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Chapter 1

Taylor’s Formula and Limited Development

The limited development LD, (zy) is useful in many areas of mathematics and physics, including
solving differential equations, performing integrations, evaluating limits, and analyzing the local

behavior of a function and its polynomial approximation.

1.1 Taylor’s Formula

1.1.1 Taylor’s Formula

The Taylor formula allows the approximation of a function differentiable several times in the
neighborhood of a point by a polynomial whose coefficients depend only derivatives of the

function at this point.

Definition 1.1.1. A continuous function on [a,b] and differentiable at xo €]a, b] can be written

in the neighborhood of xo as follows

f(x) = f(x0) + (v — w0) f'(w0) + R(7),

where R(x) = e(x)(x — xg), and lim e(x) = 0, which shows that, if f is differentiable, then f

T—T0

is approximated by a polynomial of degree 1 (a line).
Example 1.1.2. Consider the function f = e*, and xo = 0. f can be written as

3
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f(x) = f(0)+ (z = 0)f(0) =z +1

Taylor’s formula generalizes this result by showing that n times differentiable functions can

be approximated in the neighborhood of xy by polynomials of degree n, that is to say

n_ fk)(z0) )
f) = ST )+ R,
k=0
pn(2) (n)
I T n T
= Flao) + (2 — 20) f'wo) + L é, L S n(, ) (3 — o)+ Rua),
where R,,(z) is the remainder of order n, such that
f("+1)(x0) _—
= e(z)(z —mz)" and lim e(z) =

1.1.2 Taylor’s Theorem
Let f and g : [a,b] — R two functions satisfying the following conditions:
1. f€C™[a,b]), and f™ is differentiable on ]a, b].

2. The function g € C([a,b]) and differentiable on ]a,b[ and Vx €la,b[ , ¢'(z) # 0, for

zo € [a,b]: then Va € [a,b], x # xy we have:

! Zo " ) (n) Zo
f(x) = flxo)+ f(1| )(az—xo)—i- / é' )(az—xo)2+~~+ / n(' )(:L’—xo)”—i-Rn(:z:O,x) ..... (%)
(k) 3;6 . ) '
S o / k(‘ )(a: — 29)" + Ry (20, x)
such that R, (xg,z) = e (e — o) g(x)g(xg), ¢ €]z, xo[.....(xx)

n! g'(c)

e The expression (*) is called the Taylor formula with generalized remainder (**).

e The choice of various functions g checking the condition (**) leads to various forms of

the remainder R, (zo, ).
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1.1.3 Taylor’s three formulas

Notation 1.1.3. Let I = [a,b] be an interval of R, xg be a point interior to I, and f : I — R
be a function. We fix a natural number n.
We say that a function is of class C™ on I if it is n times differentiable on I, and if its n-th

derivative is continuous on 1.

Taylor-Lagrange

Theorem 1.1.4. Let f be of class C"™* on I, and xq € [a,b]. For all x € [a,b], x # xo, we

have:
_ [ (o) f" (o) 2 F™ (o) n F 0 (e)
f(l’) = f(.%'o) + 1 (iL‘ — iL’o) + ol (33' — iL‘o) + -+ n' (.’L‘ — iL‘o) + m(ﬂ? —
zo0)" T, ¢ €]z, x|
F(e)
The term ~———>(x — x9)" ™! is called the Lagrange remainder.
(n+1)!

Example 1.1.5. 1. Consider the function sin(x). The Taylor-Lagrange formula of order

3 in the neighborhood of 0 is written

2 2t

sin(x) =z — 3 + a cos(c).

2. Consider again x — €. The Taylor-Lagrange formula of order J in the neighborhood

of 0 is written

2 133 $4 $5

xr __ :,U C
e —1+$+§+§+E+56.

Taylor-Maclaurin

If xg = 0 in Taylor Lagrange’s formula we obtain the Maclaurin formula

/ " (n) (n+1)
+f(0)x+f(0)x2+---+f (O)I”—i-if (Qx)x"H, 0<6<1.

J(@) = J(0)+ = 2l nl (n+1)!
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Taylor-Young

Theorem 1.1.6. Let f : [a,b] — R, x¢ € [a,b], suppose that f) (xy) exists and finitely, then

Vo € [a,b]

@) = Sio Lo e — ) + o — a0

the remainder R, (xo,x) = o(x — x¢)" is called Young’s remainder, which posits the following
property:

lim Ln(xo,x) =

T—x0 (gj — Q;O)n
R, (z9, )
(x — xo)"

following form: R, (xo,z) = e(z)(x — x0)

By setting e(x) = for x # xg and £(xg) = 0 we obtain the Young remainder in the

" where lim e(z) =0
T—T0

If o = 0, we obtain the Maclaurin- Young formula

f0) 4, . 3
T + a"e(x) where 91013%5(:5)—0

f(x) =X

Example 1.1.7. The Taylor-Young formula for the function sin(z) at order 2n + 1 at 0 is

written

273 5 x?n—f—l
sin(@) =z —gr 5+t CD Gy

+ 2?2 le(x).
Indeed, we must calculate the successive derivatives of sin(x) at 0. We have

sin(0) = 0, sin’(0) = cos(0) =1, sin”(0) = —sin(0) =0, - -
More generally, for all k € N we have

Sin(2k)(0) =0, and Sin(?k—i—l)(o) — (_1)k cos(0) = (_1)k

hence the result.
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1.2 Limited Development

1.2.1 Developments limited to the neighborhood of 0

Definition 1.2.1. Let f be a function defined in the neighborhood of x = 0, except perhaps at
0. We say that f admits a limited development of order n in the neighborhood of 0 if there exist
numbers ag, ai,as, -+ ,a, € R and a function € such that for any non-zero element x of an

interval I of R:

flx) = ap+ a1z +ax® + -+ + a,z" + 2"e(x)

= P,(x)+ 2" e(x)

such that lime(z) = 0.

z—0

Remark 1.2.2. The polynomial P,(x) is called regular part of the limited development and

x"e(x) is remainder or complementary part.

