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ABSTRACT

In this dissertation , we presented some basic concepts, definitions, and necessary
theorems for integral and integro-differential equations and their Classified has been
presented.Then,we have used an iterative collocation method based on the Lagrange
polynomials for solving a class of nonlinear weakly singular Volterra integral equations
in the spline spaceS;f_l(I, Ily). The main advantages of this method that, is easy to
implement, has high order of convergence and the coefficients of approximate solution
are determined by using iterative formulas without solving any system of algebraic
equations. The numerical examples confirm that the method is convergent with a good
accuracy.

Key words: Volterra integral equations, Collocation method, Iterative Method,

Lagrange polynomials.



RESUME

Dans ce mémoire, nous avons présenté quelques concepts de base, definitions et
théor emes nécessaires pour les equations integrales et integro-differentielles ainsi que
leur classification . Ensuite,une résoudre numeriquement de quelques types déqua-
tions integrales de Volterra non lineaire au noyau faiblement singulier en utilisant une

méthode de collocation iterative basée sur ltilisation de polynomes de Lagrange.

Mots-clés: Equations integrales de Volterra, Méthode de collocation, Polynomes de

Lagrange.
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INTRODUCTION

Many physical problems of science and technology which were solved with the
help of theory of ordinary and partial differential equations can be solved by better
methods of theory of integral equations.For example, while searching for the represen-
tation formula for the solution of linear differential equation in such a manner so as to
include boundary conditions or intitial conditions explicitly, we arrive at an integral
equation. The solution of the integral equation is much easier than the orginal bound-
ary value or initial value problem. The theory of integral equations is very useful tool
to deal with problems in applied mathematics, theoretical mechanis, and mathematical
physics.Several situations of science lead to integral equations, e.g., neutron diffusion

problem and radiation transfer problem etc.

Integral equations are one of the most useful mathematical tools in both pure and
applied analysis. The first integral equation mentioned in the mathematical literature is
due to Abel. He found this equation in 1823, starting from a problem in mechanics.He

gave a very elegant solution that was published in 1826.

Starting in 1896, Vito Volterra built up a theory of integral equations, viewing
their solutions as a problem of finding the inverses of certain integral operators. In

1900, Ivar Fredholm made his famous contribution that led to a fascinating period in



Introduction

the development of mathematical analysis. PoincarA©), FrA©chet, Hilbert, Schmidt,
Hardy and Riesz were involved in this new area of research.Volterra integral equations
belong to its owner Vito Volterra, among the most popular types of integral equations.It
arises in many varieties of mathematical, scientific, and engineering problems. One
such problem is the solution of parabolic differential equations with initial boundary

conditions [22].

The aim of this thesis is to apply a new direct iterative collocation method based
on the use of Lagrange polynomials for nonlinear Volterra integrals equations . This
method is based on the idea of ing the exact solution of a given integral equation using
a suitable function, belonging to a chosen finite dimensional space. The approximate
solution must satisfy the integral equation on a certain subset of the interval (called the
set of collocation points).

Our dissertation is organized as follows :

In the first chapter, we provide the fundamental notions, definitions and some nec-
essary theorems , such as the classifications of integral and integro-differential equa-
tions,Leibniz rule, the linearity and the homogeneity concepts of integral equations,
the conversion process of an Initial Value Problem to Volterra integral and integro-

differntaille equation and discrete inequalities.

In the second chapter,lt is to present a numerical method based on the use of
Lagrange polynomials to solve a class of nonlinear weakly singular Volterra integral
equations to approximate the solution of these equations. We prove the convergence
of the approximate solution to the exact solution. Numerical examples illustrate the

theoretical results. Finally, we hope that we have succeeded in presenting this topic.



CHAPTER 1

PRELIMINARY AND AUXILIARY
RESULTS



Generals and fundamentals notions

An integral equation is defined as an equation in which the unknown function u(t)
to be determined appear under the integral sign. The subject of integral equations
is one of the most useful mathematical tools in both pure and applied mathematics.
It has enormous applications in many physical problems. Many initial and bound-
ary value problems associated with ordinary differential equation (ODE) and partial
differential equation (PDE) can be transformed into problems of solving some approx-
imate integral equations. The development of science has led to the formation of many
physical laws, which, when restated in mathematical form, often appear as differen-
tial equations,En gineering problems can be mathematically described by differential
equations, and thus differential equations play very important roles in the solution
of practical problems. For example, Newton § law, stating that the rate of change of
the momentum of a particle is equal to the force acting on it, can be translated into
mathematical language as a differential equation. Similarly, problems arising in elec-
tric circuits, chemical kinetics,and transfer of heat in a medium can all be represented
mathematically as differential equations. A typical form of an integral equation in u(t)

is of the form:

h(t)
u(t) = f(t)+ A fK(t, s)u(s)ds,
g(t)
whereK(t, s) is called the kernel of the integral equation , and g(t) and h(t) are the limits
of integration. It can be easily observed that the unknown function u(t) appears under
the integral sign. Itis to be noted here that both the kernel K(t, s) and the function f(t) in
equation (1.1) are given functions, A and is a constant parameter. The prime objective of
this text is to determine the unknown function u(t) that will satisfy equation(1.1) using
a number of solution techniques. We shall devote considerable efforts in exploring

these methods to find solutions of the unknown function.



Generals and fundamentals notions

1.1 Classification of integral equations

An integral equation can be classified as a linear or nonlinear integral equation as we
have seen in the ordinary and partial differential equations. In the previous section,we
have noticed that the differential equation can be equivalently represented by the

integral equation. Therefore, there is a good relationship between these two equations.

The most frequently used integral equations fall under two major classes, namely
Volterra and Fredholm integral equations. Of course, we have to classify them as
homogeneous or nonhomogeneous, and also linear or nonlinear. In some practical

problems, we come across singular equations also.

In this text, we shall distinguish four major types of integral equations the two main
classes and two related types of integral equations. In particular, the four types are

given below:

1. Volterra integral equations.

2. Fredholm integral equations.

3. Volterra Fredholm integral equations.
4. Singular integral equations.

5. Integro-differential equations.

We shall outline these equations using basic definitions and properties of each type.

1.2 Volterra integral equations:

It is well known that linear and nonlinear Volterra integral equations arise in many sci-

entific fields such as the population dynamics, spread of epidemics, and semi-conductor

5
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devices. Volterra started working on integral equations in 1884, but his serious study

began in 1896. The name integral equation was given by du Bois-Reymond in 1888.

However, the name Volterra integral equation was first coined by Lalesco in 1908

[65].

The most standard form of a Volterra integral equations is of the form:

t

D(Bult) = F(£) + A f K(t,s, u(s))ds (1.1)

a
where the limits of integration are function of x and the unknown function u(t) appears

linearly under the integral sign.

1. ¢(t) = 0, then equation (1.1) becomes:

t

fh+A fK(t, s,u(s))ds =0 (1.2)

a

which is known as the Volterra equation of the first kind.

2. If the function ¢(t) = 1, then equation (1.1) simply becomes:

t

u(t) = f(t) + AfK(t,s,u(s))ds (1.3)

a

and this equation is known as the Volterra integral equation of the second kind.

3. If the function ¢(t) vanishes on a non-empty proper subset of [4, b] (for example,
a finite number of points or a compact (proper) subinterval), then (1.1) becomes

integral equation of the third kind.

Examples of the Volterra integral equations of the first kind are:

6
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t
5t + 13 = f(5 + 3 =t —3s)u(s)ds (1.4)
0

However, examples of the Volterra integral equations of the second kind are:

u(ty =t+ f(t — s)u(s)ds (1.5)
0

Nonlinear Volterra Integral Equations:

The nonlinear Volterra integral equation of the second kind is represented by the form,

t

u(t) = f(£) + A f K(t, s, u(s))ds

a
The nonlinear Volterra integral equation of the first kind is expressed in the form:

t

ft) = /\fK(t, s, u(s))ds

a

Nonlinear Volterra-Hammerstein Integral Equations:
The nonlinear Volterra-Hammerstein integral equation of the second kind is repre-

sented by the form,
t

u(t) = f(t) + /\fK(t, S)F(s, u(s))ds,

a

1.3 Fredholm Integral Equations:

Fredholm integral equations arise in many scientific applications. It was also shown
that, this equation can be derived from boundary value problems. Erik Ivar Fredholm
(1866-1927) is best remembered for his work on integral equations and spectral theory.
Fredholm was a Swedish mathematician who established the theory of integral equa-

tions and his 1903 paper in Acta Mathematica played a major role in the establishment

7
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of operator theory (Wazwaz(2011)).

