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ABSTRACT

This thesis aims to present a straightforward, convergent, and readily applicable
numerical method for computing approximate solutions to linear two-dimensional
first-order and second-order partial VVolterra integro-differential equations, along
with a class of high-order linear and non-linear partial Volterra integro-
differential equations in two dimensions. We construct algorithms based on
Taylor polynomials of two variables to address these equations numerically, and
a rigorous convergence analysis with error estimates are discussed in details to
validate the convergence of the approximate solution to the exact solution. The
theoretical findings are reinforced with several numerical examples to test the
efficiency of the proposed scheme and to confirm the reliability of the
convergence analysis of the proposed convergent algorithms.

Key words: Volterra integro-differential equation, Linear partial Volterra
integro-differential equation, Two-dimensional equations, Collocation method,
Taylor polynomials, Convergence analysis, Error estimation.



RESUME

L'objectif de cette these est de proposer et appliquer une méthode numérique
directe, convergente et facilement applicable pour calculer les solutions
approchées des équations intégro-differentielles partielles linéaires de Volterra du
premier et du second ordre en deux dimensions, ainsi qu'une classe d'équations
intégro-différentielles partielles de Volterra linéaires et non linéaires d'ordre
superieur en deux dimensions. Nous construisons des algorithmes basés sur les
polyndbmes de Taylor en deux dimensions pour aborder ces équations
numériguement, et une analyse de convergence rigoureuse ainsi que des
estimations d'erreur sont discutées en deétail. Pour valider la convergence de la
solution approximative a la solution exacte, les résultats theoriques sont renforces
par plusieurs exemples numériques pour confirmer I'efficacité du schémas
Proposes.

Mots-clés : Equation intégro-différentielle de Volterra, Equation intégro-
différentielle partielle linéaire de Volterra, Equations & deux dimensions, Méthode
de collocation, Polynbmes de Taylor, Analyse de convergence, Estimation
d'erreur.
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Introduction

The concept of integral equations (IEs) arose from the mathematical modelling of various real-
life problems in physics and biology. Consequently, it stands as a vital tool in mathematical
physics, astrophysics, and notably in applied mathematics. Integral equations play a significant
role in addressing a variety of problems within the theory of differential equations, they also
intersect with orthogonal systems theory and spectral theory. Furthermore, integral equations
maintain close connections with functional analysis, a fundamental field in mathematics.
Integral equations highlights a profound and extensive history tracing back to the early de-
velopments of calculus and mathematical analysis, emerging as a natural extension of differential
equations. The groundwork for integral equations was laid by mathematicians such as John Wallis
(1616-1703) and James Gregory (1638-1675) in the 17¢" century who explored problems involving

8" century, Leonhard Euler (1707-1783) introduced integral equa-

continuous quantities. In the 1
tions of the first kind, while Daniel Bernoulli (1700-1782) encountered them during his study on
the oscillation of a stretched string. Mathematicians like Joseph Fourier (1768-1830) and Joseph
Liouville (1809-1882) further advanced the theory through their work on solving differential equa-
tions and modelling various physical phenomena such as the heat equation in 1822. One of the
earliest documented integral equations in mathematical literature dates back to Abel’s problem
in mechanics which involved finding the trajectory along which a material point should slide to
make the time of descent an initially given function of the altitude in 1826 |1, 2].

The development of integral equations truly began towards the latter part of the 19*" century,
largely attributed to the works of Italian mathematician Vito Volterra (1860-1940), and notably
to Swedish mathematician Ivar Fredholm (1866-1927). Fredholm’s seminal work [3], published in
1900, introduced a ground-breaking method for solving the Dirichlet problem. In 1902, his sub-
sequent contributions [4]| introduced the concept of compact operators. These concepts laid the
foundation for Fredholm integral equations (FIEs) and established conditions for their solvability.
Since then, integral equations have been the subject of continuous research by numerous mathe-
maticians up to the present moment. Pioneers in this field include Henri Poincaré (1854-1912),
Maurice Fréchet (1878-1973), David Hilbert (1862-1943), Godfrey Harold Hardy (1877-1947),
Frigyes Riesz (1880-1956) and Erhard Schmidt (1876-1959), who contributed significantly to this
evolving area of study.

However, in the realm of mathematical modelling, understanding complex dynamics often
requires more than just integral or differential equations alone. A new class, integrating both
differential and integral aspects, has emerged as a powerful tool to provide a more comprehensive
framework to describe processes where both rates of change (described by differential equations)
and accumulated quantities (described by integral equations) are important. These equations,

known as integro-differential equations (IDEs), have extensive applications across physics, biol-
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ogy, chemistry, and engineering [5-9]. The comprehension and resolution of IDEs are pivotal in
driving progress in these scientific fields, fostering the advancement of sophisticated mathematical
methodologies. J. Fourier and Pierre-Simon Laplace (1749-1827) were among the pioneers who
initially investigated their fundamental properties in the 20" century. Through their integral
transforms, these equations can be converted from integro-differential forms into simpler algebraic
equations, thereby facilitating their analysis and resolution. Mathematicians such as Oliver Heavi-
side (1850-1925) and Jan Mikusinski (1913-1987) significantly contributed to operational calculus,
offering a systematic approach to address complex integro-differential equations.

The rising necessity to depict more complex phenomena characterized by spatial variations
(illustrated by partial derivatives) and interactions with past states (expressed through integral
terms) underscores the development of partial integro-differential equations (PIDEs). Throughout
the years, the advancement of PIDEs has positioned it as a pivotal area of research in applied
mathematics and engineering. It has yielded significant contributions across diverse domains in-
cluding stochastic processes and probability theory, control theory and optimization, and has
influenced the approach to modelling biological processes with memory effects such as financial
mathematics [10, 11], fluid dynamics [12], population dynamics [13,14], and disease spread [15].
Additionally, in physics, they are instrumental in describing phenomena involving non-local inter-
actions and memory effects, such as anomalous diffusion and viscoelastic materials [16].

The wide-ranging applications of Volterra integro-differential equations (VIDEs) and partial
Volterra integro-differential equations (PVIDESs) has spurred researchers to devise advanced and
efficient solution methods for this category of equations. Finding their analytical solutions has
proven challenging for the majority as exact solutions are often unattainable. Therefore, with
the emergence of computers in the mid-20*" century, numerical methods and computational tech-
niques became essential for resolving them. Numerous studies have focused on numerical solutions
for VIDEs, as exemplified by works such as [17-21]. However, research on numerical solutions
for PVIDEs still remains limited [22-26], especially for multidimensional partial Volterra integro-
differential equations (2D-PVIDEs), which have recently garnered increasing interest in their
numerical solutions [27-31]|. Zheng et al. presented a Legendre spectral method for solving multi-
dimensional PVIDEs in their work [28]. Aziz et al. [29] introduced a collocation technique utilizing
the Haar wavelet approach to obtain numerical solutions for diffusion and reaction-diffusion 2D-
PVIDES. Similarly, Kumar and Vijesh [30] employed Haar wavelets to tackle nonlinear PVIDEs.
In a separate study [31], Wang et al. utilized two-dimensional Bernoulli polynomials to address a
subset of 2D-PVIDESs with fractional order.

