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RESUME

L’objectif de cette mémoire est de définir et d’étudier une nouvelle transformation
appelée transformation de Hankel-Stockwell. On établit toute I’analyse harmonique
associée a cette transformation, en particulier on démontre une formule de Plancherel,
une propriété d’orthogonalité et une formule de reconstruction. Un autre objectif de
cette mémoire est de définir les opérateurs de localisation, d’étudier leur bornitude et
leur compacité. On montre également que ces opérateurs appartiennent a la classe de

Schatten-von Neumann.

Mots clés: Transformation de Hankel, Transformation de Hankel-Stockwell , opéra-

teurs de localisation.
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ABSTRACT

Our objective in this thesis is to define and study a new transform called the Hankel-
Stockwell transform. We will prove all the harmonic analysis associated to this trans-
form, in particular a Plancherel’s formula, an orthogonality property and a reconstruc-
tion formula.

Another main purpose of this thesis is to define the localization operators and to study
their boundedness and compactness, we will also show that these operators belong to

the so-called Schatten-von Neumann class.

Keywords: Hankel transform, Hankel-Stockwell transform, Localization operators.
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INTRODUCTION

Many non-stationnary signals as seismic signal, genomic signal, electrocardiograms,
and speech are gaining more attentions as they intervene in the real life. So, during the
last decades, many methods of determining local spectra have been investigated. In
fact, in signal theory, the Fourier transform of a given signal was firstly introduced by
Joseph Fourier in 1822, defined for an integrable function f (stable signal) by
N i dx
fi= [ fe s v

Tt

AER,

represents the set of frequencies that compose the signal with their respective ampli-
tudes that called the spectrum of the signal.
One of the major problems with the Fourier Transform consists of the fact that the

frequency representation is global and does not give any temporal localization.
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Figure 1: Loss of temporal localization of the Fourier transform

The notion of time-frequency representations was therefore introduced in order to
overcome this problem, the basic idea concerning the time-frequency analysis is to
introduce into the Fourier analysis, which is a purely spectral analysis, a notion of
spatial or temporal locality by replacing the analyzed function f with the product of f
by a function 1 suitably chosen having good localization properties, then we apply the
Fourier transform to them.

The most famous time-frequency representation was introduced by Denis Gabor [16]
called the Short-time Fourier transform (STFT).

Let us consider a non-zero function ¢ € L?(R) called window. Then, for every f € L*(R),

the Short-time Fourier transform of f is defined by

Vy(f)a,r) = j;f(x)gb(x — a)e_ir"%; a,r €R.

Tt

Example of two musical notes played one after the other: time-frequency analysis

2



Introduction

makes it possible to find both the frequencies (the notes) and the temporal information

(the order in which they are played). But quickly, this transform showed many disad-
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Figure 2: Time frequency localization

vantages like its inability to detect low frequencies and poor time resolution of high
frequency events due to the fixed width of the window function this means that the
short-time Fourier transform supposes a certain stationary of the signal and it might
be unsuitable to non-stationary signals.

In contrast with the STFT, the wavelet transform (WT), introduced by Morlet [20] pro-
posed to use a window of size depending on the analyzed frequency but with a fixed
number of oscillations.

A non-zero function 1 € L3(R) is said to be a mother wavelet if

f |1[1(a)|2d—a < +00.
0 a

The wavelet transform W,, with respect to the mother 1 is defined on L*(R) by

Wy(fan =~ [ reaw(?

d
il a,re€R, XR,
2

a )\/_n,

3



Introduction

but this transform produces time-scale plots that are unsuitable for intuitive visual

analysis. To circumvent the limitation of the STFT and the WT, a hybrid transform has
_A/\/\[\NW\NA»— “‘"f

A :

4\/\/\/\# e

Gabor's window Morlet's wavelet

-

been introduced which enjoys the advantages of both STFT and WT called S-transform
often known as the Stockwell transform.

The S-transform was introduced firstly by Stockwell, Mansinha and Lowe [31], it is a
strong new time-frequency approach that has been described in the scientific literature
as a considerable advance over current techniques for localizing spectral information in
arange of signal processing settings. it employs a scalable and variable window length
and provides many information about spectra, thereby, it does not lose any valuable
information and it can reverse back easily.

The S-transform has found many applications in a variety of signal analysis tasks,
as geophysics, medical image processing, oceanography and mechanical engineering
[1,6,9,15,26].

Recently, many authors have been interested to extend the classical S-transform to
higher dimensional signals as [25, 29]. As the STFT and WT were extended in different
settings like the Dunkl [17], the Jacobi [27] and the Hankel settings [2, 18, 22]. In the

second chapter of this thesis, The Hankel-Stockwell transform Sg is a new transform,

4



Introduction

where  is a window function and a > —1, that extends the S-transform usually defined

with the usual Fourier transform to the Hankel settings that is

2a+1

S(f)an) = ”f FOVe O @neRxR,,

where 7, is given by relation (2.11).

The Hankel transform also known as the Fourier-Bessel transform arises as a general-
ization of the Fourier transform of a radial integrable function in the euclidean space
R?. More precisely, let f € L1(R) it is well known that if

f(x) = F(||x|]) is radial function on RY, then f is also radial on R? and we have

d-1

A +oo . X
WGW,ﬂM=£ PO (D 35 s = A BXIAD,

where j;_, is the modified Bessel function of index 4 —1 and Hy_y is the Hankel

2

transform of index % — 1, defined on L'(dv,) by

%mm=£ FO)jaAdva(r), YA €R.

The Hankel transform %, satisfies the following results:

e Inversion formula: Let f € L'(dv,) such that ,(f) € L'(dv,), then we have

WPL AHN)jaAr)dva(h), e

e Plancherel’s formula: The Hankel transform 7, can be extended to an isometric

isomorphism from L?(dv,) onto itself and we have

1722 = Nl fll2,-
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e Parseval’s formula: For all f, g € L?(dv,), we have

L F()g(r) dva(r) = fo Ha(f)M)Ao(9)(A) dva(A).