For Fredholm integral equations, the limits of integration are fixed. The most

standard form of Fredholm linear integral equations is given by the following form

b
Ptult) = F(t) + A f K(t,s, u(s))ds (1.6)

Asin Volterra equations, Fredholm integral equations fall under the following kinds,depending

on the value of ¢(t), namely:

1. Fredholm integral equation of the first kind, when ¢(t) = 0.
2. Fredholm integral equation of the second kind, when ¢(t) = 1.

3. If the function ¢(t) vanishes on a non-empty proper subset of [a, b] (for example,a
tinite number of points or a compact (proper) subinterval), then (1.2) becomes

integral equation of the third kind.

Nonlinear Fredholm Integral Equations:
The nonlinear Fredholm integral equations of the second kind is given by the following

form
b

u(t) = f(H+ A fK(t, s,u(s))ds, a<t, s<b.

a
Where the unknown function u(t) occurs inside and outside the integral sign, A is a
parameter, and 4 and b are constants. For this type of equations, the kernel k and the
function f(t) are given real-valued functions.

Nonlinear Fredholm-Hammerstein Integral Equations:

Nonlinear Fredholm-Hammerstein integral equations is given by the form,

b

u(t) = f(t)+ A fK(t, S)F(s,u(s))ds, a<t, s<b,

a
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1.4 Volterra Fredholm integral equations

The Volterra-Fredholm integral equations arise from the modelling of the spatiotem-
poral development of an epidemic, from boundary value problems and from many
physical and chemical applications [65]. The standard form of the linear Volterra-

Fredholm integral equation is in the form:

t b

u(t) :f(t)+le(t,s)u(s)ds+sz(t,s)u(s)ds

a a

where ki (t,s) and k»(t, s) are the kernels of the equation.

Nonlinear Volterra-Fredholm Integral Equations:

The standard form of the Nonlinear Volterra-Fredholm integral equation is in the form,

t b

u(t) = f(t) +fK1(t,s,u(s))ds+ sz(t,s,u(s))ds

a a

Nonlinear Volterra-Fredholm-Hammerstein Integral Equations:
The standard form of the Nonlinear Volterra-Fredholm-Hammerstein integral equation

is in the form:

t b

u(t) :f(t)+fK1(t,s)F(s,u(s))ds+sz(t,s)G(s,u(s))ds

a a

where ki (t,s) and k(t, s) are the kernels of the equation.
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1.5 Singular Integral Equations

Volterra integral equations of the first kind,

h(t)

ft) = /\fK(t, s)u(s)ds

g(t)

or of the second kind
h(b)

u(t) = f(t)+ A fK(t, s)u(s)ds
g(t)
are called singular if one of the limit of integration g(t), h(t) is infinite or the kernel k(t, s)
becomes unbounded at one or more points in the interval of integration. We focus on

concern on equation of the form:

t

u(t) = f(£) + A f 7 fs)au(s)ds, 0O<a<l1 (1.7)

0

or of the second kind

t

ft) = )\f i js)“u(s)ds, 0<a<l (1.8)

0

The Eq. (??) and Eq.(??) are called generalized Abel’s integral equation and weakly
singular integral equations respectively.
On the other hand, the well known weakly singular Fredholm integral equations of the

form:

1
u(t) = f(t) + fk(t, siu(s)ds, 0<a <1
0

where the singularity of kernel may be stated in the forms k(t,s) = or k(t,s) =
1

1=t

1
(t—s)*

10
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Definition 1.5.1 (The homogeneity property)

We set f(t) = 0 in Fredholm or Volterra integral and integro-differential equations as given in
the above, the resulting equations is called a homogeneous integral and integro-differential
equations, otherwise it is called nonhomogeneous or inhomogeneous integral and integro-

differential equations.

Theorem 1.5.1 (Leibnits) Let f(x) be continuous [a, b],so0:

Xn-1

x X1 1 X
Vx € [a, b],ff... ff(xn)dxn...dxl = m f(x — " (bdt.
0 0 0 a

1.6 Integro-differential equations

In the early 1900, Vito Volterra studied the phenomenon of population growth, and new
types of equations have been developed and termed as the integro-differential equa-
tions. In this type of equations, the unknown function u(t) appears as the combination

of the ordinary derivative and under the integral sign.

1.7 Classification of Integro-Differential Equations

Integro-differential equations appear in many scientific applications, especially when
we convert initial value problems or boundary value problems to integral equations.
The integro-differential equations contain both integral and differential operators. The
derivatives of the unknown functions may appear to any order. In classifying integro-

differential equations.

Volterra Integro-Differential equations:

Volterra, in the early 1900, studied the population growth, where new type of equations

have been developed and was termed as integro-differential equations. In this type of

11
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equations, the unknown function u(t) occurs in one side as an ordinary derivative, and
appears on the other side under the integral sign. Several phenomena in physics and
biology give rise to this type of integro-differential equations. Further,we point out that
an integro-differential equation can be easily observed as an inter-mediate stage when

we convert a differential equation to an integral equation in next section.

The Volterra integro-differential equation appeared after its establishment by Volterra.It
then appeared in many physical applications such as glass forming process, nanohydro-
dynamics, heat transfer, diffusion process in general, neutron diffusion and biological
species coexisting together with increasing and decreasing rates of generating, and
wind ripple in the desert. More details about the sources where these equations arise
can be found in physics, biology and engineering applications books (see, for example
Brunner [10], Volterra [54]. To determine the exact solution for the integro-differential
equation, the initial conditions should be given. The Volterra integro-differential equa-
tions can be converted to an integral equation by using Leibnitz rule .

Nonlinear Volterra Integro-differential Equations:

The nonlinear Volterra integro-differential equation of the second kind is in the form,

u™(t) = f(t) + fK(t, s,u(s), ' (s),...,u"1(s)ds, u®@) =b, 0<k<n-1

a

and the standard form of the nonlinear Volterra integro-differential equation of the first

kind is given by,

t

fK(t, s,u(s),u'(s),...,u" " (s))ds = f(t),

a
Nonlinear Volterra-Hammerstein Integro-differential Equations:
The nonlinear Volterra-Hammerstein integro-differential equation of the second kind

is in the form,

u™(t) = f(t) + fK(t, S)F(s, u(s), u'(s), ..., u" (s)ds, uP@)=b, 0<k<n-1

a

12
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Fredholm Integro-Differential Equations :

Fredholm integro-differential equations appear when we convert differential equations

to integral equations.

The Fredholm integro-differential equation contains the un-known function u(t) and
one of its derivatives u",n > 1 inside and outside the integral sign respectively. The
limits of integration in this case are fixed as in the Fredholm integral equations. The
equation is labeled as integro-differential because it contains differential and integral
operators in the same equation. It is important to note that initial conditions should
be given for Fredholm integro-differential equations to obtain the particular solutions.

The Fredholm integro-differential equation appears in the form:

b

u™(t) = f(t) + /\fK(t,s,u(s))ds

a
where 1" indicates the nth derivative of u(t). Other derivatives of less order may appear
with u" at the left side. Nonlinear Fredholm Integro-differential Equations:

The nonlinear Fredholm integro-differential equations is given by the following form,

b
u(t) = f(t) + fK(t, s,u(s), ' (s), ..., u"Y(s))ds, u(@a)=b, 0<k<n-1, (1.9)

a

d"u

where u"(t) = %

Because the resulted equation in (1.9) combines the differential
operator and the integral operator, then it is necessary to define initial conditions
u(0), 1(0),...,u"1(0) for the determination of the particular solution u(t) of the equa-
tion (1.9). Any Fredholm integro-differential equation is characterized by the existence
of one or more of the derivatives u/(t), u’(t), ... outside the integral sign. The Fredholm
integro-differential equations of the second kind appear in a variety of scientific appli-

cations such as the theory of signal processing and neural networks.