The aim of this thesis is to develop direct collocation approaches using two-dimensional Taylor
polynomials to obtain approximate solutions for a range of 2D-PVIDEs of first, second, and higher
order, each with its own set of initial conditions. These approaches revolve around the concept
of approximating the exact solution of a given PVIDE within a bounded domain using elements
from the designated collocation space, i.e. the piecewise polynomial space. This approximation
that conforms to the equation and the initial conditions on collocation points is referred to as the
collocation solution.

Methods based on Taylor analysis have been integrated into approximation theory, facilitating
the discovery of numerical solutions for various equations [32—-35]. For example, Darania et al. [34]

applied a differential transform method utilizing Taylor series expansion to solve two-dimensional

4
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nonlinear VIDEs. Similarly, Gurbuz and Sezer [35] utilized a matrix collocation technique incorpo-
rating Laguerre and Taylor polynomials to address specific nonlinear PVIDEs. In this thesis, our
focus is on the Taylor piecewise collocation method utilizing Taylor polynomials. This proposed
method offers an approximate solution through explicit formulas, providing several advantages
such as the high accuracy and high convergence rate. The lack of need to solve any algebraic
systems makes the process of finding numerical solutions to such problems using the Taylor col-
location method easy and does not cost much computation. Therefore, in recent years, there
has been significant attention on utilizing the Taylor collocation method to numerically solve
various types of differential, integral, and integro-differential equations, including the complex
differential equations for a rectangular domain [36], Bagley-Torvik equation [37], high-order linear
differential-difference [38], Volterra-Fredholm integral [39], IDEs [40,41], systems of IDEs [42, 43]
and others [44,45]. Moreover, Laib et al. [16] have recently investigated two-dimensional Volterra
integral equations. In this pursuit, we extend the Taylor collocation method previously intro-
duced for one-dimensional VIDEs in [41], and for two-dimensional VIEs in [46] to tackle a variety

of 2D-PVIDEs.

This thesis is organized into four carefully structured chapters, outlined as follows:

Chapter 1: we provide general concepts, definitions, and auxiliary facts related to VIDEs
and PVIDEs, laying the groundwork for subsequent chapters. This chapter covers topics such
as the classification of integral and integro-differential equations, accompanied by real-life exam-
ples illustrating their application. Additionally, we explore the significant relation between these
equations and differential equations, focusing on the conversion between the two. We also include
a brief review of spline collocation methods and some discrete and integral inequalities that are
necessary for later use.

Chapter 2: we expand the Taylor collocation method to two dimensions to explore a col-
location solution within the piecewise polynomial spline space Sz():?pfl for first-order linear 2D-
PVIDEs. We validate the convergence of the approximate solution to the exact solution, with an
order of convergence equal to p. Furthermore, we reinforce our theoretical findings with numerous
numerical examples.

Chapter 3: we introduce a novel direct numerical approach designed to solve second-order
linear 2D-PVIDEs within the same piecewise polynomial spline space S]gj?p_l using Taylor poly-
nomials in two dimensions. Our thorough analysis confirms the convergence of this algorithm,
and we offer numerical results to validate the effectiveness of our proposed approach.

Chapter 4: we build upon the fundamental concepts established in the previous chapters
and extend their application to a class of high order 2D-PVIDEs. Employing Taylor polynomials
in two dimensions, we create a collocation solution within the piecewise polynomial spline space
S;j?p_l. Furthermore, we conduct an error analysis that demonstrates the convergence of the
approximate solution and its derivatives. The inclusion of numerical examples serves to validate

the theoretical results.

Ultimately, in Conclusion and perspectives we encapsulate the contributions made within
this thesis and propose new avenues for future research, along with suggestions for improvements

and perspectives in the field.



Chapter

Preliminary and auxiliary results

This chapter serves as an initial exploration within the framework of our thesis investigations.
The focus here lies on the classifications of integral equations and their connections with differ-
ential equations. Additionally, we delve into the examination of collocation methods employed
in handling integro-differential equations with a particular attention on the Taylor collocation
method. Furthermore, we present specific discrete and integral inequalities that will prove essen-
tial in our theoretical analysis of the approaches we propose. To begin our exploration, let us
address the main question: what is an integral equation 7

An integral equation is an equation in which the unknown function of one or more variables,
denoted as u(x), is situated beneath the integral sign as follows:

b(z)
alz)pu(z) = h(z) + H(z,t, pu(t))dt, (1.1)

a(z)
where a(x) and h(z) represent known functions, and H(z,t, u(t)) serves as the kernel of the in-
tegral equation over the interval [a,b]. Additionally, a(xz) and b(z) denote the integration limits,

and they may be either variables, constants, or a combination of both.

This general definition encompasses various specific forms that emerge from modeling diverse
problems in physics and biology. In our subsequent exploration, we will concentrate on the linear
case of equation (1.1), where the kernel H(z, ¢, u(t)) fulfills

H(w,t,p(t)) = H(z,t)u(t).

1.1 Classification of integral equations

Integral equations can be classified according to three main characteristics: integration bounds,
the kind of the equation determined by the location of the unknown function, and the singularity
adjective used in cases where one or both integration bounds are infinite, or when the equation’s

kernel is unbounded.
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1.1.1 Fredholm integral equations

A linear Fredholm integral equation takes the following form:

b
(@) p(z) = h(z) + / H(x, ()t (12)

where the integration bounds a and b are fixed, with /(z) representing a predefined function
at each point x within the bounded interval [a,b]. The function H(x,t) is also predefined and
applicable to every pair of points x and t within the same interval.

Equation (1.2) with a(z) # 0 represents a FIE of the second kind. In contrast, a FIE of the first
kind take the form:

b
—h(z) = / H(a, tyu(t)dt,

where the unknown function p(z) appears solely under the integral sign (a(x) = 0).