1
Example 1.2.3. Let f = T f admits LD, (0), indeed:
—x

Since 1 — ™t =(1—xz)(1+z+2®+ - +2"), we have

1 "t T—amt l-—2) 142+ +2") "
— = = :1_|_3;_|_..._|_3;7
l—z 1—2z 11—z 11—z
where
1 n+1 T
—=l4+z+---Fa"+ =l+z+---+a" ;
1—2z 1—2x 1—=x

1
Therefore the function f(x) = ] .« # 1 admits a limited development of order n at x = 0,

— X

with e(x) = %, where ligl%a(a:) = 0.
— e

1.2.2 Properties of Limited Development

e If f admits a LD, (z), then lim f (x) exists, finite and is equal to ag. This criterion is
T—T0

generally used to demonstrate that a function does not admit LD,, ().

For example the function In(z) does not admit LD, (0), because lin% In(z) = —oc.
z—

7
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e A function does not necessarily have an LD, (zy), but if it exists, then it is unique.
e Parity
— Even function The LD, (zy) of an even function has a main part that contains
only monomials of even degree. That is to say the coefficients ag,1; = 0.
— 0Odd function The LD, (z¢) of an odd function has a main part that contains only

monomials of odd degree. That is to say the coefficients aq, = 0.

e The LD,(z¢) of a polynomial of degree n is itself.

1.2.3 Obtaining Limited Development Using the Taylor-Young For-

mula

Theorem 1.2.4. If f is class C"' in a neighborhood of a and if "™ (a) ewists, then the
function f has a limited expansion in a neighborhood of a, of order n. This limited development

is given by the formula of Taylor-Young

f'(a) f"(a)
1! 2!

f"(a)

oy (x —a)" + (x —a)"e(x)

f(x):f(a)—|— (x—a)2_|_..._|_

(x —a)+

where lime(x) 4 0.

particular case: If f(" = (0) exists then f has the following limited development

" (n)
T+ f2<!0)932—|—~--+ 0 n'<0>

@) = 10y + 2

" 4+ z"(x), such that 11_%6(23) + 0.
Corollary 1.2.5. If f™(0) exists and if f admits a limited expansion of order n

f(x) = ap + a1z + agx® + - - + apa” + 1"e(2),

, " (n)
then f(0) = ao, fl('O) = ay, fz('()) =ay,- - 7f n'(())

= qa,.
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1.2.4 Limited Development of usual Functions

Below, we show some very famous limited development of common function of order n, at x = 0

using Maclaurin’s formula :

P14 ¥ x? " .

e’ = +ﬂ+§+"'+m+0(w)

In(z1 + ) ZLr + (1)1 4 o)

nxl+zx)=o0c——+"— — .4 (— Stz
2 3 n

. =l+z+22+23+ -+ 2"+ o(z")
—x

2 L1l x3x5x-x(2n—3)

T oz
\/1+x:1+§—§—~~+(—1) S 2" 4 o(z")
1 . x+3m2 +( 1)n1><3><5><~~~><(2n—1) -
=1-S4— =+ (= z" + o(x
1+ 2 8 2nn!
1 1) (a— 1
(1+x)a=1+ax—|—a(2'):c2+-~+a<a ) ‘(a n ):c”+0(:lfn)
! n!
2 4 20 ,
=1 - — — —1)» n+1
cosx =1 ot t + (1) (2n)!+0($ )
P B L2+l ,
i = r - — 4+ — 4+ ... 1y n+2
sinw = =gt gt CD gy o)

Remark 1.2.6. We will often work at x¢o = 0, based on changes of variables:

1. If xg € R*, we put t = x — g, and then t — 0 when x — xy.

1
2. If xo — 00, we put t = —, and then t — 0 when x — oo.
x

Example 1.2.7. Find LDs(7%) for the function x — sin(z).

Weputt:x—g, thent—>0whenx—>%. Thus, © =t +

AN

So



Taylor’s Formula and Limited Development Y. Chellouf

f(z) = sinz =sin(t + 2) = sin(?) cos(%) + cos(t) sin(%) = ? sin(t) + \éi cos(t).
= \f (t—t6+o(t3)> +\f (1—2—!—0(753)) = ?Jr\ft—\ft? \1/3753—!—0(753)

- PR )R D (D)

Example 1.2.8. Find LD, (1) for the function v — €*.

We putt =2 — 1, thent — 0 when x — 1. Thus, x =t + 1. Thus

y? y"

= e(l—i—(m—l)—i—(x;!1)2+...+(x_1>n+0((x_1)n)>

1.2.5 Operation on Limited Development

e Sum: If f admits a LD, (0): f(z) = ap + a1z + agx® + - - - + a,z™ + o(a™),
and g admits a LD,(0): g(x) = by + byx + box® + - - - + b,x™ + o(z").
Then f + ¢ admits a LD,,(0), which is given by the sum of the two limited development:

(f +9)(x) = (a0 + bo) + (a1 + b1)x + (ag + b2)a® + - - + (an + by)z"™ + o(z").

Example 1.2.9. Find the LD4(0) of In(1+ x) + e*.

As
2 3 .4
In(z+1) = x—x—+x——x—+0(a:4)
2 3 4
2 37 4
e = l4z+—+° 4+ 4ot
2 6 24
3 54
Hence: In(1+x)+e* =1+ 2z + % - 2—2 + o(x?)