Nonlinear Fredholm-Hammerstein Integro-differential Equations:

13
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The nonlinear Fredholm-Hammerstein integro-differential equations of the second kind

is of the form:

b
u'(t) = f(t) + fK(t,s)F(s,u(s),u’(s),...,u”_l(s))ds.

Volterra-Fredholm Integro-Differential Equations

The Volterra-Fredholm integro-differential equation, which is a combination of dis-
joint Volterra and Fredholm integrals, appears in one integral equation. The Volterra-
Fredholm integral equations arise from the modelling of the spatiotemporal develop-
ment of an epidemic, from boundary value problems and from many physical and
chemical applications [65]. The standard form of the linear Volterra-Fredholm integral

equation is in the form,

t b

u(t) =f(t)+fl<1(t,s)u(s)ds+sz(t,s)u(s)ds

a a

where ki (t,s) and k;(t, s) are the kernels of the equation.

Volterra-Fredholm Integro-differential Equations:
The Volterra-Fredholm integro-differential equation, which is a combination of disjoint
Volterra and Fredholm integrals and differential operator, may appear in one integral
equation. The Volterra-Fredholm integro-differential equations arise from many phys-
ical and chemical applications similar to the Volterra-Fredholm integral equations [5],
[6], [56], [55]. The standard form of the Volterra-Fredholm integro-differential equation

is in the form,

t b

u"(t) :f(t)+le(t,s,u(s),u’(s),...,u”‘l(s))ds+sz(t,s,u(s),u’(s),...,u”‘l(s))ds

a a

14
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Nonlinear Volterra-Fredholm-Hammerstein Integro-differential Equations:

t b

u"(t) :f(t)+le(t,s)F(t,s,u(s),u’(s),...,u”‘l(s))ds+sz(t,s,u(s),u’(s),...,u”‘l(s))ds

a a

1.8 Conversion of Differential equations to Integral equa-

tions

In general, the initial values problems (IVP) can be transformed to Volterra integral
equations, and the boundary values problems (BVP) can be transformed to Fredholm

integral equations and virse versa

IVP to Volterra Integral equations:

In this section, we will study the technique that will convert an initial value problem
(IVP) to an equivalent Volterra integral equation and Volterra integro-differential equa-
tion as well [65]. For simplicity reasons, we will apply this process to a second order

initial value problem given by

u”(8) + p(u’(t) + g(B)u(t) = g(t) (1.10)

u0) =a,u’'(0) =p

where a and f§ are constants. The functions p(t) and g(t) are analytic functions, and g(t)

is continuous through the interval of discussion. To achieve our goal we first set

W’ (t) = o(t), (1.11)

15
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where v(t) is a continuous function. Integrating both sides of (1.11) from 0 to ¢ yields

t

u'(t) —u'(0) = fv(s)ds

0

or equivalently

wt)y=p+ | v(s)ds (1.12)
J

Integrating both sides of (1.12) from 0 to ¢ yields

u(t) —u(0) = pt + o(r)drds
I

t

u(t) =a+pt+ f(t — 5)v(s)ds (1.13)

0

or equivalently

obtained upon using the formula that reduce double integral to a single integral that
was discussed in the next section. Substituting (1.11), (1.12), and (1.13) into the initial

value problem (1.10) yields the Volterra integral equation:

t

B+ fv(s)ds} +4q(t)

0

v"(t) + p(t)

a+pt+ f(t — s)v(t)dt‘ = g(t).

0

The last equation can be written in the standard Volterra integral equation form:

t

o(t) = f(t) + fk(t, s)u(s)ds, (1.14)

0

where

k(t,s) = p(t) + q(t)(t — s),

16
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and

f(t) = g(t) = [Bp(t) + aq(t) + ptq(t)] .

It is interesting to point out that by differentiating Volterra equation (1.14) with respect
to t, using Leibnitz rule, we obtain an equivalent Volterra integro-differential equation

in the form:

t dk(t,
W)+ k) = /0 - [ 25 uos, ) = £0)
0

The technique presented above to convert initial value problems to equivalent Volterra

integral equations can be generalized by considering the general initial value problem:
U + a4 L+ apu +au = g(t) (1.15)
subject to the initial conditions
1(0) = co, u’'(0) = c1,u”(0) = ¢y, ..., "' =g

Let v(t) be a continuous function on the interval of discussion, and we consider the

transformation:

u(t) = v(d). (1.16)
Integrating both sides with respect to t gives

t

u" D) = ¢pq + fv(t)dt.

0

Integrating again both sides with respect to t yields

t
") = pop + Cunt + ffu(s)dsds
0 0
t

= Cpp + Cp1t + f(t — s)u(s)ds,
0

17
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obtained by reducing the double integral to a single integral. Proceeding as before we

find

t
u(n 3)(t) = Cp-3 + Cyat + Cn 1t2 ffo(S)deSdS
0 0
t

1 1
= Cp_3 + Cpol + Ecn_lif2 *5 f(t — 5)%v(s)ds.
0

Continuing the integration process leads to

-1
— _k n-1 d
u(t) = ;k e 1), f (t — s)" L0 (s)ds. (1.17)
Substituting (1.16)?(1.17) into (1.15) gives
u(t) =f(t)+fk(t,s)v(s)ds, (1.18)
0

where
k(t,s) = Zk 1‘ —s)F -1,

and

£ =gt - Z (}: G _k), J

j=1
Notice that the Volterra integro-differential equation can be obtained by differentiating
(1.18).
The following examples will highlight the process to convert initial value problem to

an equivalent Volterra integral equation.

18
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BVP to Fredholm Integral equations:

In this section, we will convert a boundary value problem to an equivalent Fredholm
integral equation. The method is similar to the method that was presented in the above
section for converting Volterra equation to IVP, with the exception that boundary con-
ditions will be used instead of initial values. In this case we will determine another
initial condition that is not given in the problem. The technique requires more work
if compared with the initial value problems when converted to Volterra integral equa-
tions. Without loss of generality, we will present two specific distinct boundary value
problems (BVPs) to derive two distinct formulas that can be used for converting BVP
to an equivalent Fredholm integral equation [65].

Type I: We first consider the following boundary value problem:
u’'(t) + g(tu(t) = h(t), 0<t<1, (1.19)
with the boundary conditions:
u0) =a, u(l)=_4,.
We start as in the previous section and set
u’(t) = o(t). (1.20)

Integrating both sides of (1.20) from 0 to  we obtain

t t

[wos= [ oo

0 0

that gives
t

u'(t) = u'(0) + fv(s)ds, (1.21)

0
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where the initial condition #’(0) isnot given in aboundary value problem. The condition
u’(0) will be determined later by using the boundary condition at t = 1. Integrating

both sides of (1.21) from O to ¢ gives

u(t) = u(0) + tu’(0) + f f v(s)dsds,
0 0

or equivalently
t

ut) =a+tu'(0) + f(t — s)u(s)ds, (1.22)

0
obtained upon using the condition #(0) = a and by reducing double integral to a single
integral. To determine u’(0), we substitute t = 1 into both sides of (1.19) and using the

boundary condition at u(1) =  we find

1
u(l) =a+u'(0)+ f(l — s)v(s)ds,
0

that gives
1

B=a+u'(0)+ f (1 - s)v(s)ds.