Fredholm integral equation (1.2) is labeled singular, as previously mentioned, if its integration
domain is unbounded or if its kernel is unbounded. In the latter case, the kernel can be represented
as:

H(z,t) = B(z,t)K(x,t),

with [3(z,t) represents the singular component specifically chosen such that K(x,t) remains
bounded. Nevertheless, Equation (1.2) can be expressed as a weakly singular FIE if the inte-
gral of the square of the kernel’s modulus exists, even if the kernel itself is unbounded. Such

equations can be represented in the following form:

b K(z,t)
|z =t

(o) = ho) + [ (),

where K is a predefined bounded function of two variables within the interval [a, b] and 0 < w < 1.
All the concepts discussed earlier concerning Fredholm integral equations can be extended to

multidimensional contexts by considering the integration domain [a, b] as A, i.e.,

a(o)ula) = hia) + [ Hi.Ou)at

where A can adopt the structure of a multidimensional domain or a combination of multiple non-
overlapping multidimensional domains. For a more in-depth discussion and analysis of FIEs refer
to ref. [2].

1.1.2 Volterra integral equations

A linear Volterra integral equation (VIE) takes the following form:

oa(2)p(z) = hlz) + / " H(w, t)u(t)dt, a <z <b (1.3)

where at least one of the integration limits x is a variable. Here, the functions h(x) and the kernel
H(x,t) are both predefined within the interval [a, b].

7
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Likewise, Equation (1.3) with a(x) # 0 characterizes a VIE of the second kind. Moreover, a
fundamentally distinct category of equations arises when a(x) = 0, leading to the VIE of the first
kind: .

_h(z) = /0 H(z, )p(t)dt.

Volterra integral equation (1.3) is also labeled singular if its kernel H (z,t) is unbounded, while
it is termed weakly singular if its integrands are unbounded yet integrable. One of the earliest
integral equations studied, serving as a notable example of a Volterra singular integral equation
of the first kind, is Abel’s equation

Top(t)ydt . "
/O(QC_t)w—h( ), 0<w<l.

This equation models the problem of determining the trajectory along which a material point

should slide to ensure that the time of descent becomes a specified function of the initial altitude.

For a comprehensive understanding of this equation and its solution, refer to [2].
Remark 1.

e The classical Fredholm theory is applicable to Volterra equations as they can be viewed as
a particular case of Fredholm equations. However, this application diminishes some of its
efficacy, as direct study of Volterra equations often yields numerous outcomes that cannot be

derived through Fredholm Theory alone.

e In academic literature, Equation (1.3) is categorized as a third-kind Volterra integral equation

if forw € [0,1), 8> 0, w+ S >1, it is represented in the following format:

r 1

2P u(x) = 2P h(x) +/ WH(x,t)u(t)dt, x € [a, b, (1.4)
a T —

where h(z) and H(x,t) = t“TP=1H(2,t) are known continuous functions on [a,b] and

A = {(z,t)la < t < x < b} respectively. The distinctive feature of third-kind Volterra

integral equations lies in the coefficient a(x) = x on the left-hand side of the equation. For

further information on these equations refer to refs. [7-/9].

Based on the aforementioned exploration, a fundamental differentiation between these two
integral equations categories is established: in the Fredholm integral equation the integration
bounds are constant, whereas in the Volterra integral equation one of them is a variable. However,

there are scenarios where mixed equations occur, blending characteristics of both types.
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Fredholm-Volterra integral equations

Fredholm-Volterra integral equations arise from boundary value problems and are employed
in mathematical models that depict the spatio-temporal evolution of epidemics. They are also
used in the study of predator-prey interactions within population dynamics, where population
growth rates are shaped by a combination of fixed and variable factors. Additionally, these mixed
integral equations have applications in diverse fields including physical, economic, and biological

models [50].

Fredholm-Volterra integral equations can be encountered in one of two forms: either as separate

Fredholm and Volterra integral equations

b T
u(m):h(x)—i—/ Hl(m,t),u(t)dt—F/ Hy(z,t)p(t)dt,

or as mixed Fredholm-Volterra integral equations

b rx
pu(x,y) = h(z,y) +/ / H(z,y,t,s)u(t,s)dtds.

Here h(z), h(z,y), Hi(x,t), Ha(z,t) and H(z,y,t,s) are known and well-defined analytic functions
of one or multiple variables within their respective domains. Furthermore, the unknown functions
p(x) and p(x,y) appear both inside and outside the integral signs. This characteristic feature
identifies the equation as a second-kind integral equation. In contrast, if the unknown functions

only appear inside the integral signs, the resulting equations are of first kind.

Systems of integral equations

More generally, the above mentioned integral equations can be extended to systems of integral
equations by considering p(z), H(z,t), and h(x) as vector-valued functions. Using equation (1.3)

with a(z) = 1 as a model, this extension results in the following linear system of the second kind:

u(z) = h(z) + / " H(wpt)dt, 1z > a,

where
h(z) = (hi(x), ha(x), ...l (2), hn(2))T,
px) = (pa (), po(@), opin-1(), pa ()7,
and
Hy (¢
i = |
Hn(.x,t)

With this notation, the steps involved in proving results for systems are often formally the same

as those for single equations.
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1.1.3 Integro-differential equations

Integro-differential equations are equations in which the unknown function’s derivatives are
involved alongside the integral terms, often accompanied by associated initial or boundary condi-

tions. A VIDE of first-order can be expressed as:
(a) = hia) + [ HizOu(ot, o € [ab), (1.5)

subject to initial condition p(a) = f. Furthermore, a second-order VIDE can be represented as:

(&) = o) + ()i o) + anlalu(o) + [ o0yt + [ oo ()

xX
+ [ e b
a
for all x € [a, b], subject to initial conditions

wa) = B, p'(a)=po.

In a broader context, the Volterra integro-differential equation is expressed as
W) = hw) + [ Ho Ot o € fa.b]

where p(™ indicates the nth derivative of u(z) subject to n initial conditions. Other derivatives

of less order may appear at the left side.

The combination of derivatives and integrals allows for a profusion of various forms. However,
due to the absence of a widely adopted classification convention, reducing IDEs to systems of
integral equations becomes a valuable approach for their analysis. For certain cases of linear
VIDEs, the reduction can be made directly through integration. For example, consider the linear
VIDE:

() =hla) + [ HizOu(ti,
0
with ¢(0) = po. Through direct integration, we obtain
uw) =)+ [ [ O,
0 0

where ®(2) = o + [y h(2)dz. Thus the obtained equation is a VIE of the second kind.
By employing an alternative approach, the conversion of VIDEs into systems of VIEs can be
achieved through the introduction of a new function that eliminates the need for derivative terms

in the equation. For instance, consider the following non-linear VIDE:

(@) = i) + [ o)

with ©(0) = po.