10
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e Product: If f admits a LD, (0): f(x) = ag + a17 + agx? + - -+ + a,x™ + o(z"),
and g admits a LD,(0): g(x) = by + byx + box® + - - - + b,x™ + o(z").
Then fg admits a LD,,(0), obtained by keeping only the monomials of degree n or less in

the product: (ag + a1z + asx?® + -+ - + a,x™) (bg + byw + box® + - - - + bpa™).

Example 1.2.10. Find LD3(0) of x — sin(z) cos(x).

We have
22
cos(z) = 1-— 5+ o(x?)
3
sin(z) = z— % + o(z?)

Then, we developing the product, only considering terms of order 3 or less:
x? 3
cos(z)sin(z) = <1 -y + 0(x3)> (m % + 0(:1:3)>
2 3
= z— % + o(x?)
Quotient: If f admits a LD, (0): f(z) = ap + a1z + agz® + - - + a,z" + o(z"),
and g admits a LD,(0): g(x) = by + byx + box® + - - - + b,x™ + o(z"), with by # 0.

Then i admits a LD, (0), obtained by the division according to the increasing degrees
g

to order n of the polynomial (ag + ayz + asz® + - - - + a,2™) by the polynomial (by + bz +

box? + - -+ + bya™).

Example 1.2.11. Let us compute LD5(0) for x — tan(x) = Sln((gg))
cos(x
We have
3 5
sin(z) = z— r + f—o + 0(3@5)
cos(r) = 1— é + g + o(x)
B 2 24
Thus,
2P
' r——+-— +o(z°)
tan(x) = sin(z) - 62 1240
cos(z) s N !t + ofa®)
2 24

Then, we developing the division according to the increasing degrees to order 5:

11
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13
X — —

XS
—+—+ 0(x®)

120

2 4
1-=+=+o0(x%
2 24

X.png

3 2 5
Therefore, tan(z) = = + % + T:c5 +o(z

e Composition If f admits a LD,,(¢g(0)):

f(@) = a0+ ar(x = g(0) + a(z — g(0))* + -

°)

-t an(z = 9(0))" + (2 — g(0))"e(2),

and g admits a LD, (0): g(x) = by + byx + - - - + ba™ + x™e(x).

Then, f o g admits a LD, (0), obtained by replacing the limited development of ¢ in that

of f and keeping only the monomials of

Example 1.2.12. Let us compute LDs

Since,

degree n or less.

-1).

(0) forx—>sin<1ix

—x + 2% — 2% + o(2?)
3
T
v 3
x 6+0(m)

Then, we compose, only considering terms of order 3 or less:

1

— X

n (1)

e Differentiability: If f : I — R admits a LD,,,1(0) and f is differentiated at least n+1

times, then f’ admits a LD, (0), obtain

1
—x+ 22— 23— = (=23) + o(z?)

5 3
—x—l—xZ—%—l—o(:ﬁg)

ed by deriving the limited development of f.

12
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1
(1—z)*

1 1 ! 1
Since = (1 — x) , and = 1+x+22+ 23+ 2+ o(x?). Derive the LD4(0)

1 1
of -5 Ve obtain LD3(0) for 1= )

Example 1.2.13. compute LD3(0) for z —

1
m = 1+2$+3I2+4x3+0($3)

e Integration: If f: ] — R admits a LD, (0), and f is integrable on I, then f admits a

LD, 1(0), obtained by integrating the limited development of f. i.e: if

€)= a0+ x4+ g + 27e(z), where lime(a) =0

then

F(z) = [y f(t)dt = agx + %xQ SRR nai:l:c”“ + "7 (x), where limr(x) = 0.

1.2.6 Generalized LD

Let f be a function defined in the neighborhood of 0 except perhaps at 0. We suppose that
f does not admit a limited expansion to the neighborhood of 0 but the function z®f(x) («

positive real) admits a limited development to the neighborhood of 0 then for o # 0
xf(x) =ap+arx+ -+ a,x™ + o(z™)

1
Hence f(z) = o (ap + a1z + - - - + apz”™ + o(z™)).

this expression is called generalized limited development in the neighborhood of 0.

1
Example 1.2.14. Consider the function f(x) = 5+ [ does not admit an expansion LD(0)
r—x
because lim f(z) = +oo. But
z—0
1 1 )
zf(x) == = =1l4+z+az°+- - +2"+o(z").

r—22 l1-ux
The generalized limited expansion of f is

13
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f(33) = 1(1—1—1:—0—1’24_...4_3;71_‘_0(1:71))

—8

= —+1l4+az+---F+a2" o™
T

Exercise: Find the LD4(0) of the following functions:

L fz) = sinazx)'
2 gle) = cosl(x)'
3. h(z) = w

4. k?(CC) — ecos(w)

14



Chapter

Integral Calculus

Calculus is built on two operations ”dierentiation” and "integration”. The integration at its most

basic, allows us to analyze the area under a curve. Of course, its application and importance

extend far beyond areas and it plays a central role in solving dierential equations.

2.1 The Definite Integrals

2.1.1 Partition

Definition 2.1.1. Let f be a function defined and bounded on |a,b]. A set P = (xg, x1, 22,

is called a partition of a closed interval [a,b] if for any positive integer n,

Aa=20 < T1 < Tg <+ < Tp_1<xp,=0>.

Axy  Ax, Axg Ax,,
| | | ~1 | ]
Xo Xy X2 X3 Xn—1 Xy
a b

Notes:

e The division of the interval [a, b] by the partition P generates n subintervals:

15
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[x(]?xl]a [I17$2]7 [I27 .7)3], Tty [xn—hxn]

e The length of each subinterval [xy_1,xy] is Az = 2 — Tp_1.
e The union of subintervals gives the whole interval [a, ].

e The strictly positive real §(P) = max(zj —x_1) is the maximum length of a subintervals.