0

This in turn gives
1

w)=p-—a- f(l — s)u(s)ds. (1.23)

0

Substituting (1.23) into (1.22) gives

1 t

u(t)=a+(p—-a)t- ft(l —s)u(s)ds + f(t —s)v(s)ds. (1.24)

0 0
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Substituting (1.20) and (1.24) into (1.19) yields

1 t

u(t) + ag(t) + (B — a)tg(t) — ftg(t)(l —s)v(s)ds + fg(t)(t — s)u(s)ds = h(t).
0

0

Hence, by using Chasles formula, we obtain

t

t 1
o(t) = h(t)—ocg(t)—(ﬁ—oz)tg(t)—fg(t)(t—s)v(s)ds—tg(t) [f(l —s)u(s)ds + f(l — s)v(s)ds] ,
0

0 t

that gives
{ 1

o(t) = f(t) + fs(l — tyo(s)ds + ft(l —5)g(t)v(s)ds, (1.25)
0 t

that leads to the Fredholm integral equation:

1

o(t) = f(t) + f k(t,s)v(s)ds, (1.26)

0

where

f(®) = h(t) = ag(t) = (B — a)tg(t),

and the kernel k(t, s) is given by

s(1-1t)g(t), for0<s<t,
k(t,s) =
s(1 =s)g(t), fort <s<1.

An important conclusion can be made here. For the specific case where 1(0) = u(1) =0
which means that @« = f = 0, it is clear that f(f) = h(f) in this case. This means
that the resulting Fredholm equation in (1.26) is homogeneous or inhomogeneous if
the boundary value problem in (1.19) is homogeneous or inhomogeneous respectively

whena =p=0.
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Type 1I: We next consider the following boundary value problem:
problem:

W’ (f) + g(u() = h(t), 0<t<1 (1.27)

with the boundary conditions:
M(O) =, M/(l) = ‘31.

we again set

u”(t) = o(t) (1.28)
Integrating both sides of (1.25) from 0 to t we obtain

t t

f u”(s)ds = f v(s)ds,

0 0

that gives
t

u'(t) = u'(0) + fv(s)ds (1.29)

0
where the initial condition #’(0) isnot given in a boundary value problem. The condition

u’(0) will be derived later by u’(1) = 8, . Integrating both sides of (1.29) from 0 to ¢ gives

u(t) = u(0) + tu’(0) + v(s)dsds,
I

or equivalently

u(t) = ay + tu’(0) + f(t — s)u(s)ds, (1.30)
0

obtained upon using the condition #(0) = a; and by reducing double integral to a single

integral. To determine u’(0), we first differentiate (1.30) with respect to ¢ to get

t

u'(t) = u'(0) + fv(s)ds, (1.31)

0
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where by substituting t = 1 into both sides of (1.31) and using the boundary condition
at u’(1) = f, we find

t

u'(t)y=p1 + fv(s)ds,

0

This in turn gives

1
u'(1) =u'(0)+ | v(s)ds. (1.32)
/
Using (1.32) into (1.30) gives
1
uw'(0) =p1— fv(s)ds, (1.33)

0
Substituting (1.28) and (1.33) into (1.27) yields

1 t

o) + arg(t) + putg(t) - f bg(s)o(s)ds + f g(O)(t — 9)0(s)ds = h(t)
0

0

Hence, by using Chasles formula, we obtain

t 1 t
o(t) = h(t) — (a1 + P1t)g(t) + tg(t) lf v(s)ds + fv(s)ds} - g(t) f(t — s)u(s)ds.
0

0 t

The last equation can be written as

t 1

o(t) :f(t)+fsg(t))v(s)ds+ftg(t)v(s)ds,

0 t

that leads to the Fredholm integral equation:

1

u(t) = f(t) + fk(t,s)u(s)ds, (1.34)

0
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where

f(#) = h(t) = (a1 + pit)g(t),

and the kernel k(t, s) is given by

sg(t), for0<s<t,
k(t,s) =
tg(t), fort <s<1.

An important conclusion can be made here. For the specific case where 1(0) = u’(1) = 0
which means that a; = 1 = 0, it is clear that f(f) = h(t) in this case. This means that
the resulting Fredholm equation in (1.34) is homogeneous or inhomogeneous if the

boundary value problem in (1.27) is homogeneous or inhomogeneous respectively.

1.9 Conversion of Volterra Integro-differential equations

to Volterra Integral equation

The following Volterra integro-differential equation

u™t) = f(t)+ A fK(t, s)u(s)ds, u®0)=b, 0<k<n-1, (1.35)

0
can also be solved by converting it to an equivalent Volterra integral equation. It is
obvious that the Volterra integro-differential equation (1.35) involves derivatives at the
left side, and integral at the right side. To perform the conversion process, we need

to integrate both sides n times to convert it to a standard Volterra integral equation.

Firstly, Integration of derivatives: from calculus we observe the following:
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fu’(s)ds = u(t) — u(0),
0

ffu"(s)dsdtl = u(t) — tu’(0) — u(0),
0

t 1 b

fffu”’(s dsdtidt, = u(t) — tzu”(O) tu’(0) — u(0),

and so on for other derivatives.

Secondly, Reducing multiple integrals to a single integral as follows,

[ o= fio- s,
[ o= =3 foc- e
[ fo-rucns =3 s
[ o= =3 s

and so on. This can be generalized in the form

Xn-1

f] f(x—tu(t)dtdxn Ledxy = 1)! ft(t—s)”u(t)dt,
00 0

The conversion to an equivalent Volterra integral equation will be illustrated by study-

ing the following examples.

Example 1.9.1 Convert the following Volterra integro-differential equation to an Volterra
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integral equation:

X

ux)=1+ fu(t)dt, u(0) =0

0

Integrating both sides from 0 to x, and using the aforementioned formulas we find

u(x) —u(0) =x+ ffu(t)dtdxl
0 0

Using the initial condition gives the Volterra integral equation

u(x) =x+ f(x — Hu(t)dt
0

1.10 Existence and uniqueness of the solution

Consider the nonlinear Volterra integro-differential equation (NVIDE)

X

y'(x) = f(x)+ f K(x,t,y(t))ds, x€]0,b] (1.36)

0

with # initial conditions

uf0y=ay, 0<k<n-1,

f and K are given smooth functions.
In this section, the existence and uniqueness of the solution for Eq. (1.36) are presented.

First we give the following theorem from [39].
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Theorem 1.10.1 Consider the following nonlinear Volterra integral equations

t

mw=ﬂm+j%mnmmm, 137)

0
Assume that

(i) - f(x) is continuous

(ii) - k(x,t, y(t)) is a continuous function for 0 <t <s < band —co < | y| < oo,

(iii) - the kernel satisfies the Lipschitz condition

|k(x/ t/ yl) _k(x/ t/ yZ)l < L|]/1 - y2| (138)

wherer L is independent of t,t, y; and y,. Then the Eq. (1.36) has a unique continuous

solutionin0 <t <b.

Now we consider some cases of the integro-differential equations and investigate exis-

tence and uniqueness of the solutions of them.

Corollary 1.10.1

X

wm=ﬂm+fkmawm% (139)

0
with initial condition y(0) = a where f and K are continuous functions and K satisfies the

Lipschitz condition
| K(x,t, y1) = K(x, £, y2)l <Ll y1 = yal . (1.40)
Then this problem has a unique continuous solution.

Proof. Equation (1.39) transformed to the following Volterra integral equation
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y(s) =a+ | H(s, y(s))ds, (1.41)
J

where H(s, y(s)) = f(s) + sz(s, t, y(t))dt,
0

which is in the form of Eq.(1.37), where obviously a and H(s, y(s)) are continuous.
Therefore, for the existence and uniqueness of a continuous solution of the Eq.(1.39)
it is sufficient to show that Eq. (1.41) satisfies the Lipschitz condition. To this end, we

have
IH(s, y1(s)) — H(s, y2(s)Il = I f (K(s, t, y1(8)) — K(s, £, ya(1)))dt|

0
< Lillys - val f d
0

< Liblly1 = yall.

So by Theorem (2.4), the Eq. (1.39) has a unique continuous solution. m

Corollary 1.10.2

X

V@) +oy() = Fx) + f Kot y(e)it, 1.42)

0
with initial condition y(0) = a ,the f and K are continuous (1.40) then the equation (1.42) with

given condition has a unique continuous solution.