10
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Introducing the new function u/(z) = w(z) results in:

w(x) = h(x) + [ H(x,t,pu(t))dt,
M(x):M0+f0w

Thus, the non-linear VIDE converts into a system of second-kind VIEs.
Similar reasoning can be employed to reduce integro-differential equations of higher order into

integral equations.

1.1.4 Partial integro-differential equations

When the variable x is of multiple dimensions, the integro-differential equation is referred to
as a partial integro-differential equation. For instance, the linear PVIDE of the first order in a

two-dimensional space can be expressed as follows:

ou(z,y)

e = h(z,y) / / H(z,y,t,s)u(t, s)dtds, (x,y) € [0,a1] x [0, as], (1.6)

subject to inital condition p(0,y) = po(y). Likewise, a second-order general linear PVIDE with

two independent variables is of form

Z am-(x,y)w Mz, y —i—)\/ / H(x,y,t,s)u(t, s)dsdt, (1.7)

oxtoy?
0<i+5<2 Yy

subject to appropriate initial conditions.

Partial integro-differential equations (PIDEs) encompass various types, including elliptic, hy-
perbolic, and parabolic equations in one or multiple dimensions. Consequently, solving PIDEs
poses significant challenges both analytically and numerically. In Chapter 2 of our thesis, we will
utilize a novel numerical algorithm to solve the two-dimensional linear PVIDE (1.6) of first-order.
Furthermore, in Chapter 3, we will tackle a similar second-order linear 2D-PVIDE analogous to
Equation (1.7).

Before delving deeply into the study of VIDEs and PVIDEs, it’s valuable to briefly explore
some real-world scenarios where these equations are encountered. The examples provided offer a

glimpse into a variety of intricate and complex history-dependent models.

1.2 Applications of Volterra integro-differential equations in real-
life scenarios

VIEs, VIDEs and PVIDEs naturally emerge in specific varieties of time-dependent issues where

the behavior at a particular time ¢ is influenced by both its present and past conditions, in situ-

ations where understanding the present state alone is insufficient and it is crucial to comprehend

how the state was reached in order to predict future outcomes.

11



Chapter 1. Preliminary and auxiliary results

Example 1.1 (The renewal equation).
In the realm of probability theory and stochastic processes, the study of processes involving repeated

events is facilitated through the use of the renewal equation given by

W0 = o)+ [ W )ole — )i,

which is a VIE of the second kind.

To illustrate its derivation, consider a scenario where a component within a machine is sus-
ceptible to failure over time. The failure time of the component is denoted by a probability density
variable p(t). Over short time intervals, the probability of a new component failing at time ty is

p(t — t1)At. If each component ultimately fails, then

oo
/ p(t— t)dt = 1.
t1

Now, envision a situation where a failing component is promptly replaced by a new one. This
process repeats cyclically as the new component itself will be replaced upon its failure. In this con-
text, h(t) represents the renewal density signifying the probability of needing a replacement at time
t. The probability of requiring a replacement is composed of two elements: firstly, the likelihood
of the initial failure within a brief time interval, and secondly the probability of a replacement
occurring at time t1 accompanied by another failure after a subsequent time to = t — t1. These

probabilities combined form the renewal equation.

Example 1.2 (Population dynamics).

In the realm of the study of population dynamics lies a fundamental equation that may be expressed

as
INW — aN(t), t >0, L9
N(0) = Ny,

where N (t) represents the count of individuals within a population that are alive at a given time
t, and the constant o represents the growth factor.

Equation (1.8) posits that the rate of population change is solely contingent on the number
of individuals alive at a given time t, However this assumption proves unrealistic in many real-
world scenarios. External factors like the depletion of food resources can significantly impact
the population’s environment. Consequently, the growth factor a might vary, influenced by these
changing environmental conditions, which in turn are shaped by the population’s past history.
To accommodate this complexity, a variable growth factor is introduced incorporating a history-

dependent term. For instance:

a@:%—AHW%W@%

Taking this variable growth factor into account, coupled with the competition among individuals

within the population, Equation (1.8) transforms into the VIDE

AN (t)

TIN@) [OéoalN(t)/O H(t—&N(&)dE| -

12



Chapter 1. Preliminary and auxiliary results

Example 1.3 (The Compression of Poro-Viseoelastic Media ).

Predictions regarding the compression progress of a water-saturated porous medium rely on the
theory of consolidation, which posits that the porous mass behaves as a two-phase continuum. In
this continuum, the fluid phase is considered incompressible, while the porous matriz follows a

linear, time-dependent volumetric deformation relationship

e=my(t)o .

In this context, e represents the dilatation of the porous matriz, m, denotes the compressibility of
the matriz, and o signifies the effective stress. The general linear relationship between dilatation
and effective stress over time is represented by a model consisting of an infinite number of Kelvin

units, all interconnected in series, as

M t )\
e=aoc —l—;)\k/o o exp [—bk(t—T)] dr,

where a denotes the instantaneous elastic compressibility, by represents the retarded elastic com-
pressibility, A\ symbolizes the fluidity of the soil skeleton, and M stands for the number of Kelvin

viscoelastic elements in the system. The corresponding governing differential equation is:

9%’
k(‘?z Z/\ka—zbk/aexp[ t—T):|d7'.

This, combined with the appropriate boundary and initial conditions, constitutes a comprehensive
mathematical formulation of the one-dimensional partial integro-differential equation of secondary
consolidation in a compressible porous medium. For a better understanding of this modeling ap-

proach, please refer to references [51] and [52].

Example 1.4 (Problems in heat conduction and diffusion).
Consider a situation found in nuclear reactor dynamics where the intricate interplay between the

reactor temperature, indicated as T (y,t), and the generated power u(t) can be described by a system

of PIDEs:

V) — [ o(y)T(y, t)dy,

(1.9)
gpld = SZ4D +n(y)u(t), o0 <y < o0,t >0,

subject to the following conditions

w(0) =0, T(y,0)= fo(y),

0

Here, the first equation represents power production in terms of temperature while the second is
essentially a diffusion equation enriched with a source term originating from the reactor’s generated

power.

Additional examples can be found in refs. [7,9,53].

13



Chapter 1. Preliminary and auxiliary results

Differential and integral equations are universally recognized as foundational concepts in math-
ematics, serving as the catalyst for numerous theoretical breakthroughs in analysis. Their broad
applications across various contexts in the natural and social sciences formed a seamless connection

between them, a topic we will delve into further in our next sections.