2.1.2 Definition of Darboux Sums

Definition 2.1.2. Let f be a bounded function defined on a closed bounded interval [a,b], and P

is a partition of [a,b]. Let my and My be the infinumum and the supremum of f over [x_,x]

my = inf  f(z)
T€[zp—1,71]
My = sup  f(z)

TE€[TK_1,Tk]

Consider the lower and upper Darboux sums of f corresponding to a partition P:

L(f,P) = >h_imp(vy — Tr-1)

U(f,P) = Xjo Mi(wr — 2p1)

Definition 2.1.3. (Upper and Lower Integrals)

Suppose f : a,b] — R is bounded. Then we define the lower integral of f on [a,b] as:

/b f(z)dz = sup(L), where L = {L(f, P)|P is a partition of [a,b]},

*a

and the upper integral of f on [a,b] as:

/*bf(x)dx = inf(U), where U = {U(f, P)|P is a partition of |a,b]}.

a

16
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Lower Darboux sum Upper Darboux sum

2.1.3 Properties of Darboux Sums
e VP Cla,b], U(f,P)=L(f P)
o If PC P, then L(f,P) < L(f,P')and U(f,P) > U(f, P).

e VP, P'C[a,b], L(f,P) S/iaf(:v) dxé/if(fv) dwé/:bf(f’f) dv < U(f, P').

2.1.4 Integrable functions, Riemann integrals

Definition 2.1.4. Suppose f : [a,b] — R is bounded. We says that f is integrable in the sense

of Riemann if:
/iaf(x) dr = /:bf(x) dx.

The value of the lower integral and the upper integral is called the Riemann integral of f over

b
[a,b] and is denoted by/ f(z) dx.

Theorem 2.1.5. A function f is Riemann integrable on [a,b] if and only if for every e > 0

there is a partition P of [a,b] such that U(f, P) — L(f, P) < e.

Theorem 2.1.6. e Any bounded and monotone function on |a,b] is integrable on |a,b].
e Any continuous function on [a,b] is integrable on [a,b].

17
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2.1.5 Riemann Sums

Let f : [a,b] — R be a bounded function, and P = xg, 21, ,x, a partition of [a, b].

Definition 2.1.7. The sum o(f, P) = > 7_; f(Ce)(xr — 1) where (i, € [xp_1,2k], k=T1,nis

said to be the Riemann sum of f corresponding to P and the system of points ¢ = ({1, Co, -+, Ca)-

Definition 2.1.8. We say that the number A is the limit of o(f, P,() when §(P) tends to 0
(f, P.¢) if:

and we write A = lim o
0(P)—0

Ve >0, 37>0, Yo(f,P,(), 0(P)<T=|o(f,P,() — Al <e.

Theorem 2.1.9. If f : [a,b] — R is integrable then:

b
A= lm o(f.P.) = | 1@ dz.

Particular case:
b b—a b—a
i f (a + k )
n n

Example 2.1.10. Calculate: I = lim 237, (In(n + k) — In(n)).

n—-+o0o

I = lim 1 Sy (In(n+ k) —In(n))

n—-+oon,

Therefore, f(x) =In(z), a =1, and b = 2.

b—a=1
b=a+1
and == L (a+1—a) — a=1, and b=2
k b—a 1+ =a+k
1+ —=a+k n
n n
So
1, 2
Jim —X7 (In(n+ k) = In(k) = / In(a) d.

18
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2.1.6 Properties of the Riemann integral

Let f and g be two bounded and integrable functions on [a,b], ¢ € [a,b] and o € R

—_

: /af(x) dxr = 0.

[\

: /Zf(m) dx:—/:f(x) dx.
b

@

/ (f(z) + g(x)) do = /Zf(x) dx + /ig(x) dz.

a

e~

/Z (af(z)) dx = a/:f(x) dx.

ot

: /Zf(ac) dxz/if(m) dx—l—/if(x) dx.

D

[ 1@ da| < [ 17 d

7. f(z) < g(x), Vx € [a,b] = /Zf(x) dr < /:g(x) dx.

0]

- f(@) ZO:>/Zf(x) dz > 0.

b
but if f > 0 and continues on [a, b] and if/ f(z) de =0 = f(z) =0 on [a,b)].

2.1.7 Mean Theorem

If f and g are two bounded and integrable functions on [a,b]. If g > 0 and if m < f(z) < M,

vV m, M € R then:

Particular case:

o If g =1, we obtain:
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e First formula for the average: If f is a continuous function on [a, b] and if g is a bounded
integrable function, of constant sign on [a, b], then there exists an element ¢ € [a, b] such

that:

If g =1, we obtain the

e Second average formula: If a function f is continuous on [a, b], there exists an element

¢ € |a, b] such that:

[ @) dr = (0 — )£ (o)

The number f(c) is called the average value of f over [a, b].

2.1.8 Cauchy-Schwarz Inequality

If f and g are two bounded and integrable functions on [a, b], we have:
b 2 b b
(/ f(x).g(x) dx) < / f3(z) dx / g*(z) dux.

2.1.9 Antiderivative of a continuous function

Definition 2.1.11. Let f : [a,b] — R a function. We say that a differentiable function

F :[a,b] — R is an antiderivative of f if: Yx € [a,b], F'(z) = f(x)

Example 2.1.12. 1. F(z) = 32° + 5z + 2 is an antiderivative of f(x) = a2® + 5, since

F'(x) = (32° + 5z +2) = 2 + 5.
!/ x

2. € is an antiderivative of €*, since (e*) = €”.