As the harmonic analysis associated to the Hankel transform has shown remarkable
development, it is a natural question to ask whether there exists the equivalent of the
theory of time-frequency analysis for the Stockwell transform in the Hankel setting.
In fact, many results for the Hankel-Stockwell transform have been established in
particular, let ¥ be an admissible window function in L?*(dv,). Then, we have:

e Plancherel’s formula: For every f in L?(dv,), the function SH f) belongs to L*(dy,)

and we have

IS5(Nll e, = /Collflls

e Parseval’s formula: For all f and g in L*(dv,), we have

fo f(; Sl#(f)(a, r)Si(g)(a, rduqa(a,r) = Clpfo f(8)g(s)dva(s).

¢ Reconstruction formula: If [{| is an admissible window function. Then, for every

f € L*(dv,), we have

1 e e a a
fl) = C_lp‘](: f) Sy (N, )y, ()adva(a)dva(r),

weakly in L?(dv,).

Chapter 3 is devoted to the time-frequency localization operators that were introduced
tirstly by Daubechies [10, 11, 12]. She pointed out the role of this kind of operators to
localize a signal simultaneously in time and frequency.

In the literature, they are also known as anti-Wick operators, wave packets, Toeplitz
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operators or Gabor multipliers [3, 7, 13]. These operators have many applications to
time-frequency analysis, for example, in the theory of differential equations, quantum
mechanics, and signal processing [8, 14, 19].

Let 0 € LF(du,), p € [1,+00]. The localization operators for the Hankel-Stockwell

transform Ly, 4,(0) is defined for all f and g € L*(dv,) by

+00

1 oo -
<L1P1/l/)z(0)(f)|g>va = \/ﬁ L ﬁﬁ(a, T)Sal(f)(a/ T)Sl‘j’z (g)(&l, r)d‘ua(a/ 1’),

where 11, 1, are two admissible window functions.
In this sense, we recover a filtered version of the signal f, that is why, the localization
operators are also called filter operators. It is also common to define Ly, y,(c) by means

of scalar product

_

VCy, Cy,

Firstly, we have shown that the localization operator Ly, y,(0) is bounded.

Ly (@)D, = (054, (NISY, (9w

o Let 0 € LP(du,), p € [1,+c0]. For every f € L*(dv,), the operator Ly, 4,(0) is bounded

from L?(dv,) into itself and we have

1

1 P
e e T

VCy, Cy,

We also studied the compactness of the localization operators and we established the
following result:

o Leto € LF(du,); 1 < p < +00, then the operator Ly, 4,(0) is compact.

We also show that these operators belong to the so-called Schatten-von Neumann class

and we give the formula of the trace of the localization operator when ¢ belongs to
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LY(dpa) by

1 +oof+oo
Tr(Ly,y,(0)) = —— o(a, r)Wy , 17 . vadta(a, 7).
(Lyp (@) mfo o0 )




CHAPTER 1

HANKEL TRANSFORM



Hankel Transform

The Hankel transform also called Fourier-Bessel transform is integral transformation
whose kernel is Bessel function. When we are dealing with problems that show cir-
cular symmetry, the Hankel transform may be very useful. For example, the Hankel
transform is the two-dimensional Fourier transform of a circularly symmetric function.
Moreover, the Hankel transform came for the first time by studying the Fourier trans-
form of radial functions and has been generalized later in the general case.

In this chapter, we summarize some harmonic analysis tools related to the Hankel
transform that we shall use later (for more details, one can see [21, 23, 28, 30]).
Notations

We denote by

e v, is the measure defined on [0, +oo[ by

r2a+1

dVa (1’) = md?’.

o [7(dv,), p € [1, +00], is the space of measurable functions f on [0, +oo[ such that

+00 ,1-7
(f | f(r) P dva(r)) <+oo, if1<p < +oo,
fllpv, = 0
esssup | f(r) |< +oo, if p = +o0.
re[0,+o0[

e (.| .), the inner product on L?(dv,) defined by

(wlz), = f W2 Ddva(r).
0

¢ C.(R) the space of even continuous functions on R.

10



Hankel Transform

1.1 Bessel operator

In this section, we define the Bessel operator ¢,, the modified Bessel function j, and
we give some related results. We also define the translation operator, the convolution
product related to the Bessel operator and we recall some known inequalities which
can be useful throughout this manuscript.
Let £, be the Bessel operator defined on ]0, +oo[ by
& 2a+1d
fa = — + R

dr? v dr

— 1 d (r2a+1i)

r2e+l dy dr)

Then, for all A € C, the following problem

La(u)(r) = =A2u(r),
u(0) =1,
u’'(0) = 0.

admits a unique solution given by the modified Bessel function j,(A.), where

+00 1k
o) =2+ D @) Y e EO (0 iR
k=0

and J, is the Bessel function of the first kind and index « [24, 32].

Proof. Let A € C. Then, we have

L) = 0 + 2 ),

11



Hankel Transform

Since

, o  (-1)F Ary2kY
f.(Ar) (r(a+1);—klf(a o +1)({)2)

(=1fAk Ar\2k-1
= Ta+1) Z KT (o + k + 1)(_)

B Nk + 1) Ary2ke
= Alla+1) Z k+DTa+k+ 2)(_)

_ na+22: (=1)F Ar
kIT(

a+1 a+k+2)

—A%r
= el (-2

and

Ja (A7)

-A%r . ’
(m]an(/\”))

-Az Aro
= Z(a—-i—l)]aH(Ar) - m]aﬂ(
—)2 21472

2@+ MY T D@ g M)

Ar)

(1.3)

Then, by relations (1.2) and (1.3), we have
—A? A2 A2Q2a + 1)
W+ M a2 T Ze T

AZ 2
2jaa(A) - s rE) Josa)

La(ja(AT)) = Ja+1(A7)

Using the fact that (see [32])

)+ Jorr) = 221,

12



Hankel Transform

thus, we get

’,.2

4(a+1D(a+2)

Jarr(r) = Jar2(r) + Ju(7)-
Furthermore, j,(0) = 1 and //,(0) = 0. The proof is complete. =

Proposition 1.1.1 The function j, has the following integral representation formula, for all

reR
2l +1) 2ya-1
) = =V + f (1 —t)*"2 cos(trydt, if a > —
cos(r), ifa=-3.
Proof. 1) For a = —3, we get
. e (-DF
]_%(1”) - F(E) Z KT (k + %)(E)
. (CDf
- \/_Z k+1)F(k+ 1)( )
2k
B \/_Z 2%~ 1F(k F(k+ 1) 2k
Using the fact that

27T ()T (k + %) = \nl(2K).