1.3 The connection between integral equations and differential

equations

Our primary focus is on the convertion between differential equations and integral equations.
However, in the course of this process, there may arises a need to differentiate integrals with

varying limits of integration. In such cases, we depend on the following rule

Theorem 1.1. [5/,55/(Leibniz integral rule)

Consider a continuous function ¥ (x,y) with the assume that its partial derivative %} 8 con-

tinuous within the domain [a1,b1] X [ag, ba]. Let
b(z)
U(x) = U(,t)dt,
a(x)

where the limits of integration a(x) and b(x) are defined functions having continuous derivatives

for a1 < x < by. Hence, differentiation of the integral yields its derivative as follows:

, / b(®) b (
V(2) = bl W) (2) ~ V(e ale))a (o) + [ @ o

When a(x) = a and b(x) = b are constant values, the Leibniz rule simplifies to

oy [ 0%, t)
‘Il(a:)—/a Tdt.

We may also require the following lemma.

Lemma 1.1. [5/] For any function V(zx)

/ / W (t)dtd> _/ (z — D U(t)dt.
In general, we have:

T 1 Tp—1 1 T
— — ) (D)
/a /a /a U (zy)dxpde,_1...dx; (n—l)!/a (x — 1) U (zy)dz.

1.3.1 Relationship between integral equations and ordinary differential equa-

tions

The analysis of differential equations relies significantly on the use of integral equations. A

fundamental observation is that any differential equation can be transformed into an integral

14



Chapter 1. Preliminary and auxiliary results

equation (and vice versa). In fact, Fredholm and Volterra integral equations exhibit a parallel dis-
tinction to the differentiation between boundary and initial value problems in ordinary differential

equations (ODEs), which often serves as the initial step in exploring their solutions.

Initial value problems

The conversion of initial value problems (IVPs) leads to Volterra integral equations, making
this type of integral equations an extension of initial value problems. This feature simplifies the
process of finding solutions for IVPs related to ODEs of any order. For instance, consider the
linear ODE of the nth order:

d" ()
dx™

d" ()
dxnfl

+- 4 an,l(x)M + ap(z)u(x) = h(zx), (1.10)

o (@) dx

where aq(z), a2(x), ..., an(z) and hA(z) are functions defined and continuous within the closed
interval [a,b]. We are interested in finding a solution p(z) of Equation (1.10) that satisfies the

predetermined initial conditions at a specific point z¢ within the same interval [a, b]

p(zo) = o, f'(z0) =p1, -+, p"V(x0) = Bao1. (1.11)
Considering the function w(x) = dT;’; be) and the initial conditions, we obtain:
GO
Tdpnl /xo w(t)dt + Br—1,
m - /x@: W (Bt + B (2 — 20) + Bz,

ﬁn—l

(= 2)!(1»' —@0)" 7+ -+ ol — mo) + B,

w(t)dt +

du(z) (7 (=)

- (n—2)!

0

T (o — n—1 _
) = [ et e Pt e—an et e = a0) +

Hence, if p(z) fulfills Equation (1.10) with the initial conditions (1.11), then w(z) satisfies the
resulting VIE

(v —t)n2 (x —t)" 1
(n—2)! (n—1)!

+ai(z)Bn1 + az2(2)[Bn-1(x — w0) + Bn2] + - (1.12)

+ ap(2) [(nﬁii)'(x —20)" L4 4 Bi(x — x0) + Bo| = A(z).

Conversely, if w(z) satisfies the integral equation (1.12), then u(x) defined by

w(z)+ /x [al(x) +a(@)(z—t)+ -+ ap_1(z)

0

+ ap(x)

T — n—1 o _ 7
e = [ B o+ P i) Ay (19
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fulfills Equation (1.10) along with initial conditions (1.11).

Boundary value problems

Converting boundary value problems (BVPs) often results in Fredholm integral equations,
which simplifies the process of finding solutions for an nth-order ODE within a specific interval.
At the boundaries of this interval, the solution and its derivatives up to order n — 1 are specified
at certain values or satisfy given relations. For example, consider the following boundary value

problem in the theory of deformation of an elastic rod supported at two points

d?p(x
;(2) = a1(z)u(z) + az(), (1.14)
T
subject to boundary conditions:

where the functions aq(z) and ag(z) are continuous and predefined within the interval [a,b].

Equation (1.14) admits a general solution in the form of:

//041 dtdz—i—/ / as(t)dtdz + frx + B

—/ (x —t)aq (t)p ()dt—i—/x(x—t)ag(t)dt—l—ﬁlx—l—ﬁg,

where 81 and (s represent arbitrary constants. By selecting these constants in a manner that

fulfills the boundary conditions (1.15), the solution to Equation (1.14) is derived as follows:

/ G(z,t)ay(t dt+/ G(z,t)as(t)dt. (1.16)

G(z,t) is known as the Green’s function and defined by

(z—a)(t—b)

_ b—a
G(z,1) = (w—b)(t—a)

b—a ’

, when z <'t,

when T > t.

Therefore, we can deduce that u(z), the solution to Equation (1.14) with boundary conditions
(1.15), fulfills the Equation (1.16) and vice versa. Hence, the problem’s solution is equivalent to
solving the FIE of the second kind (1.16).

1.3.2 Relationship between integro-differential equations and partial differen-
tial equations

The relationship between integral equations and ordinary differential equations extends far
beyond into addressing fundamental challenges in partial differential equations (PDEs) and pro-
viding significant practical benefits. Notably, this connection simplifies numerical computations
by reducing the dimensionality of specific partial differential equations and enables the solution

of various problems. Usually, problems linked to elliptic equations lead to FIEs, while those asso-
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ciated with parabolic and hyperbolic equations yield VIEs.

Here, we will delve deeply into these advantages, examining the relationship between IDEs and
PDEs step by step. We will begin by exploring the connection IEs and IDEs have with PDEs of
the hyperbolic type, followed by the parabolic type, and finally, the elliptic type. Throughout our
study, our focus will primarily be on understanding the association between Volterra-type integro-
differential equations and these differential equations, rather than the Fredholm-type. For a more
comprehensive understanding, readers are encouraged to refer to refs. [2,53,56] for additional
details.

Applications to hyperbolic type

Considering the hyperbolic linear initial value problem known as the linear form of Darboux

problem:

Pulz,y) op(x,y) Ou(z, y)

T@y = al(xay)T + 042(5% y)Ty =+ 03(1‘79)M($, y) + h(ﬂfay), (]']7)
subject to initial conditions

In the defined domain A = [0,a] x [0, b], the functions ay(z,y), as(z,y), as(z,y) and A(z,y) are
continuous and known. Furthermore, the functions 31(z) and B2(z) are in C2([0, a]) and C?([0, b)),
respectively.