Theorem 2.1.13. Any continuous function f : [a,b] — R admits an antiderivative.

b
The application x — F(x) = / f(t) dt is an antiderivative of f.
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2.1.10 General method of calculating the integral
1. Integration by parts method:

Proposition 2.1.14. Let f and g be two functions in class C' on an open interval

I = [a,b], we have:

b b
[ 1@gta) dz = £)g) - fa)gla) — [ o) (@) do

1

Example 2.1.15. Calculate: 1 :/ arctan(z) dx
0

we have:

1
I = /arctan(x) dx

Lo
= z.arctan(z )|(1)—/ dx

01—|—x2
= ;.arc’lcan _O_/01~|—x2
= %—%ln(l—l—xz)\o
= Z_iln(Q)

2. Integration By Substitution (Change of Variables):

Proposition 2.1.16. Let f be a continuous function on [a,b] and g € C'([a,b]), then:

g(b) b
[ @) de= [ fa0)g0) di

Example 2.1.17. Calculate the integral I :/ cos*(z) sin(z) dz.
0

We set t = cos(z) = dt = sin(x) dz, therefore

if 1=0 = t=1

if r=1 = t=-1
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SO

™

cos?(x) sin(z) dx

| ©

1 1
t4(—dt) :/ th dt
—1
2
= -, ==

2 )

1

I

2.2 Indefinite integral

Definition 2.2.1. The indefinite integral of f(x) : I — R is the collection of all antideriva-

tives of f(z), denoted by /f(x) dx.

If we have: F is an antiderivative of f on I, then we write:
/f(:zc) dr = F +¢, VeeR.
Example 2.2.2. We have:

1
e The indefinite integral of the function — on | — 00, 0| is defined by:
x

d
/—x =In(—x)+c, g €R

T

1
e The indefinite integral of the function — on ]0,4o00] is defined by:
x

d
/—len(x)—i-cQ, c2 €R

T

1
= The indefinite integral of the function — on R* is defined by:
x

d
/—x:ln|x|+c, ceR
x

2.2.1 Existence of the Indefinite Integral

Theorem 2.2.3. Let f : I — R be a function defined on I, then we have the following

implication.:
f is continuous on I = f admits an antiderivative on I.
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2.2.2 Change of variable and integration by parts in indefinite inte-

grals

1. Change of Variables:

Let I and J be two intervals and h : J — I of class C*(J).

Theorem 2.2.4. Let f € C(I), then

F:/f(x) dx:Foh:/(foh)h’(x).

In other words, if F' is a primitive of f then F o h is a primitive of (f o h)h'.
/f(m) der = /f(h(t))h’(t) dt, = = h(t) = dx = h'(t)dt. Indeed the change of variable
x = h(t).

Example 2.2.5. Calculate: I = /0083(t) dt.
/ cos3(t) dt = f(h(t))W(t)dt, so

cos®(t) dt = cos?(t) cos(t) dt = cos®(t)(sin(t))'dt = (1 — sin®(¢))(sin(t))'dt.
We set x = sin(t), we obtain

cos?(t)cos(t)dt = (1 —2?) dx

/cosS(t) dt = /(1 —2?) dr =x — % + ¢ = sin(t) — Zl))sing(t) +c.
2. Integration by parts:
Theorem 2.2.6. Letu, v: I — R, u, v € CY(I) then:
/u’(x)v(x) dr = u(x)v(z) — /u(m)v’(m) dx
Example 2.2.7. (a) Compute /az:eaC dr. We set u(x) =z, and v'(x) = €*, then we get:

/a:e“” dr = xew—/ez dx

= ze¥ —€e*+c

= ez —1)+ec
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(b) Compute /x In(z) de. We set u(x) =Inz, and v'(x) = z, then we get:

1 1 1

/xlnxdm = fx21n:c—f/x2.— dx
ey
= ilenx—zxz—i-c.

2.2.3 Antiderivative of rational fractions

Any rational fraction can be written in a single way as the sum of a polynomial and a finite
Mx+ N

(r—a)f" ((w—aP+p)F

We are therefore brought back to looking for antiderivatives of the polynomial and each of the

number of rational fractions (simple elements) of the form

simple elements there is no difficulty with integral polynomial as well as the simple elements of

the ﬁrSt kind m

1 1
——dx = -— k>1 R
/(:L‘—a)k . k—D@—ap1 @ "7h €

1
/(x_a)dx = Injlz—a|+¢, a€R

Mx+ N
((z — )2+ B2)*

Reduce by the change of variable © = a 4+ St we calculate the integrals

t 1
I :/7@, :/7dt.
P+ )k Je (1+ t2)k
L rdu

e The calculation of I, is immediate in fact the change of variable u = 14t% then I}, = 3

The integration of simple elements of the second kind

uk
hence

1
— For k=1: Ilziln(l—FtQ)—i-c.

-1
—Fork>1: I, =
or K > k 2k — 1)(1+ 2y 1 +c

e For the calculation of J an integration by parts gives us:
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po L Ty o Oyt o
(1 +2)F (1+ )% (1 + £2)r

SO
1
S S
T /(1+t2)’f
YAy S
T /(1+t2)k+1 !
1

t 1
DL +2k/(1+t2)kdt_2k/(1+t2)k+1dt

1
we have Jk+1 = /(14—t2)k+ldt’ then
Jp = t + 2k J, — 2k J,
hence the recurrence relation:
t

The calculation comes down to that of:

1
Jp = /H—tzdt = arctan(t) + c.

T+ 3
Example 2.2.8. Calculate I = /1‘2—31:—1—2 dx.
We have
r+3 B x4+ 3 o a b
Z_3r42  @-29@-1) @-2 (@-1

B 5 4

T (-2 (-1
S0

T+ 3
[ = /761
2 — 3z +2 *

5 4
o /(%—2_33—14>dx
- /x—de_/m—ldx

= blnjx —2|—4ln|z—1|+c
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br —1
Example 2.2.9. Calculate J = / ‘ dx. The decomposition into simple elements
(x +2)%(x2 —1)
gives
br — 1 B a n b n c n d
(x+2)2(22+1)  2+2 (x+2)2 x-1 z+1
1 =29 33 n 2 N 27
C9\z+2 (@+2? 2-1 z+1

Now, we integrat the simple elements obtained after decomposition. From the property of in-

definite integrals we have:

J = 3+2+27d
_9 x+2 @+2? o—1 z+1)"

/ 1/ 33 d +1/ 2 /
= —_— 7;‘6 f— [
9 x—|—2 9/ (x +2)? 9 I—l x—i—l
29 11 1
= Tln|x+2|+—j+91n|x—1|—|—31n|x+1|+c
1
Example 2.2.10. Calculate L = /(x2 _x;; n 3)2dx.

z+1
L = / d
(22 — 2z + 3)? g

/ 2(x+1) cl
= T
2 —2x+3

20 —2+4
= / dx
2 2 —2x+43)?