Then, we obtain

-* ,
2kF(2k)

ja) =

[l
)1
~l—
~ L
+ =
—
N

N

>~

[l
e
—_
~
=~
~
N
=
=
I
0
O
9]
~~
~
~

2) For @ > —3, we have

13



Hankel Transform

f (1 -yt Z( D Y

( 1)" T f (1— ) 1¢2k4p,

1
f (1- tz)“_% cos(tr)dt
0

by the change of variable u = 1 — 2, we get

! 2 1 1 — (_1)k 2%k ! 1 k 1
fo(l—t) 2 cos(tr)dt = E 2kI"(2k)r fu (1 —u)"2du

«/‘ 11
Z 222~ 1F(k)r(k iy Bla+5/k+3)

\/—F(a +1) & (-1)F 2k
2 i KT (o + k + 1)(§>
Vrl(a + %)

= ras1) o0

Remark 1.1.1 The function j, is bounded, for all n € N and r € R and we have

1) < 1.

We have also the following product formula satisfied by j, for allr,s € R,

T(a+1) "
Vrl(a + %)
ja(r)ja(s) =
Jo172(r +8) + j1a(lr — )

2 7

ja( V2 + 52 + 2rs cos 9)(sin 0)*do, ifa > -1/2,

ifa = —1/2.

(1.4)

(1.5)

14



Hankel Transform

1.1.1 Translation operator associated to the Bessel operator

Definition 1.1.1 We define the Hankel translation operator ¢, r € [0, +oo[, for all f € C.(R)

by
\/ﬁl"(a+%)f0 f(\/r2+52+2rsc056)(sm6) ae, ifa>-1/2,
T (f)(s) = 16
f(r+s) +2f(|r— SI), fam12

Theorem 1.1.1 Let a > —3 and f € C.(R). Then, for all 1,5 €]0, +oo], the operator % can be

also written as

T (f)(s) = ﬁ f)wa(u,1,8)dva(u), (1.7)

where w, is the Hankel kernel given by

wa (U, 1,5) =

a+1) [1d—(r—s)P]* 2 [(r+s) —u?]o:
Vrl(a + 3)22-1 (urs)2e

0, otherwise.

, iflr=sl<u<r+s,

Proof. According to Definition 1.1.1, we have for every o > —1

7 (f)(s) = V%i—;‘?@ fon f( Vr2 + 52 + 2rs cos 6)(sin 0)%de.

15



Hankel Transform

We put u = Vr2 + 52 + 2rs cos 0, we obtain

T (HE) = ———

\/_r( + 2) (27’5)20‘ s (21,5)_1
_ I(a+1) r+s [u? - (r — s)z]“‘%[(r +5)2 - w23
B 22a-1 \/EF(O( + %) | uf(u) (1’8)2“ du
— FZ(a + 1) e M - (1’ - 5)2]“_% [(r + 5)2 - uZ]a—% u2a+l
2 AT+ 3) Jies 1w (urs)> 2¢T(a + 1)du

= f+<>o fw)wa(u,r,s)dvy(u).
0

The kernel w, is symmetric in the variables u, r, s and we have

f wa(u,r,8)dv,(u) = 1.
0

T+ f P Gl G T TR U i W (G e
lr—s|

du

(1.8)

Proposition 1.1.2 For every f € L(dv,) and for r € [0, +oo], the function t%(f) belongs to

LY(dv,) and we have

f () Edva(s) = f F(0)dva ).
0 0

Proof. From relation (1.8) and using Fubini-Tonelli’s theorem, we obtain that for

f € LY(dv,) and for r € [0, +o0],

fo 2 ()l vals)

()wa(u, 1,5)dva (1) |dva(s)

+00
J

IA

[fll1,y, < +oo.

0
fo i fo a1 ) i)

(1.9)

16



Hankel Transform

This shows that 7%(f) belongs to L(dv,) and

j; ” ﬁ ” fu)wa(u,1,5)dv,(u)dv,(s)

‘fom f(u)( ‘fom w,(u, r,s)dva(s))dva(u)

fo fu)dv,(u).

fo ) Edva(s)

corollary 1.1.1 Forallr,s € [0, +oo[ and for all A € C, we have
Ty (Ja(A))(S) = JalAT) ja(As).

Proof. Let 7,5 € [0, +oo[. Then, we get

T (Ja(A))(s) = % f: ja(/\ Vi2 + s2 + 2rs cos 8)(sin 0)*do
2

Ia+1)

(1.10)

R — fﬂ ]a( VAP + (As)2 + 2(Ar)(As) cos 6)(sin 0)**do
0

Val(a + 3)
Ja(Ar)ja(AS).

Proposition 1.1.3 For every f € LP(dv,), p € [1, +oo] and for every r € [0, +oo], the function

T%(f) belongs to LP(dv,) and we have

ITE llpve < 1 fllpv-

Proof. Let f € [P(dv,), p € [1, +o0]

o If p = +oo. Then, for all ,s € [0, +oo[, we have

(1.11)

17



Hankel Transform

T (f)(s) = \/I%(l?(—;_i)%) fon f( V2 + 52 + 2rs cos 6)(sin 0)*do.

Then,

R I'a+1) o o
mum»snquﬁﬂjgﬁgmmde
) T(a +1) 11
= Wl Val(a + %)B(“ Ty 2)
T

This shows that the function 7¢(f) belongs to L*(dv,) and

175 (Moo, v < M1 lloo -

o If p = 1. We know that

ﬂm@=£ F()n (i, 1, 5)dv (1),

According to Fubini-Tonelli’s theorem and by relation (1.8), we have

I)er |f (u)|( [} oo w.(u,t, S)dva(s))dva(u)

L F)ldva()
fll.