Solving the Darboux problem entails finding a function p(z,y), that is continuous along with
its first and mixed derivatives within the closed region A and satisfies both the given equation and
its initial conditions. Employing similar logic as discussed earlier, this problem can be reformulated

as a linear 2D-VIDE by double integration:

wz,y) = e(z,y) + /OI /0?4 [Oél(t, S)augi,s) + as(t, 8)8;2(;38) + as(t, s)u(t,s)| dsdt, (1.19)

where ®(x,y) is defined by the formula

®(z,y) = Bi(x) + Ba2(y) — B1(0) + /OI /Oy hi(t, s)dsdt.

Clearly, if u(x,y) satisfies Equation (1.17) in A along with the inital conditions (1.18), it also
satisfies the VIDE (1.19) and vice versa. The resulting VIDE (1.19) can be solved through various
methods, such as seeking the solution in the form of a power series sum (refer to ref. [2]| for more
details) or using numerical approaches such as collocation methods.

Equation (1.17) along with the initial conditions (1.18) can also be reformulated into a 2D-VIE,
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by defining a new function w(zx,y) = %, given by

Yy z x oy
w(z,y) =P(z,y) +a1/ w(x,s)ds+a2/ w(t,y)dt+a3/ / w(t, s)dsdt,
0 0 0 0
where @ is a term obtained by using the initial values conditions.

Remark 2.

e The discussed Darbouz problem can be generalized to encompass a nonlinear hyperbolic equa-

0 ou Op
_ -~ 1.2
0xdy 7 <x,y,u, oz’ 8y) ’ (1.20)

tion expressed as:

where H (x,y,u, %, %Z) is a known function in A and p is described on the two charac-

teristics x = 0 and y = 0. This relates to the task of ascertaining the angular orientation
of a rigid body in space using its known angular velocity and initial position, expressed in
quaternion form.

Several researchers have explored solutions to Equation (1.20), among whom is Dobner, who
investigated it utilizing modified fixed point theorems and approximated operators. For further
details, refer to ref. [57].

o [f we consider the case where the closed region A is a triangle enclosed by two characteristics
x =z and y = yo passing through a constant point Ao(zo,yo), along with an arc BC of a
line BoCy, we get the Cauchy problem

O u(z,y)
0xdy

ou(z,y)

)8u(w, y)
ox

=A Oél(lf,y) +042($,y Ty+a3(xay)u($7y) +h(l’,y) (121)
The task of solving involves finding a function p(xz,y) within the region A. This function
must be continuous, along with its first and mized derivatives, satisfying Equation (1.21)
within A along with it’s associated initial conditions at every point on the line ByCy.

Equation (1.21), after integrating over the triangle A, which defines the Cauchy problem,

yields to

/ A aan@y dsdt = // [ "9) +a2(t,s)a“g; %) 4 as(t, syult, s)} dsdt

—i—///\h(t, s)dsdt,

Thus, it fulfills the following VIDE

w(z,y) = ®(x,y) + )\// [ t,s 8t’ s) + ag(t,s)a'ug;’ 2) + as(t, s)u(t, s)] dsdt,
(1.22)
where ®(x,y) arises from the integration of h(zx,y) and the Cauchy conditions. This reduc-
tion simplifies the problem to solving the VIDE (1.22), and thus its solution can be examined
further. For in-depth information, please refer to ref. [2].
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Applications to parabolic type

Reducing PDEs as IDEs extends beyond simple cases like direct integration. Often, for certain
parabolic partial differential equations found in heat conduction and diffusion problems, this
transformation utilizes Fourier transforms, although Laplace transforms can also be employed in
certain cases.

Consider the basic heat conduction equation:

2
2u(x,t) _ mé?t)v 0<z<o0, t>0

0r2
p(x,0) =0, 0<a<oo (1.23)
w0D — 1),  t>0

with the further assumption that,

. o Oplx,t)
S (@) = 0= lim =2

When Fourier cosine transformation

fre(w) = \/f | ntarcosteayaa,

is applied to Equation (1.23), we obtain

> 0P p(w,t) _ [ oplx,t)
/0 Wcos(wx)dm —/0 Tcos(wx)daz.

By performing two integration by parts and considering the relevant prescribed conditions and

the assumptions at infinity, we obtain:

o0

B(t) — w? /000 p(x, t)cos(wz)dr = 3875/0 w(z, t)cos(wz)dr,

\/zaatﬂc(wﬂ t) = /B(t) - \/§w2ﬂc(w, t)'

Furthermore, given the initial condition, Equation (1.23) meets the specified criteria and possesses

however,

a straightforward solution provided by

2 t
fie(w,t) = \/;e“’zt/o B(s)e‘“2sds.

Now, employing the inversion formula

lz) = \/Z | et costunyds,

t o]
pu(x,t) = 2/ ﬁ(s)/ e (t=s) cos wrdwds,
0 0

we obtain,

™
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hence, through explicit simplifications

! | _a?
pu(x,t) = \/IE/O B(s)(t — s)"2e4—9) ds,

which is a Volterra integral equation of the first kind.

Remark 3. In real-world situations, the adopted boundary condition which prescribes the trans-
fer rate as a constant function of time might not be entirely realistic, especially when u denotes
temperature or concentration. Typically, the gradient relies on the surface temperature or concen-
tration, necessitating the substitution of B(t) with a function that accounts for this dependency,
supposily B(u(0,t),t), and v(t) for u(0,t) . As a result, this gives rise to a nonlinear weakly
singular VIE of the second kind

1 ['Bls)s)
u(t) = ﬁ/o Vi s ds.

Utilizing the complete Fourier transform, Equation (1.9) can be reformulated into a direct
Volterra integro-differential equation. Through integration by parts, consideration of the condition

at infinity, and incorporation of the initial conditions, the resulting expression is obtained as

follows:
d t
/zl(:): /O H(t, s)u(s)ds + B(L),
with o0
Ht,s) = — / G(—w)i(w)e™ =) du,
and

5= [ " d(w)iw)e .

—00

For a more in-depth exploration, refer to [55].

Applications to elliptic type

Consider the elliptic PIDE [58]:
t
Viu(z,t) = hi(z,t) +/ (V2 u(z, s)H (¢, s)] ds, (1.24)
0

where = = (21, x2), and

Pua,t)  Pu(w,t)
Vu(z,t) = 4+ L
ui, 1) Ox? Ox3
Equation (1.24) is subject to homogeneous Dirichlet boundary condition in a rectangular domain
A with known smooth functions i and H. By defining the new function w(x,t) = azgig’t) + 825&’” ,
1 2

Equation (1.24) transforms into the following integral equation:

w(z,t) = O(x,t) —i—/o w(z, s)H(t,s)ds.
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However, problems linked to elliptic equations are usually expressed as Fredholm equations,
although these are not the primary focus of this thesis. An illuminating exploration of the re-
lationship between IDEs and elliptic-type PDEs is exemplified by the Dirichlet and Neumann
problems.

