,x) is the set of paths
of X of origin confused with the extremity which is x an element of L(X,x) is called a loop

based at x

Definition 3.2.1 We call a loop based at x of X any continuous mapping:
0:[0,1] » X with 6(0) =06(1) =x

Remark 3.2.1 In L(X, x), we can always perform the concatenation operation morover

the concatenation of two elements of L(X, x) is an element of L(X, x).

consequence 3.2.1 L(X, x) equipped with the concatenation law is magma i.e Concate-
nation is an internal composition law in L(X,x). It satisfies the properties of concate-
nation of paths considered in L(X,x). The set of homotopy classes of loops L(X,x)/ ~
the set homotopy classes of the loops then if 6,u € L(X,x) then their homotopy class

o' ~0
[0].[u] = [6.u] € L(X, x)/ ~ is a well-defined operation in L(X, x)/ ~ because

= oy’ ~o.u = [0.u'] =[6.u] So (L(X,x)/~,.) is a magma therefore : ol
1) (6.p)-p ~ 6.(u.6) = ([81Lu))-(p)) = [6](ullg)

2) d.ex ~ .0 & [0][ex] = [0] = [6:].[0] &= [e4]

3) 0.0" ~ &y ~ 0.6 &= [01.[0'] = [&x] = [0'].[0] &= [6'] = [6]™"

conclusion 3.2.1 (L(X,x)/ ~,.) is a group we note it : 71(X, x) called fundamental group

of X or poincaré group of X base or homotopy group of order 1 of X based at x

Remark 3.2.2 In L(X.x,) we can consider 6.u , .0 in general 6.y + u.6 then: m1(X.x)

in general is not abelian Homotopy was introduced by Poincaré for the classification of
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surfaces (two-dimensional varieties). Due to the homotopy group, we have a completed
classification of two-dimensional varieties, which led in 1904 to Poincaré posing the
problem that any compact three-dimensional variety without boundary which has a trivial
fundamental group has the same type of homotopy as S°?

This problem is called the "Poincaré conjecture” and its resolution in dimension 3 was
awarded 1 million of Dolars in 2003.

Gregory Perelman solved this problem and received the FILDS medal in 2006, at the
International Conference of the Stek Institute of Lebingiad in Madrid

3.2.2 Continuous application and fundamental groups

Let f continuous application such that f € MorTA (X, x0), (Y, yo)) thenif 6 € L(X, xo)
op
we have the following composition:

foo:[0,1] SxLy= fo0:[0,1] = Y is an application morover,
f06(0) = f(x0) = yo
fod(1) = fxo) = Yo

then f o6 € L(Y,9) hence

fodisa loop based y
It is also observed from the studied prepositions of homotopy that if 6,6’ €

L(X, x0)/0 ~ 6" hence we have the following result: f o6 ~ f 0 ¢’

Proposition 3.2.2 Every continuous application f : (X, xo) — (Y, yo) induces an appli-
cation T(f) : (X, x0) — 1(Y, yo) given by : i (f)([6]) = [f 0 6], V[6] € (X, x0)

moreover Ti1(f) is a group hmeomorphism .

Proof 3.2.1 Let us prove that m1(f) is a group hmeomorphism:

Indeed if [5], (] € (X, x0) then 7 (F)([6][u]) =, i (HA6.1) = [f o (G.p0)]

5(21) si0<t<i
Let’s evaluate: fo(6-u):[0,1] =Y (6-u)(t) =
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(5(21)) si0<t<l
=>f°(6-u)={f ’
flut-1)) sit<t<1

foo(2t) si0<t<i
Thus fo(6-u) = (fod)-(fou) = Thus : TIi(f)([0]-[1]) =
fou@Rt-1) siz<t<l1
[(fod)-(fowl=1[fod]-[f oul=TL(f)IS]) - IL(f)([u])

Proposition 3.2.3 The following assertions, are verified:

1. f : (X/ Xo) - (Y/ yo)/ g (Y/ yO) - (Z/ ZO) then :

gof: (X x)— (Y, y0) = (Z20)

and we have also :

ITi(g o f) = ITi(g) o Iy (f)