177 (Ol

e Ifp €]1, +oo[ and g be the conjugate exponent of p. According to Holder’s inequal-

18



Hankel Transform

ity and relations (1.7) and (1.8), we obtain

IA

f ” |F()|wa (i, 7, 8)? @i, 7, 5)1 AV, (1)
0

(f0+°° |f )P wa(u, r,s)alvw(u))i%(f(;roo ” rls)dva(u))%

SO

IA

4

( foﬁ’ f )P walu, 1, s)dva(u))

Now, using Fubini-Tonelli’s theorem, we have

m%mmasnﬁ l:lﬂw%M%mMm@me

memdLMQmemwﬁum
T

1.1.2 Convolution product for the Bessel operator

Definition 1.1.2 The convolution product of f,g € L'(dv,) is defined by

feqr) Lﬂ EFEE)dva(s),

.ﬂ £ (@) S)dva(s).

Theorem 1.1.2 Forall f, g € L'(dv,), f * g € L}(dv,) and we have

I1f * gllv, < kv llglhe,-

Proof. According to Fubini-Tonnelli’s theorem and relation (1.11), we have for every

19



Hankel Transform

f,g €LY (dv,)

IN

jo‘ j; T2 (F)S)| 1g(8)ldva(s)dva(r)

fo h |9(S)I( fo h |T?(f)(1’)|dva(r))dva(s)

f 19O 1122 fllr. dva(s)
0
1l g,

fo If * g(ldva(r)

IN

Then, the function f * g € L'(dv,) and

1f* gllv, < 1 fllvllglhv,-

Theorem 1.1.3 For all f € LYdv,), g € LP(dv,) such that p € [1,+oo[, f * g in LP(dv,).

Furthermore,
f * gllpve < fl1va g0, -

Proof. Let f € L'(dv,), g € LF(dv,), p € [1,+co[ and let g be the conjugate exponent of p.

So, from Holder’s inequality, we obtain

gl < fo )] [20)©)ldvas)

fo FORFER 1220)6)dva()

1
P

IA

115, fo FO 1@ dva(o)

Using Fubini-Tonnelli’s theorem and relation (1.11), we get

20



Hankel Transform

g < A, [ 1O [ R@OPaO)©

A, [ O el dvae
0

by
WAL gl

A, Ngll..

IA

Theorem 1.1.4 For all f in LF(dv,), g in LI(dv,) and for all p,q,vr € [1,+0o0] such that

1 1 1
-+ p =1+ pr the function f + g belongs to the space L'(dv,) and we have the followig Young'’s

p
inequality

ILf * gllre < 11l 19110 - (1.12)

1.2 Hankel transform

Definition 1.2.1 The Hankel transform 5, is defined on L'(dv,) by

%mwzﬁ FOjdve(), YA €R.

where j, is the modified Bessel function given by (1.1).
The Hankel transform J7, satisfies the following results:

Theorem 1.2.1 1. (Inversion formula for the Hankel transform) Let f € L*(dv,) such that

H,(f) € LY(dv,), then we have

Nhﬁ AN juANdvad) = HAND,  ae. (113)
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Hankel Transform

2. (Plancherel’s formula) The Hankel transform 7, can be extended to an isometric isomor-

phism from L*(dv,) onto itself and we have

172 ll2e = 11 fll2,- (1.14)

3. (Parseval’s formula) For all f, g € L*(dv,), we have

j:ﬂﬁﬁmm:LC%mW%@mwmy
Proposition 1.2.1 1. Forevery f € L*(dv,) and r € [0, +oo[, we have

(T () = Jo(ANA)(A), YA ER. (1.15)

2. Forevery f € LY(dv,) and g € L*(dv,), the function f = g belongs to L*(dv,) and we have

Ho(f * 9) = H(f)Ha(9)- (1.16)

3. Let f,g € L*(dv,). Then f * g € L*(dv,), if and only if 7#,(f)#.(g) € L*(dv,) and we

have

Ho(f * 9) = () H(9), (1.17)

Moreover,

j‘va%m>:f NP D) (L),
0 0

where both integrals are finite or infinite.
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Hankel Transform

Remark 1.2.1 For every f,g € L*(dv,) and r € [0, +oo[, we have

W(f*g) = () g = frri). (118)
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CHAPTER 2

HANKEL-STOCKWELL TRANSFORM
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Hankel-Stockwell transform

The Stockwell transform is a time-frequency spectral localization technique that com-
bines elements of wavelet transform, which analyzes function with respect to position
and scale, and Short-Time Fourier Transform which analyzes function concerning po-
sition and frequency.

Our investigation in this chapter is to define and study a new transform called the
Hankel-Stockwell transform and we establish several basic properties for this trans-
form.

we also prove that Si(Lz(dva)) is a reproducing kernel Hilbert space with kernel function

defined by

1
ko (@507 = SR Do @@ ) €RGXR,

where 1} is the family given by relation (2.11) and Cy is the admissible condition for
the Hankel-Stockwell transform given by (2.13) .
In the following we denote by

® (i, the measure defined on R}, X R, by

Aua(a,r) = dva(a)dvy(r). (2.1)

o [7(du,), 1 < p < +00, the Lebesgue space on R, X R, with respect to the measure y,
with the [7—norm denoted by || . ||, -

® (.| .)y, the inner product on L*(du,) defined by

1), = f f £a, 77 Pidiiala, 7).
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Hankel-Stockwell transform

2.1 Dilation operator

For every a € R}, the dilation operator Dy is defined for every measurable function

+b
on . by D)) =ay(an),  r e [0, +oo.

Then, we have the following properties:

Properties 2.1.1 1. For every ¢ in L*(dv,),

1Dz W)ll2v, = 1Yll2,0,-

2. Forall ¥, ¢ in L*(dv,),

D3 (@)ld, = YD),

3. For every ¢ in L*(dv,),

ID2(y)I> = a® ' Dyl
and

VD3 (WD) = a~*F DX

4. For every V in L*(dv,),

T, Dy () = Dyt ().