2r — 2 1
- _d 2/ d
2/ PR PR (Y o e P

20 — 2 1
LI :/ dz, and L :/ d
we set Ly (7201 3P x, and Ly 207 37 x
2 — 2 1
L= dop=——
! (22 — 2z + 3)? v (22 — 2z + 3)
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1
Now calculate Lg:/ dzx.
(2?2 — 2z + 3)?
—1)2 z—1\°
We have 2” — 20 +3 = (z—1)? 12 =2 [ & r1) =2 1),
e have x x (x—1) 5 7
—1 1
we sett—x\/i:>dt—\/§dx:>dm—\/§dt hence:
L :/ —/ d
? (22 —2x—|—3 o1 24%
+1
(ﬂ)
2 1
f/dt
1)@+
~—_—
Jo
From (I), for k=1
2k J, bt + 2k —1)J :>2J—7t + J :>J—}71E +}J

where J;, = /1 dt = arctant, then

LZZ\/§<1 t 1J1>:\/§ t V2
8

L S Al
20+ 2 i+ g

r—1

- \f V2 —i—?arctan(x_l).

(ela))

1 z—1 V2 z—1
L = — 2 — t
22 22 13) <4(m2—2x+3)+ 8 arcan( f))

So

1 N x—1 +¢§ .
= — — arctan
222 —-2x+3) 2(x*2—-2x+43) 4

T — 2 +\/§ ; rz—1 n
= —— arctan { —— C.
212 —2x+3) 4 V2
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2.2.4 Integration of Trigonometric Functions

In the calculation of trigonometric function integrals, we distinguish the following cases:

e Integrals of type /R(cos(m)) sin(x)dzx or /R(sin(x)) cos(x)dx with R(z) is a rational

fraction:

— If we have: I = /R(cos(a:)) sin(x)dz, we make a change of variable of the form
t = cos(z), and dt = —sin(x) dz
— If we have: I = /R(sin(x)) cos(z)dx, we make a change of variable of the form
t = sin(z), and  dt = cos(z) dx

— If we have: I = /R(tan(x))

dx, we make a change of variable of the form

cos?(x)
1
t = tan(z), and dt = cos?(2) dx
cos®(x) cos’(z)  1—sin’(x)

. h =
sin?(z) We have sin?(x) sin?(x)

of type /R(sin(x)) cos(z) dx. So we perform the following change of variable:

Example 2.2.11. calculate I = / cos(x) =1

t = sin(z) = dt = cos(x)dx

1—t2
— I:/ / dt—/dt

— | = —E —t+ C, ceR
Finally, if we replace t by sin(x) we obtain:

1
I= “on() sin(z) +¢, ceR.

e Integrals of type /R(cos(:c), sin(z))dz:

The following change of variable can be used for integrals of this kind. We put

1 —¢2 2t 2dt

1+ t2’ sinz) 1+ t2’ v 14 ¢2

t = tan (2) , cos(z) =
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By replacing the expressions dz, cos(x) and sin(z) in the integral, we obtain an integral

of type: / R(t)dt where R(t) is a rational fraction. To return to the variable z in the

result, replace ¢t by tan (;)

1
Example 2.2.12. Compute I = /76133. We put:
1 — cos(x)
x 11—t 2dt
t = tan (2) , cos(z) = e dr = T

Replacing in I gives us:
1 1
I:/ﬁﬁ:—;+qceR
Finally, we replace t by tan <§> we find::

1
[=——— —+4¢ c€R

()

2.2.5 Integration of rational functions in ¢e*

It is always possible to bring this integration back to a rational fraction by changing the variable

t=e".
1
Example 2.2.13. Calculate I :/ dx.
1+4e*

We put

dt dt

t=e"=dt =¢" dx:>dm:—:7.

ea:

S0

1 1 dt
;= / :/;477
1+¢ﬂxb 1+¢t¢
a
_ °) at 1 b=1
/<1+t+t . (a=-1, b=1)
t1 1
I B / Sdt
/1+t /3

= —In|l|+Wnt|+¢, ceR

t
=1 eR
n 1+xt‘—|—c, &
= In +c, ceR
1+4+e*
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Chapter

Differential Equations

Calculus is the mathematics of change, and rates of change are expressed by derivatives. Thus,
one of the most common ways to use calculus is to set up an equation containing an unknown
function y = f(x) and its derivative, known as a differential equation. Solving such equations
often provides information about how quantities change and frequently provides insight into

how and why the changes occur.

3.1 Differential equations of order n

Definition 3.1.1. Let n € N, n <1, we call a differential equation of order n and of unknown

function y any relation of the form

y" = flay(@)y (@), y" V() (3.1)

with initial conditions

y(xo) = yo, ¥'(wo) =y1,--- 7y(n_1)($o) = Yn—1 (3.2)
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where fis a function defined on a part of R, (z0,v0,** ,Yn_1) 48 vector fized in R™™! and

the unknown is a function y of class C™ defined on an open interval of R containing xy.

o We call solution of this equation any function y of class C™ defined on an open interval

containing xo and verifying the equations , and .
o The largest order of derivation is called the order of equation .
Example 3.1.2. 1. ¢y =y + z is a first order differential equation.