Proof. Equation (1.42) transformed to the following Volterra integral equation

y(s) =a+ | H(s, y)), (1.43)
/

where H(s, y(s)) = f(s) + —cy(s) + f K(s, t, y(t))dt, similar to the previous corollary we
0
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only investigate the Lipschitz condition. To this end, we have

S

IH(s, y1(s)) — H(s, y2(s))II = llcly1(s) — ya(s)] + f (K(s, t, y1(t)) — K(s, t, ya(t)))dt||

0

<lelllyr = yall + Lillys — voll fdf
0

< (¢ + bLy)lly1 — wall.

Again, by Theorem (2.4), the Eq. (1.42) has a unique continuous solution. m

Corollary 1.10.3

X

Y’ (x) + c1y(x) + coy(x) = f(x) + f K(x, t, y(t))dt, (1.44)

0

with initial condition y(0) = a, y'(0) = B the f and K are continuous (1.40) Then the mentioned

problem has a unique continuous solution.

Proof. With the same manner, Volterra integro-differential equation(1.44) by converting

it to the following Volterra integral equation

y@s)=a+ (P -caa)z+ fH(s, y(s))dx.
0

where H(s, y(s)) = —cy(s) + ji ( f(s) = cay(s) + fs K(s, t, y(t))dt) ds, then we obtain
0 0
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”H(S/ yl(s)) - H(S/ yZ(S))”

X

= |lerly2(s) — ya(s)] + f[cz(yz(s) - Vi) + f(K(S, t, y1(t)) — K(s, t, yz(t))dt)] dsl|
0

0
< lealllys = yall + Blealllys = wall + Lillys — ol f f dtds
0 0

< (le1] + blea| + B*La)llys — all-

Similar to previous cases, by Theorem (2.4), the Eq. (1.44) has a unique continuous
solution. m
The same conclusion can be drawn for the following Volterra integro-differential equa-

tion of order n
X

WW%ﬂwamy®MS=ﬂﬂ,xGWﬁ]

0
with conditions (0) = @;, i =0,1,...,n — 1, and similar to the previous corollaries we

can convert this problem to an equation of the form (1.36).

1.11 Piecewise polynomial spaces

Let:

== 002N < < <7y

denote a mesh (or: grid) on the given interval I = [0, T]. Define the subintervals

o = [E,£9)]

nos e

Definition 1.11.1 For a given mesh I, the piecewise polynomial space SLd)(Ih) with

u=0,-1<d<u,isgiven by

SLd)(Ih) ={v e C¥): Vs, € u(0 < < N —-1)}
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Here , 7, denotes the space of (real) polynomials of degree not exceeding u .

It is readily verified that Sifl) (Iy) is a (real) linear vector space whose dimension is given by

dim S(I,) = N(u —d) +d + 1

Remark 1.11.1 The particular piecewise polynomial space Sfjl J(In) corresponding to u = m+d
with m > 1 and d > —1 will play a central role in the chapter 2 and 3.
Since its dimension is

dim S?

m+d

(I,) = Nm + (d + 1), (1.45)

it may be viewed as the ?natural? collocation space for the approximation of solutions
to initial value problems for Volterra equations, the choice of the degree of regularity
d will be governed by the number of prescribed initial conditions, while the term Nm
suggests that m (distinct) collocation points are to be placed in each of the N subintervals

0, - Thus, the natural choice of d in (1.45) is as follows:

e For Volterra integral equations (no initial condition) we choose d = —1 ; hence,

the natural collocation space will be Si;_li (I) . Its dimension is Nm.

e For first-order ODEs or Volterra integro-differential equations (one initial condi-
tion) we use d = 0, and the preferred collocation space is S,(g)(lh), with dimension

equal to Nm + 1.

e For ODEs or VIDEs of ferst order with initial conditions the natural collocation
space is Sgll(lh), corresponding to the choice 4 = 1. The dimension of this space

is Nm + 2.

1.12 Collocation method

A collocation method is based on the idea of approximating the exact solution of a

given integral equation with a suitable function belonging to a chosen finite dimensional
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space such that the approximated solution satisfies the integral equation on a certain
subset of the interval on which the equation has to be solved (called the set of collocation
points). In our thesis, we consider the polynomial spline space as the approximating
space. In order to describe the relevant collocation method for given N, let my be a
uniform partition of a bounded interval I with grid points t, = nh,n = 0,1, .., N and
let 1 be the stepsize. Define the subintervals o, = [t,, t,+1],n =0, .., N — 1. So, the real
polynomial spline spaces of degrees m, m + k — 1, which will be used in this work are

defined as follows:

Sin__li(l, IN) ={u:u, =ul,, € ty1,n=0,.,N-1}.
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CHAPTER 2

ITERATIVE COLLOCATION METHOD
FOR SOLVING A CLASS OF
NONLINEAR WEAKLY SINGULAR
VOLTERRA INTEGRAL EQUATIONS
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Nonlinear weakly singular Volterra integral equations

2.1 Introduction

In this chapter, we develop an approximation based on iterative collocation method
to obtain numerical solutions of the following nonlinear weakly singular Volterra inte-

gral equations,
£
x(t) = g(t) + f plt, s)k(t, s, x(s))ds, ¢ € T = [0, T], (2.1)
0
where the functions g, k are sufficiently smooth and p(t, s) = S%,I, u>1.
We start by the following lemma which summarizes some analytical results in the

case k(t, s, x(s)) = x(s).

Lemma2.1.1 1. - [81] .Let u > 1. If the function g belongs to C"[0, T], then the integral

equation
x(t) = g(¢) + f p(t,s)x(s)ds, t € (0,T], (2.2)
0

with p(t,s) = Sf—j, possesses a unigue solution x € C"[0, T].

2. -[83]. In the above case 1, the unique solution x € C"[0, T] is given by:
t
x(t) = g(t) + t'7*+ f st2g(s)ds.
0

3. -[83] If0 < u < 1and g € C'[0, T] (with g(0) = 0 if u = 1), then (2.2) has a family of

solutions in C[0, T] of which only one has C* continuity.

Equations with this kind of kernel have a weak singularity at t = 0 and they are a
particular case of the cordial equations, studied by G. Vainikko in ([64],[61],[63],[62]).
Actually, as shown in [61], if the core function of a cordial operator is ¢(s) = s*~!, then
its kernel is s*~!t7#k(t, s), which is the kind of kernel we are concerned with. Equations

of this type are also the subject of the article [80].
The cordial integral operators have the interesting property that they are bounded
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but non-compact, which implies that some of the classical results for Volterra integral
equations (for example, about existence and uniqueness of solution) are not applicable
in this case. However an existence and uniqueness result in C"([0, T]) was obtained in
[90], provided that the core function satisfies ¢(x) € L'([0, 1]), which is the case of our

equation, when u > 0.

The application of polynomial and spline collocation methods to cordial equations
was studied in ([64],[63]) and [88], respectively, where sufficient conditions for conver-
gence were obtained and error estimates were derived. Superconvergence results for

collocation methods were obtained in [80].