5. For every ¥ in L*(dv,),

HADLW)) = DY)

Proof.

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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Hankel-Stockwell transform

1. For every ¢ in L*(dv,), we have

IDs @I, = fo DS ()(r)Pdva(r)
— 200+2 e Zd N
a f(; [P (ar)|“dv,(r)

fo 9()Pdva(s)
= IR, .

2. For every ¢, ¢ in L*(dv,), we get

DA, fo D) pdva(r)

a®t [} W(ar)p(r)dv,(r)

fo P62t
WIDS ().

3. For every ¢ in L*(dv,), we obtain

IDEW)NP = " y(anP

a2a+2|¢(ar)|2

= a"'Dy(lpP)(),

and

VDSDG) = AJaeslp(ar)]
= 2’7 i (an)
= a T DI IYH().
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Hankel-Stockwell transform

4. Let ¢ € L*(dv,). So, by Definition 1.1.1, we have

F(a +1)

VIl (a +
F(a+1)

Vrl(a + 3)
a+1 a(l,b)(&lS)
Dy (5, (i))(s).

(DY(1))(s) 5 f “(lp) \/r2+52+2rscos 0)(sin 0)*d0
2

a+1

(ar)? + (as)? + 2(ar)(as) cos 0 )(sin 6)**dO
[ ol V@ o 2 coso)

5. Let ¢ € L*(dv,), then

ADAGHA) LlﬂW%wmm

= gt fm Y(ar) j (Ar)dv,(r)

:QLLzMM)mm

- —AW(5)
= DWW,

2.2 Modulation operator

This section is devoted to define the modulation operator M5 and to prove that this

operator is an isometry on L?(dv,).

Definition 2.2.1 The modulation operator is defined for every function v in L*(dv,) by

M) = Ao \JT2(@)P)),  Ya>0. (2.8)
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Hankel-Stockwell transform

Proposition 2.2.1 1. For every ¢ € L*(dv,), M%(y) belongs to L*(dv,) and we have

IME WD)l = 112, - (2.9)

2. For every i € L*(dv,), we get

M;D; () = DyMi (). (2.10)

Proof.

1. From relation (1.9) and by using Plancherel’s formula for the Hankel transform

I, (1.14), we have

" 2
fo |4 \/Ta(lTa(w)lz))(Aﬂ dva(A)

e a@mn e v,
fo | [ (R0 dva()

fo AR Odva(r)

fo AW Pdva(A)
fo ) Pdva(?)

2
I9ll5,, < +oo.

Then, the function M%(y)) € L*(dv,) and we have [|M%(W)|l2., = W]l -

2. Let ¢ € L*(dv,). Then, using relations (2.4), (2.6) and (2.7) we get
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Hankel-Stockwell transform

M;D; ()

ANl o)l

%@(\/Tz

1 o 124
5 | NERAFADR)

=R AWCRAEATE)

a 2

HD (T (A)P)
AR EADD)

DM ().

RHEAON

2.3 Hankel-Stockwell transform Sfb

The main aim of this part is to define the Hankel-Stockwell transform 5, and to prove
a Plancherel’s formula and a reconstruction formula for this transform. we also prove

that the function Si( f) belongs to LP(du,), p € [2, +c0] for every f € L2(dv,).

Definition 2.3.1 For every i € L*(dv,), the family S, (a,r) € R}, X Ry, defined by

Yo ,(s) = TEMEDSY(s), Vs €R,.

By relations (1.11), (2.2) and (2.9), we have

1952w, < Yl
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Hankel-Stockwell transform

Definition 2.3.2 A nonzero function y € L*(dv,) is said to be an admissible window function
if
—+00 da
0<Cy=ca f Ti“(l%(w)lz)(a)7 < +oo, (2.13)
0
where

1
T T (@t 1)

Definition 2.3.3 Let ¢ be an admissible window function. The continuous Hankel-Stockwell

transform Sy is defined in L*(dv,) by

Sy(f)a,r) = j; fEa(s)dva(s), (a,r) € Ry XR..

where 1§, is given by relation (2.11).

The continuous Hankel-Stockwell transform can also be written as

£+ MEDS()(r) (2.14)

Sl v (2.15)

S5(F)(a, 1)

Proposition 2.3.1 Let 1 be an admissible window function. Then, the continuous Hankel-

Stockwell transform S is a bounded linear operator from L*(dv,) onto L®(dp,) and we have

159 (Moo i < NPl fll2,- (2.16)
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Hankel-Stockwell transform

Proof. Let i € L*(dv,) be an admissible window function. Then, from Cauchy-

Schwarz’s inequality and relation (2.12), we obtain

SSD@A = K|
< gl fll2,
< Wl llf 12, -
Then
1S5 Meopta < Nl fll2,0,-
n

The Hankel-Stockwell transform S7 satisfies the following properties:

Theorem 2.3.1 (Plancherel’s formula) Let 1 be an admissible window function in L*(dv,),

then we have

1S3, = /Col il 217)

Proof. From relations (1.17) and (2.14) and using Fubini-Tonelli’s theorem, we get

L j; |S$(f)(a,r)|2d‘ua(a,r)

- f f |f * MDD ()(r)Pdvo(a)dve(r)
0 0
ZL ﬁ'%WWWmemMWMMMM

=f|%®®ﬂf|%%ﬁWMWM@%M) (2.18)
0 0
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Hankel-Stockwell transform

Now, using relations (2.4), (2.7), (2.8) and (2.10), we get

fo A(MEDE () (D)Pdva(a) fo A(DEME () (AD)Pdva(a)

[ e @iRi.