2. If1d : (X, x9) = (X, xo) identity morphism then :
ITi (Idx,x0}) = Idrm, x x)
DIf(go f): (X x0) = (Z,20), 0na:
ITi(g o f) : TTi(X, x0) = I1i(Z, zo)
Let [0] € T11(X, xo) then :

[T (g0 f)([0]) = [(gof)od] = [go(fod)] = TTi(g)([f0]) = TTi(g)(TT1(f)([6])) = IT1(g)oTLy(f)([6])
2)
[T (Idx xy)) : T11(X, x0) — TT1(X, x0)
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If [6] € IT1 (X, xo) we have :

Il (Id;x ) )([6]) = [dixxy) © 6] = [0] = Idrr,(xxy)

Consequence 3.2.1 The relation : T;p 4 Cg given by :

1. (X, xg) € objTA = IT;(X, xo) € obj,
op

2. fe MorTA (X, x0), (Y, v0)) = TLi(f) € Morc(IT1(X, x0), II1 (Y, yo)) it is covariant
op

functor

I'1y is called a homotpic functor of order 1.

Theorem 3.2.1 Classification:

If (X,x) and (Y,y) are two pointed topological spaces homotopic, then their Poincaré
groups Iy (X, x) and I1;(Y, y) are isomorphic groups

Indeed, the image of isomorphic objects by a functor are isomorphic that is

(Xx) = (Yy)in Tgp if and only if homeomorphic = T1;(X, x) = IT;(Y, y) in Cg

Consequence 3.2.2 If (X, x), (Y, y) are two topological spaces such that: I1;(X, x) is not
isomorphic to I11(Y, y), then: (X, x) and (Y, y) are not of the same homotopy type

Poincaré Conjecture 1904

X is a compact 3-dimensional manifold (Top) without boundary such that:
IT;(X) is trivial = X is of the same homotopy type as S°

Answer: 2002-2008 by Gregory Perelman

X is a 3-dimensional manifold without boundary & Vx € X there exists an open

neighborhood homeomorphic to an open subset of R?
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3.3 Homotopy of Continuous Maps and the Poincaré

Group

We know that if f : (X, x) — (Y, y) is a continuous map, then it induces

IL(f) : Th(X, x) = IL(Y, y)

Let g : (X,x) = (Y, y); it also induces

ITi(g) : THL(X, x) = ITi(Y, y)

Theorem 3.3.1 Under the above assumptions: if f ~ g, then I11(f) = I1i(g9) Two
homotopic maps induce the same homomorphism on the fundamental group

Indeed, let [0] € T11(X, x), then

IL(f)([6]) = [f o d]

Since f ~ g, we have f 06 ~ g o6, so
[f 06] =g 0] = IL(f) = Th(g)
Consequence 3.3.1 (Homotopy Criterion) IfT11(f) # ILi(g) = f » g

Theorem 3.3.2 If (X, x) and (Y,y) are two homotopy equivalent pointed topological
spaces, then:

IL(X, x) =IL(Y, y)

Proof 3.3.1 Let (X, x) and (Y, y) be homotopically equivalent if and only if:

Af : (X, x) = (Y, y) continuous
dg: (Y y) = (X, x) continuous

58



Chapter 3. Homotopiy of paths

with:
gof~Idxy =1IL(go f)=TL{Idxy)

fog~Idyy = IL(f o g) = ITLi(Idy,))

Ty (g) o T (f) = Idm,xq)

= IL(X,x) = IL(Y, y) areinverses of each other
[Ty (f) o Ii(g) = Idm,(v,y)

Consequence 2.3.2. If Ii(X,x) 2 IL1(Y, y), then (X, x) and (Y, y) are not homo-
topic.

2.3.1 Change of Base and Poincaré Group
Let X be a topological space and x, y two given points of X. Then we have the

pointed topological spaces (X, x) and (X, y), and the Poincaré groups I'; (X, x) and
Hl (X, y)

Problem

Is there a relation between them?