The essence of the Dirichlet problem lies in discovering a harmonic function within a region that
is continuous in its closure, while adhering to prescribed boundary values. On the other hand,
the von Neumann problem revolves around establishing a harmonic function within a region,
continuous in its closure, with a pre-determined set of boundary values for its derivative. While
both problems are effectively addressed through the theory of Fredholm equations, they are intri-
cately connected and can be collectively approached. A comprehensive solution to these problems,

particularly in the context of a three-dimensional region, is provided in ref. [2].

The significant relevance of integral equations, particularly VIDEs, in modelling real-life phe-
nomena has led to the formulation of complex equations that are challenging to solve directly.
Hence, numerical methods become essential for their resolution [59,60]. In the following section,

we will delve into one of the key techniques employed for solving VIDEs: "collocation methods".

1.4 Collocation methods for integral equations

A collocation method is a numerical approach employed to approximate solutions for func-
tional equations such as VIDEs. It involves converting the given equations into a set of algebraic
equations by evaluating them at designated points within the problem domain, known as collo-
cation points. For example, Chebyshev collocation methods that provide solutions represented in
Chebyshev series form, and Bernstein collocation method which utilizes Bernstein polynomials as
its foundation.

The utilization of polynomial or piecewise polynomial collocation spaces for approximating
solutions of functional equations traces back to the 1930s. When employing the collocation method
to solve a problem within an interval A, it involves approximating the solution of the functional
equation, such as a VIDE, with an element uj; belonging to a designated piecewise polynomial
space (the collocation space). This approximation that conforms to the equation and, if present,
the initial (or boundary) conditions on collocation points is known as the collocation solution.

However, what exactly is a piecewise polynomial space?
1.4.1 Piecewise polynomial spaces

Consider the grid (mesh) I, = {z, : 0 =29 < 1 < --- < zn§ = a} of the the given interval
I =10,a]. Let

En = (Tn, Tnt1), hn = Tpe1 — Tn, h:=maz hy hpin := ming hy,.

Piecewise spaces are defined by four types of grid sequences, as follows:

e The mesh I}, is considered uniform if it satisfies

By = homin = h = —, n=0,1,---,N — 1.

a
N
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e The mesh I}, is considered quasi-uniform if it satisfies

hn h
<

hmin hmm

e The mesh Iy is considered graded if it satisfies

n o
$TL::(N) a’ nZO’]_’---’N—]_’ a>1'

Here, « is a real number known as the grading exponent. It’s important to note that when

« = 1, this mesh simplifies into a uniform one.

e The mesh I}, is considered geormetric if it satisfies
Ty =Y a, n=0,1,---, N —1.

The parameter v, 0 < v < 1, varies based on V.

This enables us to define the desired spaces. Given a mesh I, the real linear vector space

Sq(nd) (1), known as the piecewise polynomial space, is defined as follows:
SYD(1) ={veCil):v|., em (0<n<N—-1)}

Here, 7, represents the space of real polynomials of degree not exceeding r, where r > 0 and
0 < d < r. Furthermore,
dimSY (1) = N(r—d) +d + 1.

In our investigation, we focus on the uniform mesh. However, different mesh types are used
in specific contexts. For example, quasi-uniform meshes are utilized to assess the convergence of
collocation solutions for first-kind VIEs. Graded meshes are employed to examine the achievable
order of collocation solutions for VIEs with weakly singular kernels. Geometric meshes are applied
to explore the optimal local superconvergence of collocation solutions for functional equations fea-

turing vanishing proportional delays.

On the other hand, the scenario where r = p 4 d, with p > 1 and d > —1, will be considred.
This results in
dimS\% (1) = Np +d + 1.

We can broaden the definition of the piecewise polynomial space to two dimensions within the

interval I = [0,a] x [0,b] in the following manner:

(d)
Sptdard

uniform divisions of the intervals [0, a] and [0, b], respectively. Here, the step sizes are denoted by

Consider real polynomial spline space for given meshes I, and I;. These partitions are

h =& and k = %. The space is defined as follows:

5@

p+d,q+d(1hxk) ={ve Cd(I) D Ungm = VA € Tptdgtds #=0,.., N =1;m=0,1,..,M — 1},

where Iy ), = Ip, X I, = {(2n,ym), 0 <n < N, 0 <m < M},
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Here, 7,44 4+a represents the set of all real polynomials of degree not exceeding p + d in = and
q + d in y. Additionally, we define the grid

Apm = Ep X Oy (n=0,1,.,N—1;m=0,1,... M — 1),

with the subintervals &, = (zp; Zn+1), and 3y, = (Ym; Ym+1)-

5@

ot digt 4n1), the space of bivariate polynomial spline functions have a dimension of

dimS(d)

ordqgradng) = (Np+d+1)(Mg+d+1).

Remark 4. The choice of the appropriate collocation space for approximating solutions to initial-
value problems for ODEs or VIEs is determined by the regularity degree (d) which, in turn, is

influenced by the number of specified initial conditions.

o [In situations without initial conditions, such as in Volterra integral equations, we specifically

choose d = —1. This selection leads us to the designated collocation space S;:?(Ih).

o In situations involving a single initial condition, such as in VIDEs, we set d = 0. This

selection leads us to the designated collocation space Slgo)(lh).

e [In situations involving more than one initial condition, such as in VIDEs of order n, we set

d=mn—1. This selection leads us to the designated collocation space ](ﬁr;l_)l(lh).

To explore more information on collocation methods for integral equations, consult [61].

1.4.2 Taylor collocation method

During the last decades, the Taylor collocation method has been developed rapidly for a
number of advantages, such as the high accuracy and high convergence rate. The lack of need to
solve any algebraic systems makes the process of finding numerical solutions to these problems by
the Taylor collocation method easy and does not cost much computation.

The Taylor collocation method relies on Taylor polynomials to approximate the exact solution
within a specified polynomial spline space. For example, in the real polynomial spline space
Sﬁ,g)(HN) of degree not exceeding m in x, we approximate the exact solution in each rectangle
Ap,m=0,1,--- | N — 1 of the grid by the Taylor polynomials

m (i
fin () = Z Mg;(fcn)(x —xn)’; € Ap,
§=0

where fi,, represents the precise solution of the discretized integral equation within each rectangle,

()
and “”Ji(,x”) are the unknown coefficients to be determined through differentiation.