+00
L

| h jHD“( (AP Didva(a)

2
dv,(a)

Dy(ri04wp)

f e ) (2 )dva(a)

Then, we get
fo AMEDE )N Pedva(@) = Cy.- (2.19)

Then, from Plancherel’s formula for the Hankel transform %, (1.14) and by combining

relations (2.18) and (2.19), we obtain

15N, = ClAaPlh,
ol

corollary 2.3.1 (Parseval’s formula) Let y be an admissible window function in L*(dv,). Then,

forall f and g in L*(dv,), we have

f f S“(f (a, r)S“(g (a,r)duq(a,r) wa f( s)g S)dv,(s).
0 0
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Hankel-Stockwell transform

Proof. Using Polarization identity and Plancherel’s formula for the Hankel-Stockwell

transform (2.17), we have

[ [ s nsi@anauen = s,
= 1(1530) + SR, ~ I53) ~ SR, + IS3) + Sy, - 155D - S30)B,.
= (137 + DB, ~ 137 = DR, + IS3(F + )R, — IS3(F — i),

:CA (1f + 918, - nf—mﬁm+nf+mﬁM—wf—mﬁM»

= Cylflgh,

=Cy fo F(5)g(s)dva(s).

Theorem 2.3.2 (Reconstruction formula) Let 1 be an admissible window function in L*(dv,)
such that || is an admissible window function. Then, for every

f € L*(dv,), we have

1 +00 oo N N
-z fo fo S3(H(@, MY, (Mdua(a, ),

weakly in L*(dv,).

Proof. From Corollary 2.3.1 and Fubini-Tonelli’s theorem, we have for all g in L*(dv,)

Floh f FSTE)dva(s)

f S2(F)(a, 1S @)@, Dipala, )

0 L Sj’(f)(a’ r)<¢g,r|g>vad‘ua(a, 7).

which gives the result. m
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Hankel-Stockwell transform

Remark 2.3.1 By using the fact that 5, (f) belongs to L*(dp,), for almost a € R, the function
r Si(f)(a, r)=f= MQ‘D;“@)(r) belongs to L*(dv,). Then, by using relations (1.17), (2.7)
and (2.10), we obtain

A (S5, ))(A) = aa%%@(f)m) \/T?(I%(tl})lz)(%)- (2.20)

Theorem 2.3.3 Let ¢ be an admissible window function in L*(dv,). For every f € L*(dv,),

the function S (f) belongs to LF(da), p € [2, +00] and we have

1 1-2
1SSl < CH Ul Nl

Proof. For p = 2. The Plancherel’s formula for the continuous Hankel-Stockwell

transform (2.17) gives

1S3 (N2 = CRlIf 2,

For p = +o0 and by relation (2.16), we have

1S3 Meota < NPl 1 fll20,-

From Riesz-Thorin’s interpolation Theorem 3.2.3, we get for every p € [2, +o0]

1-2 2
1S5 (Al < IS5 (AN LSS,

1 1-2
ClIgly, s,

IA

Proposition 2.3.2 Let ¢ be an admissible window function in L*(dv,). For every function f

in L*(dv,), we have
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Hankel-Stockwell transform

1. Forallry > 0,

S3(T ()@, 1) = T (S3(N@, NP, (1) € R, XR..

2. For A > 0, we have

S"‘(D (f)a,r) = 6;\(5 (f)@a,r), (ar)eR, XR;.

Proof.

1. From relations (1.18) and (2.14), we have

S3(T ()@, ) = T8 (f) * MEDA)(r)
= 10 (f + M2D())(r)
= 72 (S5(F)@, ).

2. Using relations (2.3), (2.6), (2.10) and (2.15), we have

5y (DA, 7)

D I MDY,
= (fID{EMDLY),,
= (I, DIMIDIY),,
= (flt, MDY Y),
= Sy(AG AT

= 5.(SL(@,7).

(2.21)

(2.22)
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Hankel-Stockwell transform

2.4 Reproducing kernel Hilbert space Sf‘b(LZ(dva))

In this section, we prove that Si(Lz(dva)) is a reproducing kernel Hilbert space with

kernel function defined by (2.23).

Definition 2.4.1 (Reproducing kernel) Let H be a Hilbert space of functions defined from
arbitrary set X into C issued with the inner product (.| .)y. Let k be a function defined from
X x X into C, we say that k is a reproducing kernel for H, if

e For every y € X, the function x — k(x,y) € H,
e For every f € H and for every y € X, f(y) = (fIk(., y))u.

Definition 2.4.2 (Reproducing kernel Hilbert space) A reproducing kernel Hilbert space is a

Hilbert space H with a reproducing kernel whose span is dense in H.

Proposition 2.4.1 (Reproducing kernel) Let 1 be an admissible window function in L*(dv,)

and f € L*(dv,). Then, Sg(LZ(dva)) is a reproducing kernel Hilbert space with kernel function

1
ky ((a,r); (@, 1)) = C—w<¢g,r|¢;‘,,, o, (@r71),@,r)eR, XR;. (2.23)

Moreover, the kernel ky, is pointwise bounded and

g,
Cy

|klp ((ﬂ, 7’), (all 7”)) | <
Proof. For F € Si(Lz(dva)), there exists a function f € L?*(dv,) such that

F(a,r) = Sy(f)(a, 7).

Then, from Corollary 2.3.1, we have
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Hankel-Stockwell transform

F(a,7) = {flg v,
= Ci¢<sg<f>|sg<¢zy)>m
= <S$(f)|k1p ((Ll, 1’),’ (-/ '))>ya-

1

This shows thatky ((a, 7); (a’,7")) = C
¥

Si(gb;“,r)(a’, ") is areproducing kernel of the Hilbert
space Si(Lz(dva)).
Finally, for all (a,7),(a’,7") € R} X R, we have from Cauchy-Schwarz’s inequality and

relation (2.12) that

i,
Cy

1
ky ((a,7); (@', 7)) | = C—l!}l(yb?,rll,bﬁ',,r, Yl <
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CHAPTER 3

TIME-FREQUENCY LOCALIZATION
OPERATORS FOR THE
HANKEL-STOCKWELL TRANSFORM
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Time-frequency localization operators for the Hankel-Stockwell transform

The localization operators were initiated by Daubechies in [10], she highlighted the role
of these operators to localize a signal simultaneously in time and frequency.

This class of operators occurs in various branches of mathematics and have been studied
by many authors, we cite for instance Cordero and Grochening [8], Mari and al.[14],
Mari and Nowak [13], Grochening [19] and Wong [33].