2. y" =3y + 2y =0 is a second order differential equation.

3.2 First Order Differential Equations

Let f: D CR? = Rand y: I C R= R two functions such that y is differentiable on I.

Definition 3.2.1. We call a first order differential equation any equation of type
y' () = fla,y) (3.3)
We say that admits a solution yo(x) if y, = f(z,v0).

3.2.1 Equations with separable variables

A first order differential equation is said to have separate variables if it is of the form

fW)y = g(x) (3.4)

where f, g are two real (continuous) functions of the real variable. To solve (3.4) we use the

definition

_

y_da:
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hence

= F(z)=G(z)+c
where F'is an antiderivative of f and G is an antiderivative of g. Moreover, if ' admits an

inverse function F~! then
y(z) = F7Y(G(z) +¢).
1
Example 3.2.2. Let’s solve the equation —y' = (z* + 1).
Y

1, 9 1dy )
Sy = 1) = ~-2 = 1
W= @)= =@

1
/fdy:/(a?—irl)da:
Y 23
ln\y]:§+x+c, ceR
23
ly =es T ceR

ly| = ket k= e
Y

el

23
y:Ke?'HU, KER*, K = +k.
Example 3.2.3. ¢/(x) = 2%y

—~

x) + 22, is with separable variables. Indeed, we can bring it back
to the form
/
y'(z) — 2
y(r) +1

consequently, passing to the antiderivatives, we have

ZL’S

, eR
3—|—cc

Infy+1] =
which implies to

3

y(r) = Kes —1, K = =+e°
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3.2.2 Homogeneous Differential Equations

A first order differential equation is said to be homogeneous with respect to x and y if it is of

the form

v =1(%) (3.5)

T

where f is a real (continuous) function of the real variable.

To solve (3.5)) we put

t=2
X

so y = xt, and then dy = x dt +t dx. we replace in the equation (3.5, we obtain

dy
dx

- f(i) — dy = f(t) dv
= zdt+tdr=f(t)dx

— zdt=(ft)—t) do
dt  dx
fit)—t =z

this last equation is an equation with separate variables.

—

Example 3.2.4. To solve the equation
22y =22 +y? — ay
by dividing both sides of the equality by x*, this equation can be reduced to

2
) )
,:1 () oz
Y + . -

we put t = y, then
x
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d 2
W 1+<y> A
dx T T

— dy=(1+t>—1t)dx
= zdt+tdr=(1+t>—1t)dx
= zdt=(1+1>-2t) dr
dt dz
= ———— =— (t#1
1+t2-2t = (t#1)
~ Jyt
1-t)2 J z
— L+
T = nlzlte
and so
1
t=1— ———
In|z|+c¢
and we return to y
t—s *
=X =r— —
Y Y In|z| + ¢

and do not forget that if u =1 then y = x is also a solution of the given equation.

Exercise 3.2.5. Solve the differential equation: (2z + y)dx — (4o — y)dy = 0.

3.2.3 Linear Differential Equations

A first order differential equation is said to be linear if it has the form

a(z)y’ + b(x)y = c(z) (3.6)

where a, b and ¢ are real (continuous) functions of the real variable, a being assumed not

identically zero.
Equation (3.6|) is called an equation with a second member, we associate it with the following

equation called without a second member (or homogeneous equation)

a(x)y + b(x)y =0 (H.FE)
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1. Solving the homogeneous equation associated:

to solve this one just need to separate the variables

2/ — _b(x)ﬁ@:—b(@dm if y#0
y Zl(fv) lSy() a(z)
y i
= [y me

= Inly|=—-A(z)+¢, ceR

where /—Zii; dr = —A(x) +z. So

yn(z) = Ke 4@ K = +e°

2. Particular solution by variation of the constant:

To find y, the particular solution of (3.6) we use the method of variation of the constant.

A(z)

We pose y, = K(z)e”**) with K a function to be determined.

and consequently
y, = K'(z)e 4@ — A'(2)K (2)e4") = K'(z)e=4) — K(:E)—)e‘A(m)

SO

implies that

which give

) = @) _ / _ox) . L
and so K'(x) = a(2)e A" hence K(x) = a(2)e—A@ dx. So the particular solution is:
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W= 6A(m)/a(a:c)(e%—)f‘l(a?) dz
and therefore the general solution of is given by
y=uyn+y,=Ke 2 + K(x)e 4@ keR.
Example 3.2.6. Solve the differential equation
2%y 4 2y = €°
we solve the homogeneous equation

Y +2zy = 0= =-—"

and so the homogemeous equation is given by

k
Yp = — keR.

9
1'2

Let’s look for the particular solution:

therefore

we replace in the equation %y’ + 2xy = €* we obtain

LK (x)2? — 2ak(x) N Zxk:(x) _.

zt 2

T

X
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which give K'(x) = e, and so k(x) = e*. hence

then the general solution is given by

k+e*
yzyh+yp:7, k € R.

Exercise 3.2.7. Solve the differential equation on I = }O, ;T[

y'sin(z) — ycos(z) = x.

3.2.4 Bernoulli Equations

A first order differential equation is said to be Bernoulli if it has the form
a(x)y +b(z)y + c(z)y* =0 (3.7)

where a, b and c are real (continuous) functions of the real variable, v is a non-zero real and
a#1, (if a =1, or a =0 the equation is linear).