Theorem 2.3.3. If there exists a path @ in X connecting x to y, then the groups

I'Ti(X, x) and I';(Y, y) are isomorphic

Proof 3.3.2 Let us consider: L1(X, x) and L1(Y, y) the loops based at x

Li(X,x) = {6:[0,1] = X | 5(0) = 5(1) = x}

Li(,y)={u:[0,1] = Y| u(0) = u(1) = y}

We want to go from a loop in L1(X, x) to a loop in L1(Y, y), so we consider:
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(@ -06) - w where @ - (6 - w) because (@ - 0) - w ~ @ - (6 - w) in I11(Y, y) Where:
[(@-6)- wl=[0- (6 wl=[@-6-w]

denoted as [@ - 6 - w].

We consider the isomorphism:

Let TT; (X, x) Lo, Iy (Y, y) defined by:
(Pa)([é]) = [C‘_) 0 C()], V[(S] € HI(XI x)

This mapping is well-defined because if 5" € [0] then: 6 ~ 0’ = @ -6 - w ~@ -0 - w

el -6 -w]l=[@ -0 w]

1)@, Bijective ?

Po : LY, y) = TTi(X, x)
then for [6] € I'l1(X, x) we have:
[u] = [w.p.@]

P50 Pu(l0]) = pa(lw-0-w]) = [w- @ 6 w-w] = [ex- 0 &x] = [0] = Idm, x.([0])

(since w - w = &)

Similarly:

[u] € IV y) = poo@a([u]) = o0 p-@]) = [0-w-b-w-w] = [e,6-¢y] = [u] = Idm v, ([u])

Conclusion 3.3.1

(Po)! = @z, ie., @, is a bijectivity

2)@,, is a homeomorphism : Let [6], [u] € I1(X, x) we have:
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P Th(X,x) = LY, y): =[(@-0-w) (@ py-w)]

Consequence 2.3.3. ¢, is an isomorphism

Proposition 2.3.1. If o’ € [w], then: ¢, = @,, that is the isomorphism is

independent of the homotopy class of the path from x to y.

Indeed: if [6] € IT1(X,x) and @’ € [w],then @ -0 - w ~ @’ - § - ' because if

W~ =0~
Por [6] = p,[0], thats why the isomorphism ¢, = ¢,

Consequence 2.3.4. If X is a path-connected topological space, then all the

Poincaré groups of X are isomorphic,

IL(X,x) =IL(X, y) Vx,y € X

Indeed: if X is path-connected = 3 a path linking x and y in X, so from the
previous proposition: IT;(X,x) = IT;(Y, y) Thus: if X is path-connected, we can
omit the base point and denote I'T;(X)

(Y, f(x0))

(X, xo) —  TL(X, xo)

e
S

(Y, 9(x0))
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N

111(Y, 9(x0)) W m1(Y, f(x0))

problem

Does there exist a path @ connecting f(xy) to g(xo) such that : the diagram is

commutative

Theorem 2.3.4. Under the above assumptions, if f and g are homotopic,
then there exists a path w connecting f(xp) to g(xp) such that the diagram is

commutative.

Proof 3.3.3 Since f ~ gfor xy € X the elements f(xo) and g(xo) are in the same connected

component.
Let us now consider the path F, : [0,1] = Y, F, () = F(x, t)

IF(xo,0) = f(xo)

F(xo,1) = g(xo)

F(xo,t) : XX [0,1]-Y:

F continuous ?

et [(F)=rm=y
T4 LT
9(41& —1-T)=g(0)=y
_2+T g(4- B -1-T)=g@+T-1-T)=g(1) =z
4 h(4.2%2__T2—T) — h0) = 0
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f(4t) 0<t<i
F(t,0)=qg(4t-1) 1<t<i
h2t-1) 1<t<1

F(t,1) =
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CONCLUSION

The resolution of the Poincaré Conjecture by Grigori Perelman stands as one of
the most remarkable achievements in modern mathematics. It not only solved
a century-old mystery about the nature of three-dimensional spaces but also
demonstrated the power of deep insight, perseverance, and humility. Perelman’s
work reshaped geometric understanding and left a lasting legacy?proving that

true discovery often transcends awards and recognition.
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