Equations of this type arise from heat conduction problems. They may result from
boundary value problems for partial differential equations with mixed-type boundary
conditions. It was shown in [79] that the following Volterra integral equation of the

second kind with logarithmic singular kernel:

F(t) + fo P(t,s)F(s)ds = H(t), t € [0,T], (2.3)

where,
1 1 1
P(t,s) == ——— .
V1 \/In(t/s) §

and H(¢) is a given function, arises in some heat conduction problems with mixed-type

boundary conditions. As an example, consider

Au 1du
7 =g 0<x<], (2.4)
with the conditions
u(x, —00) =0, (2.5)
8_u(0 £ —u(0,t) = P1(t) (2.6)
ax ’ ’ - ¢l ’ .
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P)
—%(l, B — u(l, t) = Pa(b). (2.7)

The solution u(t, x) can be expressed in terms of single layer potentials (see [90]) as
follows:

~(=)?

t 2
u(x,t) = # f (t—1)1/? lpl(’()em + pz(”c)em] dr. (2.8)

Above pi(1), p2(t) are such that u(x,t) satisfies conditions (2.5), (2.6) and (2.7). By

imposing those conditions, the system of two integral equations is obtained:

. i 1 e (1
\j%fo 202 \/1n3(u/x) i Vin(u/x) K (X)dx (2.9)
i [ e e n ) ()
R ] 1 1 2 (1
«/%fo 202 \/1n3(u/x) Vi@ ¥ %(x)dx (2.10)

1

SRy G P )

where, () := pr(—1Ins), Hi(s) := 2¢x(—Ins), k = 1,2. If | is large compared to a, then

we may consider the system

[ leeln) e

o [t en

We note that the above equations are independent and may be treated separately, each

of them being of the form of (2.3).
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We note that fot P(t, s)ds is divergent. Following [84] we use the transformations

y(t) = t7HF(), f() = tTEH(),

where, u > 0is a constant. From (2.3) we obtain

y(o) + f A, 9ys)ds = £, L [0,T],
0
with

" Nm \In(tfs) \t s

In [28] this equation was transformed into the more tractable equation

y(t) - fo p(t,S)y(e)ds = g(t), t € [0,T],

with
s\ 1
9=(3) 5

In [78] and [80] the authors were concerned with the numerical solution of linear
cordial equations. Here we propose a computational method for a nonlinear Volterra

integral equation with a weakly singular kernel of the same type.

In [49] a similar approach was proposed for nonlinear Volterra integral equations
with regular kernels (when p(t, s) = 1). This case was also well studied in the literature.
In particular, Babolian and his co-authors [7] have proposed a Chebyshev approxi-
mation. In [7] and [40] numerical algorithms based on the Adomian’s method were
developed. In [90] an approach was proposed, based on Taylor polynomial approxi-
mation, while the homotopic perturbation method was applied to the same equation
in [82]. The authors of [86] have introduced a scheme based on the fixed point method.
Finally, the Haar wavelet method and the Haar rationalized functions method were

proposed in [42] and [48],respectively.

In Section 2 of the present work we describe a numerical scheme for the solution of
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equation (2.1). In Section 3 we analyze the convergence and obtain error estimates.

2.2 Description of the collocation method

Let Iy be a uniform partition of the interval I = [0, T] defined by t, = nh, n =
0,...,N —1, where the stepsize is given by % = h. Let the collocation parameters be 0 <
€1 < oo < ¢y < 1 and the collocation pointsbe t,, ; = t, +c;h, j=1,..,m,n=0,..,N - 1.
Define the subintervals o,, = [t,, t,+1[, and on_1 = [tn-1, tN].

Moreover, denote by m,, the set of all real polynomials of degree not exceeding m.

We define the real polynomial spline space of degree m — 1 as follows:
qu;_li(l, IN) ={u:u, =ul,, € ty_1,n=0,.,N-1}.

This is the space of piecewise polynomials of degree at most m — 1. Its dimension is

Nm. We consider the space L*(I) with the norm
H(P” = inf{C €eR: |(p(t)| <C forae.te I} < 00.

It holds for any y € C"([0, T]) that

m (m) m
ot ) = Y M@y + @), 6@ =L o) @y
I=1 )

=1

m —
where 7 € [0,1] and Aj(7) = [] CT CCZ are the Lagrange polynomials associate with the
1#] Cj — €I

parameterscj, j=1,...,m.

Let T, = || Y. |A/lll be the Lebesgue constants, such that
=1

1Y 14;lll= max {Z A5 € [0, 11}.
j=1 j=1
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We have from (2.1) foreach j=1,..,m,n=0,..,N -1

x(tej) = g(tnj) + fom p(tnj, S)k(tnj, s, x(s))ds

t t,,]‘
= g(tnj) + f p(tnj/ S)k(tnj/ S, x(s))ds + f p(tnj/ S)k(tnj/ s, x(S))dS (214)
O t?l
n=1 Aty tnj
= g(ty;) + Z p(tnj, $)k(tnj, s, x(s))ds + f p(taj, s)k(taj, s, x(s))ds.
i=0 Vi bn

Now for s € [t;, ti11], we use the following change of variable: s = t; + th with 7 € [0, 1]
and for s € [t,, t,;], we use the following change of variable: s = t, + Th with 7 € [0, ¢;].

Then, from (2.14), we have

n—1 1
x(tyj) = g(taj) + Z f hp(t, + cih, t; + Th)k(t, + c;h, t; + th, x(t; + Th))dT
i=0 +0 (2.15)

j
+ f hp(t, + cjh, t, + Th)k(t, + cih, t, + Th, x(t, + Th))dT.
0
By substituting the expression of the function p into (2.15), we obtain
n-1

X(tnj) = g(ta)) + Z
i=0

i+ 1)

A k(t, +cjh, t; + th, x(t; + th))dT

(2.16)
i (n + )1

arer K(t, + cih, ty + Th, x(t, + Th))dT.

Now, for j = 1,...,,m, by applying the formula (2.13) for the function
vi(t) = k(t, + c;h, t; + Th, x(t; + Th)), we have

k(t, +cjh, t; + Tth, x(t; + Th)) = Z A(T)k(t, + cih, ty), x(t,)) + €i(T), (2.17)
1=1
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where €;(7) = my’ ("’ H( T —C;).

Inserting (2.17) into (2 16) we obtain foreach j=1,..,m,n=0,..,N-1

m 1
X(tnj) = g(taj) + Z ( 0 (Z:; ;;y k(ts + cjh, tn + cih, x(t”’))/\’(T)dT) *
=1

) (2.18)
n— m 1
Z Z v SO ft, + ot + ch, x(t)A(D)dT | + o™
L (n + C]) n jrer b e, il 1 ’
where,
(n + 7)r1 n_l(fl(wf)“l )
o(h™ €,(7)dt + €i(t)dt
M= | e ZO @
Since the function k is smooth, then there exists a; > 0, such that fori =0,..., N — 1, we
have IIyEm)II < a;, which implies that
<j p-1 i Sy eS|
I o(h™) II< h" = WD e Z( %ﬁ)
m!{Jo (n+c)H —~i\Jo (n+cjt
Sincei+t <n+cjforalli=0,..,n—1,thenforalln =0,..,N-1
n—1
| o(h™) || < hm + ( )
() n+c]) — (n+c;)
<h m! (01 (n+ c])
<h" al ( L + 1).

m! \c;

~—_————
It holds for any u € an__li (I, TTy) that

u(ty + th) = Z A(D)ut), T € [0, 1]. (2.19)
1=1

Now, we approximate the exact solution x by u € an__li (I, T1y) such that u(t, ;) satisty the
following nonlinear system,
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m ci -1
Uty ) = glte)) + Z( 0 %k(tn +cih, +clh,u(tnl))A1(T)dT)+
= (2.20)

n-1 m p-1
( f WD v, ti+clh,u(tiz))Az(T)dT)-
0

i=0 I=1 Tl te ] )
forj=1,..,mn=0,.,N-1.
Since the above system is nonlinear, we will use an iterative collocation solution u7 €

an__li (I,Ily),q € N, to approximate the exact solution of (2.1) such that
Wity + Th) = Z A0ty ), T € [0,1] (2.21)
=1
where the coefficients u(t, ;) are given by the following formula:

W(ty) =g n])+Z( (Z;T)])“ k(tn+c]-h,tn+clh,uq_1(tnl)))\l(’c)d”c)+

(2.22)

I

n-1 m
Z( (i ”)” 1k(t + o, + ch, Ut zz))Az(T)dT)

i=0 I=1

such that the initial values u°(t, ;) € J (] is a bounded interval).
The above formula is explicit and the approximate solution u7 is obtained without

solving any algebraic system.

In the next section, we will prove the convergence of the approximate solution u to

the exact solution x of (2.1).

2.3 Convergence analysis

In this section, we assume that the function k satisfies the Lipschitz condition with

respect to the third variable; there exists L > 0 such that

lk(t, s, y1) — k(t, s, y2)| < Lly1 — yal, (2.23)
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for all t,s € I, where L is independent of t and s.

The following result gives the existence and the uniqueness of a solution for (2.1).