The aim of this chapter is to define and study the localization operators associated with
the Hankel-Stockwell transform. We prove that these operators are bounded, from a
space of square integrable functions into itself. After that, we define the Schatten-von
Neumann class S, p € [1, +oo] and we show that the localization operators belong to

this class. In a particular case, we give also a trace formula.

3.1 Boundedness and compactness of localization opera-

tors

Our goal in this section is to define the time-frequency localization operators with
two windows for the Hankel-Stockwell transform, we prove that these operators are
bounded and compact. For this, we consider two admissible window functions y; and

U in L?(dv,) such that
Yl = 2l = 1.

e We denote by %(L*(dv,)) the Banach algebra of all bounded linear operators from

L*(dv,) into itself, equipped with the norm

Al = sup [[A(H)ll2,v, -
1111
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Time-frequency localization operators for the Hankel-Stockwell transform

Lemma 3.1.1 For every p € [1,+00] and all f,g € L*(dv,), the function

(a,7) > S5, (N@, 1S5, (@)@, 1),

belongs to LP(d,) and we have

152, (NS5, @ < (\JConCon) 1 f s gl (3.1)

Proof. From Cauchy-Schwarz’s inequality and the Plancherel’s formula (2.17) for S,
forall f, g € L*(dv,), we have

A

[ 55,008,000 @in < 155, Ol 5], 0k
0 0

Cy, Cy, lIf 2w, 19112, -
This means that the function 5, (f )% belongs to L!(du,) and that
155, (NSy, (DN, < AJCy CyallfllzNlgll2,v, - (3.2)
From relation (2.16), and for every (a,7) € R} X R,
1Sy, ()@, 1Sy, (@)@, Nl < I fllzv, 19112, -

Hence, the function Sgl (f )Si2 (g) belongs to L*(du,) and we have

155, (NS, (Do < N fll2 1191120, (3.3)
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Time-frequency localization operators for the Hankel-Stockwell transform

Using relations (3.2) and (3.3), we obtain for every p € [1, +o0]

15, DS @ls, < 153, (DSOS NSO,

(7o Cor) flles gl

IN

Theorem 3.1.1 (Riesz'’s representation Theorem)
Let H be a Hilbert space (real or complex) with the inner product (.| .)y and let L be a continuous

linear form on H. Then, there exists a unique v in H such that for all u € H, we have

L(u) = (v | u)y.

Proposition 3.1.1 Let o € LP(du,), p € [1, +oo]. For every f € L*(dv,), there exists a unique
function in L*(dv,) denoted by Ly, y,(0)(f) such that for every g € L*(dv,),

1 —+00

Lol Pl =~ [ [ etansg, (ST R

Proof. Let 0 € LP(du,), p € [1,+o0]. Let g be the conjugate exponent of p. From Lemma
3.1.1, for all £, g € L*(dv,), the function 55,0 f )S;,(9) belongs to Li(du,). So, by Holder’s

inequality, we get

lo(a, )l 1Sy, (f)a,1)S], (9)(@, )lduaa, 1)

1
< ———=llollu. IS, (NS, (Dllg,u0
ol (NS, @y,

19
< (4JC0,Co)" Wfllas, gl N,

1 )5
(— 1l 191l [T
\/C% C%

1 —+00 +00
e
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Time-frequency localization operators for the Hankel-Stockwell transform

Hence

1 oo o . —
gr— —M«fo foo(a, r)S%(f)(a,r)S 2(g)(a, r)dug(a,r),

is a continuous anti-linear form on the Hilbert space L?(dv,). From Riesz’s representa-

tion Theorem 3.1.1, there exists a unique Ly, y,(0)(f) € L*(dv,) such that

1

VCy, Cy,

Moreover, for every o € LP(du,), p € [1, +o0], the operator

(Lgy 0@y, = \ﬁ me%yww%ywwwmw.

Ly, 4,(0) : LA(dvy) — L(dvy)

is a linear bounded operator and for every f € L*(dv,)

1

}17
—————)Wmuwmm. (3.4)
'\/Clplclpz

L4 @) P, < (

Definition 3.1.1 Let 0 € L*(du,), p € [1,+o0]. The localization operator for the Hankel-
Stockwell transform Ly, y,(0) is defined for all f and g € L*(dv,) by

+00

1 oo -
L@, = e [ [etwnss, e nSL@ v

From relation (3.4), we deduce that Ly, 4,(0) belongs to #(L*(dv,)) and

1

r
|w%%wms( 10l (3.5)

=)
Cy,Cy,

Theorem 3.1.2 Let 0 € LP(du,); 1 < p < +oo, then the operator Ly, y,(0) is compact.
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Time-frequency localization operators for the Hankel-Stockwell transform

Proof. Let o in L'(du,) and let (vg); be an orthonormal basis of L*(dv,), then for every

k € N, we get

Ly, p2 (Y WIIE.,,, = {Lipy 92 (DYWL g (@) (V) D,

a(a, )y, (vi)(@a, 1)Sy, (L, p, (0)V))(@, 1)diala, 7)

1 +00f
\/C%sz «[()v 0

G(ﬂ, r)(”k | Hbclk,g,»va (Ebg,a,AmePz (0) (vk)>v[Y d‘ua (El, 1’)

1 i f
VCIPlcle ;[0 0

0, DO (Lo (O WS Vv, dtta(a, 7).

1 +00
VCy.Cos fo fo

Thus,

Y Ly gu(@)@OIB,, f f 0@, PO Yo L 1 (O 06 ditala 1
k=0

\/Cwlcwz =0
+00
,m% [

(7(61, 1’) <pr1,4;2 (G) (lpg,a,r) | lp(ll,a,»Va' dl’la (61, 1")

108, D1 1L, 4, @)W M 15 o Bpta(a, 7).

+00
ce=l 1
Cy,Cy,
From relations (2.12) and (3.4), we get

loll? .

+00
Ly, (@)@, < =—-—
;)‘ b e C 1C¢'2

This shows that the localization operator Ly, 4,(0) is in $* and that

llofh

VCunCo

”Ll/Jlrl/Jz(U)”Hs <

In particular, Ly, 4,(0) is a compact operator.