To solve the equation (3.7) we will follow the following process

v + b(x)% +c(x)=0

a(z)y +b(x)y +c(x)y* =0 = a(a:)y—a )

= a(z)y'y* +b(x)y"*+c(z) =0
we pose t = y17 and then ¢’ = (1 — a)y'y™®, we substitute in our equation to obtain

ala)
1-a)

t'+b(z)t+c(z) =0
and this last equation is a linear equation that we know how to solve.
Example 3.2.8. Solving the Bernoulli equation
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vy —y =22y}, a=2 (EB)
1 /
(EB)=> axy'y 2 —y ' =2z Weposet=y'=—-=1t = _% =Yy
Y Y

S0
(EB)=— —at' —t =2z

the homogeneous equation associated with (EB) is

—at' —t=0 = —at' =t

t 1
_ - = ——
t z
t 1
— [—drx=—[-dx
t x
= In|z|=—In|z|+¢, ceR
EN 1
— =" e — k—, k= *e°.
|
The particular solution of (EB):
Note that t = —x is a particular solution of (EB), so the general solution is
k
t = ——v
||
L 1 I 1 o L |
oy Y70 V=% k—ax|z|

3.2.5 Riccati Equation

A first order differential equation is said to be Riccati if it is of the form

a(z)y' + b(z)y + c(z)y* = d(z) (3.8)

where a, b, ¢ and d are real (continuous) functions of the real variable, a being assumed to be

non-zero. To solve (3.8]) you must first find a particular solution y,,.

a(x)y, + b(x)y, + c(x)y; = d(x)
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We pose t =y —yp, =y =t+y, =y =1t +y, and y* = t* + y> + 2ty,. To determine ¢
let’s replace y in the equation
a(z)y +b(@)y +c(@)y? =d(z) = a(@)(y, +t) +0(x)(y, +1) + c(x)(yp +1)* = d(z)
— @)t + o) + 20@)yy] £ + (@)t = 0
and this last equation is a Bernoulli equation in ¢ with @ = 2, an equation that we know how

to solve.

Example 3.2.9. Solve the equation

ety — 2%y +1y? =1—e%x
(E.R)

Yp = e’
weposet =y—y,=>y=t+y,=t+e" =y =t +¢°, and y* = t* + €** + 2te".
Replacing in (E.R) we obtain:

(E.R) <= e *(t'+¢€%) —2e°(t +€%) + > +2te” + ¥ =1 — ™

— e +12=0
e efxt/:_t2
t/
= — =€
t2
t/
= —dx:/—e””dx
t2
-1
< T:—ex‘f'c, CGR
1
= t=
et —c¢

Then the general solution of (E.R) is
1

et —c¢

y=t+e' =—=y= +e”*.

3.3 Second Order Differential Equations with Constant

Coefficients

A second order linear differential equation with constant coefficients is a differential equation

of the form:
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ay” + by’ + cy = f(x) (E)

where a, b, c and d are real constants a # 0, and f € C°(I) a real function of the real variable.

3.3.1 The homogeneous equation associated with (E)(without sec-

ond member)
ay’ +by +cy=0 (H.E)
To solve (H.E) we associate the algebraic equation called characteristic equation
ar’ +br+c=0

e 1% case: A =0 —4dac >0

In this case the characteristic equation has two real roots

 —b—VA _-b+VA

rH—=———— and 1
2a ' 2a

then the general solution of (H.E) is given by the formula
yn = C1e"® + Coe™®, Oy, Ca €R.

e 2" case: A=0b>—4dac=0

In this case the characteristic equation has a double real root

—b

T

then the general solution of (H.E) is given by the formula
yn = (C1 + Cox)e™®,  Ci, Cy € R

e 3 case: A =0 —4dac<0

In this case the characteristic equation has two conjugated complex roots

40



Differential Equations Y. Chellouf

r=a+1if, and ro =a —if3
then the general solution of (H.E) is given by the formula
Yo = (C1 cos(fx) + Cysin(fx)) e, C;, Cy € R.
Example 3.3.1. To solve the equation
y'+y +y=0

we consider the characteristic equation

rP+r+1=0=A=-3<0
we have two complex roots conjugate:

-1 V3 -1 V3

n=og i ad i

and the general solution is given by

Y = <01 cos \fm + Cy sin ?m) e%“, Ci, Cy eR.

3.3.2 Solving the Linear Differential Equation of Order 2 with Sec-

ond Member

A linear differential equation of order 2 is of the form ay” + by’ + cy = f(x) this equation with

second member solving in two steps:

1. We first solve the equation without a second member and obtain yy,.

2. We solve the equation with right hand side by looking for a particular solution y, of (E)

and in this case y = yp, + yp.

Proposition 3.3.2. (Particular solution of the equation with second member)
Following the expression of the second member, we will summarize the particular solutions

possible in the case of the differential equation with second member:
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o If f(z) = P,(x), we are looking for a particular solution of the form x*P,(x) = Q,(z)

— k=0 if r is not solution of the characteristic equation.
— k=1 1ifr is a root of the characteristic equation.

— k=2 ifr is a double root of the characteristic equation.
On only y, = Qu(z) , Qy is a polynomial of degree n.
o If f(x)=e""(AcosbOx + pusinfz), 6 e R*

— Ifr+1i60, and r — i6 are not roots of (C.E), we are looking for a particular solution

of the form
Y, = €™ (accosbx + [fsinfx) .
— Ifr+1i0, and r — i0 are roots of (C.E), then

o [ A p
Yp = x€ (20 sin fx — % cos 9x> .
o If f(x) = e**P,(x), then y, = 2*e**P,(x)

— k=0 if a is not solution of the characteristic equation.
— k=1 1if a is a root of the characteristic equation.

— k=2 1ifr is a double root of the characteristic equation.
Exercise 3.3.3. Solve the following differential equations
1. y'sinx = ycosw.
2. 9"+ (x4 1)y =0.
3. 2y —ay =0, acR*.

4. 2y = 2%+ P,
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5.9 +y=(x+1).
6. y' +2y +y=exr.

7. 4" 45y + 6y = (22 +1).
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