Lemma 2.3.1 Let g € C([0,T]), k(t,s,u) € C(Ar X R), where Ar = {(t,s) e R : 0 < t <

T,0 <s <t} Let

ok
5 € C(Ar xR).

Assume that equation

1
5 = k(ol 0/ E)_ + 9(0)
u
has a unique solution & € R, and that

a(0,0)

1 'R >
* /,\_'_M,VA e(A) >0,

where

a’(0,0) = 3—5(0, 0, u) .

Moreover, let k satisfy

k(t,s, u)l < co+ cilul,

with < < 1.
u

Then there is a unique solution x* € C([0, T]) of (2.1), such that x*(0) = &".

(2.24)

(2.25)

(2.26)

Proof. The result follows from Theorems 7.1 and 7.5 of [90], taking into account that in

our case ¢(x) = x*~!,with u > 1, and therefore the linear integral operator V; (using the

same notation as in [90]) is defined by

tsH_l
V(f,u(t):f —u(s)ds;
o

hence the spectrum of this operator is

00(Ve) = {0} U {LH : A e C,Re(M) > 0},

A+
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which is used to obtain condition (2.25). m

Lemma 2.3.2 Let the conditions of Lemma 2.3.1 be satisfied and let x* be a solution of (2.1).
Moreover, let g € C™([0, T]) and k € C"(AT x R), for some natural m.

Then x* € C™([0, T)).

Proof. The result follows from Theorem 8.1 of [90]. m

The following result gives the existence and the uniqueness of a solution for the

nonlinear system (2.20).

Lemma 2.3.3 If Mu < 1, then the nonlinear system (2.20) has a unique solution u €

( b S (I Ty). Moreover the function u is bounded.
Proof. We will use the induction combined with the Banach fixed point theorem.

(i) On the interval oy = [to, t:1], the nonlinear system (2.20) becomes

m ¢ 1
M(tol]') = g(tO,]) + Z (f (’('C)‘l; k(to + C]h to + Clh M(toz))Al(T)dT)
= Wo o {6

We consider the operator W defined by

P:R" — R"
X = (xlz Ay xm) — \I/(X) = (\Pl(X), cees \Pm(x))/

such that for j = 1,...,m, we have

Wi(x) = g(to,;) + Z( " (@ )_1 k(to + cjh, to + cih, xl)/\l(T)dT)

Hence, for all x, y € R, we have

LT,
W (x) = W(y)li< THX = yll,
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Since % < 1, then by Banach fixed point theorem, the nonlinear system (2.20)

has a unique solution u on the interval oy.

Suppose that u exists and is unique on the intervals 0;,i = 0,..,n—1forn > 1, we
show now that u exists and is unique on the interval o,,.

On the interval o, the nonlinear system (2.20) becomes

U(ts) = Gty ) + Z ( fo ! Mk(tn +cjh by + clh,u(tnl))/\;(T)dT) (2.27)
=1

(n+cH

where,
n=1 m 1 (ipp)i-1

Gltas) = 9ltn) + %, X ( B 2kl + e +clh,u(til))/\l(’£)d7).
i=0 I=1

We consider the operator W defined by:

¥:R" — R"
X = (X1, e Xm) = W) = (W1(X), .., Win(%)),

such that for j = 1,...,m, we have

- I (n+ 1)t
\I’j(x) = G(tn,j) + Z ( ; ﬁk(tn + th, t, + cih, Xl)/\l(T)dT) .
=1

Hence, for all x, y € R™, we have
LT,
W (x) - P(yll< THX -yl

Since % < 1, then by Banach fixed point theorem, the nonlinear system (2.27)

has a unique solution u on the interval o,.

Corollary 2.3.1 Under the condition % < 1, the following conditions of Lemma 2.3.1 are
fulfilled:

1.

Equation (2.24) has a unique solution &* € R.
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2. Inequality (2.26) is satisfied, moreover % <1
Proof.

1. We consider the operator W defined by

Y:R— R

1
Er— WY(x) =k(0,0, E)ﬁ + g(0),
Hence, for all &1, & € R, we have
L
W(&1) — V(&) < ;|51 — &,

Since ﬁ < % < 1, then by Banach fixed point theorem, Equation (2.25) has a

unique solution &* € R.

2. We have,

|k(t, s, u)l < |k(t, s, u) = k(t,s,0)| + |k(t,s,0)l < L |ul +co,
——

:Cl

such that ¢y = max{|k(t, s, 0)|, (t,s) € [ X I}.

< w1,
L

Hence the inequality (2.26) is satisfied, moreover

=~

a
u

Remark 2.3.1 Under our assumptions and by Lemma 2.3.1, Lemma 2.3.2 and Corollary 2.3.1,
to prove the existence and uniqueness solution for equation (2.1), we need only to show the

condition (2.25).

The following result gives the convergence of the approximate solution u to the

exact solution x.
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Theorem 2.3.1 Let g,k be m times continuously differentiable on their respective domains. If

L 1

m 5 then the collocation solution u converges to the exact solution x, and the resulting

error function e := x — u satisfies:

llell < Ch™,

where C is a finite constant independent of h.

Proof. From (2.20) and (2.18), using (2.23), we obtain
le(ta))| < ah™ + —en L Z G+ 1" =i e (2.28)

where a is a positive number and e, = max{le(t,)I,[=1,..,.m},n=0,..,N - 1.

Then, from (2.28), e, satisfies forn =0,...,N — 1,

n—1
LT LT, ) .
e, <ah™+ —Ze, + —2 Z G+ D =i e,
H pntt i=
which implies that,
o n-1
e, < h" + i+ 1" —i")e;.
TE T er e Z(( )
‘ll i=
Let G = — er and G, = ﬁ Since er <1,thenC, < 1.
[vl
It follows that
n—1
e, <C hm+92((i+1)#—i“)e-
n = L1 . - i
1=l

Hence, for £ = max{e,,n =0, ...., N — 1}, we deduce that

ESCih™ + Cyé.

46



Nonlinear weakly singular Volterra integral equations

Since C, < 1, we obtain

G

ts1 oM

Which implies, from (2.13) and (2.19), that there exists C > 0 such that

W
Ry
j=1

G [l2c]| 7
<L+ P [ Ja -
L DGR - ]-:1( )

||x<m>| &

Thus, the proof is completed by setting C =T, 1C(1: + H(l —cj). m
j=1

The following result gives the convergence of the iterative solution u7 to the exact

solution x.

Theorem 2.3.2 Consider the iterative collocation solution u1,q > 1 defined by (2.21) and
(2.22). If % < E/ then for any initial condition u’(t, ;) € | (bounded interval), the iterative
collocation solution uf,q > 1 converges to the exact solution x. Moreover, the following error
estimate holds

lu? — x|| < dp? + Ch"

where d, C are finite constants independent of h and p < 1.

Proof. We define the error 7 and &7 by €7(t) = u(t) — x(t) and &7(t) = ui(t) — u(t), where
u is defined by lemma 2.3.3. It follows that

el =&"T+u—x. (2.29)
We have, from (2.20) and (2.22), foralln =0,..,N—-1and j=1,..,m
1)l < Z[(z F D - iEl+ =l (2.30)
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where &) = max{|&7(t,)

I/\
’S:‘h
MH

LT, o
[+ 1) —i]e] + =&
i

We consider the sequence 17 = max{&!,n =0, ..., N — 1} for g > 1.

Then, 1 satisfies,

n—1

LT LT
q m . o su q m q—l
n S_H”“ E [+ D) =i]n +_M n

u u
Hence,
< pn’,
LTy
where p = ———, since % < 1,thenp < 1.

I
Which implies, from (2.31), that for all g > 1, that
< <Pt < L < " < pIE°.

Since, u°(t,,;) € ], the function 1° is bounded.

Hence, there exists M > 0 such that
NEN = 11oe® = ull < Nl = xI| + |l — x|| < M.
From (2.32) and (2.33), we conclude that

19 < Ty < T'uM pf.
——
d

,=1...m}forn=0,..,N -1, it follows from (2.30) that,

(2.31)

(2.32)

(2.33)

On the other hand, from Theorem (2.3.1), we have |[u — x|| < Ch" and therefore by (2.29)
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we obtain
lle?|l < 1€ + |lu — xI| < dp? + Ch™.