Now, let 0 € LP(du,), 1 < p < +o0. Since LY(du,) N LP(du,) is dense in LP(du,), there
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Time-frequency localization operators for the Hankel-Stockwell transform

exists (ox)x C L'(du,) such that
klirgo llox — ollp,u, = 0.

By relation (3.5), we have

1

! )l ~ ol
_— Or—O0 P
VC%CLPZ

Thus, klim Lyy,(0k) = Ly, u,(0) in B(LA(dv,)).
—+00

”L‘Pl,ll)z(gk) - LlPlfle(G)” < (

Since the set of compact operators is a closed ideal of B(L*(dv,)), we deduce that the

operator Ly, 4,(0) is compact. m

3.2 Schatten-von Neumann class of localization operators

In this section, we will introduce the Schatten-von Neumann class S¥ and we will prove
that the localization operator for the Hankel-Stockwell transform Ly, 4,(0) is in S7. Prior
to that, we set the following natation:

e /(N), 1 < p < 400, the set of all infinite sequences of real (or complex) numbers

x = (x;)jen, such that

1
+00 r
lejl” <+o0o, if1<p<+oo,
j=0

sup |xj|<+oo, ifp=+oo.
jeEN

llxll, =

¢ The singular values (Sk(A))keN of a compact operator A in Z(L*(dv,)) are the eigenval-

ues of the positive compact self-adjoint operator |[A| = VA*A.

e Let A be a compact operator on a separable Hilbert space .7”. We say that A belongs
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Time-frequency localization operators for the Hankel-Stockwell transform

to the Schatten-von Neumann class S, p € [1, +oo[ if the sequence (Sk(A))keN of the

singular values of A belongs to ¢*(N). S¥ is equipped with the norm
+00 1
k=1

e We denote by S™ the C*-algebra #(.7¢) of all bounded linear operators on .J#, S* is
equipped with the norm [|A[|s~ = [|All, A € S%.

e The trace of an operator A in S' is defined by

Tr(A) = ) (Avdvidr, (3.6)
k=1

where (vi)i is an orthonormal basis of J#. Tr(A) is independent of the choice of the

orthonormal basis. Moreover, if A is nonnegative, then
Tr(A) = llAlls:

S! is also known to be the trace class (see[4, 5]).
To prove that the localization operator Ly, 4,(0) belongs to the class S, we need the

following Bessel’s inequality.

Theorem 3.2.1 Let H be a Hilbert space with the inner product (. | .)y and let (ex)ken be an

orthonormal family of H. Then, for all x in H, we have the followig Bessel’s inequality

2 2
Y el eou| < IR
k

Theorem 3.2.2 Let o € L'(du,), then the bounded linear operator Ly, ,,(0) belongs to the class
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Time-frequency localization operators for the Hankel-Stockwell transform

St and

”LlP],l,Dz(G)”Sl < (37)

LT
I S
\/C% Clpz

Proof. Let o € L(du,) and let (vi), (wi)x be two orthonormal basis in L?(dv,). Then, for

every k € N, we get

(L, 4, (@)Dl | < (@, I K%, Yol Kot v ldpia(a, 7)

=
Cy,Cy,

@, IR o+ K P o, )

=l

Thus, by applying Bessel’s inequality, we get

~+00 ) )
%ywmwmwmw_ﬂmq;fjn umzfymwwm+zymwmeWMﬂ

+00
o(a, 1)~ nzwv+uzﬁvya@n
Vcll’l Cll’z f f ¢1' R l]bz' 2, J2H

1

<
VCy, Cy,

From [34], the operator Ly, y,(0) belongs to S' and

lloll1,u, < +oo.

Iy, 9, (0)lls1 <

Lol
S
\/C% C%

To prove that the localization operator Ly, y,(0) belongs to the class S¥, we need the

following Riesz-Thorin’s interpolation theorem.
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Theorem 3.2.3 (Riesz-Thorin) Let po, p1, 90,91 € [1, +o0] and let

A IP(RY + LP1(RY) — LO(R?) + L7 (RY),

be a linear operator. If A : LP*(R?) —> L%(R?) is bounded of norm Ny and
A L'"(RY — LN(RY) is bounded of norm Ny, then for every 6 € [0,1] the operator A is
bounded from LP(RY) — LI(R?) of norm N < Nj~N?, where

1_10,0
P Po P1
1_16,86
q q0 n

Theorem 3.2.4 For every o € LP(du,), p € [1,+oc0], the localization operator Ly, y,(0) :

L*(dv,) — L*(dv,) is in SP and

1

p
gl < ) loty. 63)

1
VCy,Cy,

Proof. For every ¢ € L'(du,), Ly, 4,(0) belongs to S' and

”L%,%(G)”Sl <

1
———lloll -
VCy, Cy,

For every o € L*(du,), Ly, y,(0) belongs to S* and

1Ly, 0a(@)ls= < N1l

From Theorem 3.2.3, the localization operator Ly, y,(0) € S¥ and we have

( ! ) o
E—— [0} Pt
\/C% C%

”L%&bz (G)HSP <
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Theorem 3.2.5 Let ¢ in L'(du,), then

Tr(Ly, (0)) = 0@, 1)30, 11 4 dvoAHa(a, 7)-

1 +00
VCy, Cy, f) j(:
Proof. Let () be an orthonormal basis in L?(dv,). For every k € N, we get

TrH(Lyy g, (@)W = Y (L, (O)0RlVEN,
k=1

W f f o(a, 1S5, ()@, N8, 0@, D ala, )
Y192 k=1

m - f f o(a, ”kal]’blar)Va<¢2ur|Uk>vad‘ua(a 7).

Since

f f 100, DU, Yol K05 o lditala, 7) <

———lloll1,y, < +o0.

1
\/C% Cy, = VCy, Cy,

We conclude that

Tr(Lllfl,le (G)) = O‘(El, r)<¢g,a,rlllbcll,a,r>1’ad[‘la (El, 7’).

1 +00
\C.Cy, fo fo

The proof is complete. m
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