Thus, the proof is completed. m

24 Numerical Examples

To illustrate the theoretical results obtained in the previous section, we present the
following examples with T = 1. All the exact solutions x are already known.
In all the examples, we have 4*(0,0) = 0, hence the condition (2.25) is satisfied.
In each example, we calculate the error between x and the iterative collocation solution

ulfor N =10,20and m =2,3,5att =0,0.1, ..., 1. In all the examples, we choose, g = 5,
j

0(f ) = : - P
u’(t,;) = 1, and we use the collocation parameters¢; = -5, j =1,...,m.
Since the condition % < 1 is essential to guarantee the convergence of the numerical

method, we checked that it is satisfied in all the numerical examples. Moreover, I'; = 3,

rg =7 and F5 = 31.
Example 2.4.1 Consider the following integral equation

x(t) = g(t) + f(; p(t,s)k(t,s, x(s))ds, t € [0, 1].

with k(t,s, z) = %, u = 2 and g(t) is chosen such that the exact solution of this equation
is x(t) = In(1 + t?). The absolute errors are presented in Table 2.1. The experimental orders of
convergence (EOC) by using the maximum error |lex|| = max{|x(t;) —u?(t;)|,i = 0, ..., N} given

22N
by the formula EOC = for N =5,10,15,20 and m = 1, 2,3, 4 are given in Table 2.3.

()
)

Example 2.4.2 Consider the following integral equation

x(t) = g(t) + j; p(t,s)k(t, s, x(s))ds, t € [0, 1].
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Table 2.1: Absolute errors for Example 2.4.1

N =10

N =10

N =10

N =20

N =20

N =20

m=2

m=23

m=>5

m=2

m=23

m=>5

221 %1073

6.98 x 107°

1.66 x 107°

5.55%x107*

438 %1077

3.56 x 107

0.1

210%x107°

241x10™

3.39x107°

5.33%x107*

2.65 % 107°

247 x 1071

0.2

1.89 x 1072

3.70 X 10™

5.27 x107°

483 x107*

438 x10°°

9.09 x 10~

0.3

1.60 x 1072

440x10™

5.01 x107°

413x10™*

5.39 x10°°

244 x107

0.4

1.28x107°

453 x 107

3.02x107°

3.33x107*

5.69 X 107°

2x1071°

0.5

9.65x 1074

4.25x 107

2.23x 1078

2.54 x 107*

5.41x107°

6.6 x10~°

0.6

6.79 x 107

3.71x 107

9.3x107°

1.81 x107*

4.78 x 107°

23x 107

0.7

436x107*

3.07 x 10

45%x107°

1.18 x 107*

3.99 x10°°

6 x 10710

0.8

2.38%x107*

244 x10™

2.6 x107°

6.69 X 10~

3.19x10°°

3.20x 107

0.9

8.37 x10™

1.87 x 107

2.3%x107

2.66 X107

246 x10°°

250 %107

4.06 x 10

1.74x 107

1.77 x 1077

5.13%x107°

2.05%107°

242 %1078

with k(t,s,z) =
is x(t) = 5
convergence (EOC) by using the maximum error |lex|| = max{|x(t;) — u?(t;)|,i = 0, ..., N} given

by the formula EOC = for N =5,10,15,20 and m = 1, 2,3, 4 are given in Table 2.3.

_1
B+1)°

ts
00+ M

2N
)

In(2)

Table 2.2: Absolute errors for Example 2.4.2

= 2 and g(t) is chosen so that the exact solution of this equation

The absolute errors are presented in Table 2.2. The experimental orders of

N =10

N =10

N =10

N =20

N =20

N =20

m=2

m=3

m=>5

m=2

m=23

m=>5

444 x10™

1.87 x 107

5.30 x 107

5.55x107°

2.34%x10°°

3.10x 107

0.1

1.75x 10™*

1.77 x 107

2.39%x107°

3.85x 107

226x10°°

1.60 x 1077

0.2

291x 10

1.39 x 107

3.29x 1078

6.86 X 10>

1.87 x107°

1.70 x 1077

0.3

3.68 x107*

6.42 x 107°

222x107°

8.99 x 10~

1.01 x10°°

5.00 x 10710

0.4

3.81 x10™*

3.66 x 107°

5.70 x 107~

9.62x 107°

2.13x 1077

9.00 x 10710

0.5

3.23x10™*

1.30 x 107

3.50x107®

8.45x 107>

1.44 x10°°

1.00 x 1077

0.6

2.10 x 107*

1.84 x 107

4.57 x 1078

5.79 x 10>

2.23x107°

5.00 x 10710

0.7

7.62x107

1.84x 107

3.15%x107°

246 x107°

2.36 x107°

9.00 x 1071

0.8

441x10™

1.45x 107

1.31x107®

6.59 x 107°

1.94 x10°°

220%x 107

0.9

1.30 x 107*

9.14x107°

290 x 1077

297 x107°

1.27 x10°°

3.00 x 10710

1.50 x 10~*

7.79 x 107°

1.52x 1078

3.97 x107°

8.50 x 10~

7.00 x 107~
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Table 2.3: Experimental ordres of convergence (EOC) of Examples 2.4.1-2.4.2

N | m=1\m=2|m=3|m=4 N | m=1\m=2|m=3|m=4

5 5

10 | 0.99 1.98 2.97 3.92 10 | 0.98 1.94 3.01 4.05

15 | 0.99 1.98 2.98 3.93 15 | 0.99 1.96 2.99 3.92

20 | 0.99 1.98 2.98 3.95 20 | 0.99 1.96 2.99 3.94
EOC of Example2.4.1 EOC of Example2.4.2

Example 2.4.3 Consider the following integral equation

x(t) = g(t) + fo p(t,s)k(t,s, x(s))ds, t € [0, 1].

t cos(s+z)

with k(t, s, z) = =

p = 1.03 and g(t) is chosen such that the exact solution of this equation

is x(t) = % The absolute errors are presented in Table 2.4.

Table 2.4: Absolute errors for Example 2.4.3

N =10 N =10 N =10 N =20 N =20 N =20
t m=2 m=23 m=>5 m=2 m=23 m=>5
0 335%x1077 | 1.81x10°1Y | 7x 10712 420%x 1078 | 7x 1072 2.00 x 1072
0.1]833x1077 | 540x 1071 | 4 x 10~ 1.67x1077 | 2x 10711 3.00 x 10711
02]132x107°[930%x1071° |1.7x1071 [ 2.89%x107 | 4x10°" 2.3x1071°
03]1.79%x107° | 1.28 x 10~ | 7.00 x 107! || 4.08 x 1077 | 5x 101 1.3 x 10710
04]223x107°[159%x107° [24x1071° [[522x107 | 6x107 1 1.3 x 10710
05]265x107°[190x10~° |13x107 1 6.30x 1077 | 8 x 1071 3x 1071
0.6 |3.04x107° [ 221 x10~7 |3x1071 729%x 1077 | 2x 10710 2x 1071
0.7 1 3.39%107° [ 2.39x 10~ | 6x 10~ 819x107 | 1.1x1071% |3.00x 101
0.8]3.69%x107° | 265%x10~° |14x107" 8.99x 1077 | 1.00 x 10710 | 3.00 x 10~
09 [395x107°|288%x10° |8x10~ 9.68x1077 | 1.2x10710 | 8x107 1
1 385x107°[290x1077 [1.99%x10® [[9.85x107 | 2x 10710 5.12 x 107
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CONCLUSION

In this dissertation, we have used an iterative collocation method based on the La-
grange polynomials for solving a class of weakly singular Volterra integral equation
in the spline space S;! | (I, TIy). The main advantages of this direct iterative collocation

method are:

1. The approximate solution is given by using explicit formulas.
2. This method has a convergence order.

3. There is no algebraic system needed to be solved, which makes the proposed

algorithm very effective and easy to implement.

The numerical examples confirm that the method is convergent with a good accu-

racy.
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