In the upcoming chapters, we will extend the Taylor collocation method from one-dimensional
to two-dimensional, aiming to approximate the exact solutions of first, second, and high-order
two-dimensional PVIDEs.
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1.5 Some useful discrete and integral inequalities

In the upcoming chapters, we embark on the quest for numerical solutions to carefully chosen
PVIDEs using the Taylor collocation method. The obtained results will undergo rigorous the-
oretical validation incorporating the application of diverse discrete and integral inequalities. In
this section, we present the essential inequalities in the form of lemmas while a broader range of
discrete and integral inequalities for both one-dimensional and multidimensional differential and

integral equations can be explored in the works of B. G. Pachpatte [62—65].

1.5.1 Discrete inequalities

Lemma 1.2. [6// ( Sugiyama’s inequality )

Let U;, a; and B; be non-negative sequences. If U; satisfies
i—1
U <ait+ Y BV,
k=0

Vi € N. Therefore

i—1 i—1
qugaz"i_z anﬁn H [1+/80] ) i€ N.
k=0 o=r+1

Lemma 1.3. [65] Let 5; be a given positive sequence and the sequence V; satisfies ¥o < o such

that
i—1

\I/ig@‘i‘Zﬁn\Ijna 2217
k=0

with o > 0. Then ¥; can be bounded by
i—1
U; < aexp (Z@) , 1> 1
=0

Lemma 1.4. [66] Let ;5 (i =0,1,..,N;j=0,1,...,M) be a non-negative sequence on A =
[0,T] x [0, 5] satisfying

i—1 j—1 i—1 j—1
Uy <at+hBry e+ kB2 > Wi+ hkfsy Y Uy,
k=0 =0 ~k=0 =0

with h,k > 0 such that 5; (i = 1,2,3) and « are both positive and independent of h and k. Then

AN Nh+ME
\Ifij § ae ( + ),

where

A= (51 + Bo /(B + B2)2 + 453) -

| =
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Chapter 1. Preliminary and auxiliary results

1.5.2 Integral inequalities

Lemma 1.5. [66] (Gronwall-type inequality )
Let o and 5; (i = 1,2,3) be a non negative constants, and ¥ be a non-negative, integrable, and
bounded function defined on A =1[0,T] x [0, S] where

x Yy x Y
U(z,y) <ot b /0 V(v y)dv + fo /0 (e, €)dE + B /0 /0 (v, €)dédv,

for (z,y) € A. Then ¥ satisfies
U(z,y) < @),

where

A:%(51+52+\/(51+52)2+453)~

Lemma 1.6. [67] ( Generalization of Lemma 1.5)
Suppose that o« and B; (i = 1,2,3) are non-negative constants, and ¥ is a non-negative,
integrable, and bounded function defined on A = [a,b] X [c,d] such that

Y(r,y) < at by / W, y)dv + B / "W, €)de + s / ' / "W, &)dvde, (ey) € A, (1.25)

then it satisfies
U(z,y) < ae’ @),

where

A= % (51 + B2 +v/(B1 + fB2)? +453> -

We will also require the use of the following lemma:

Lemma 1.7. [5/] (Taylor’s Theorem for functions of two independent variables )
Set W be a p times continuously differentiable function on A = [A1, B1] X [Ag, Ba] and let
(xo,y0) € A. Therefore, for every (x,y) € A, the following holds:

p—1 KL (g KL (o
Vg = 3 L IT@0w0) (e ey § L OTW@) (o, g

1, KOyt 11 K gt
o R Oz oy Lo, Oz oy

{ xlzﬁx—i—(l—ﬂ)xoe [Al,Bﬂ, 96(0,1).

y1 =0y + (1 — 0)yo € [A2, Ba],
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Chapter

Numerical solution of first order two-dimensional partial

Volterra integro-differential equations

In this chapter, our objective is to utilize the Taylor collocation method to investigate a

numerical approach for the first-order two-dimensional linear PVIDE represented as:

3#(3/1, yz)

Y1 Y2
. h(y1,y2) +/ H(y1,y2,v1,v2)pu(v1, v2)dvadvy, (y1,y2) € A, (2.1)
o Jo

with the initial condition:
1(0,y2) = po(y2), (2.2)

within the corresponding piecewise polynomial space.

Here, the function p represents the unknown real function that needs to be determined, while
the functions i and H are assumed to be known and sufficiently smooth, ensuring the existence
and uniqueness of the solution within the domain A := [0, A;] x [0, A2] C R? and the set S :=
{1, 92, v1,v2) : 0 <vp < gy < Ap,0 < v < yo < Ao}, respectively.

The equation presented in (2.1) has been investigated by various researchers using diverse
methodologies. Hussain et al. explored it in [68] employing an iterative variational approach.
Berenguer and Gamez [69] utilized biorthogonal systems and fixed point theory in Banach spaces
to address analogous equations. Singh et al. investigated PVIDEs similar to (2.1) with weakly
singular kernels employing an operational matrix approach based on 2D-shifted Legendre polyno-
mials in 70, 71]. Furthermore, in [72], Singh et al. addressed equations resembling (2.1) using an
operational matrix approach employing 2D Legendre and Chebyshev wavelets collocation method.

This chapter is structured into four main sections, each following a logical structure to intro-
duce the proposed method, establish its theoretical foundations, and demonstrate its practical ap-
plication through numerical examples. In Section 2.1, we explore the application of the proposed
method to solve linear 2D-PVIDEs of the form (2.1). Section 2.2 delves into the convergence
analysis and error estimates. Additionally, Section 2.3 provides numerous numerical examples
and illustrations, showcasing the method’s effectiveness and applicability, as well as validating
the theoretical results. Finally, the chapter concludes with a summary of the research and its

contributions.



Chapter 2. Numerical solution of first order two-dimensional partial Volterra
integro-differential equations

2.1 Description of the method

This section is devoted to discussing the Taylor collocation approach to solve the linear first-
order 2D-PVIDE (2.1). To address the provided problem using this method, we perform direct
integration transforming equation (2.1) with the initial condition (2.2) into the two-dimensional

Volterra integral equation:

yi oz
(Y1, y2) = (y1,y2) +/ / / H(z,y2,v1,v2)1(v1,v2)dvedvidz, (y1,y2) € A, (2.3)
o Jo Jo
where ®(y1,12) = po(y2) + [3" Az, y2)dz.

According to Volterra’s classical theory, Equation (2.3) has a unique solution u € C(A). To
demonstrate its existence and uniqueness, we utilize a technique similar to the one described
in |1, 73|, employing Banach’s fixed point theorem.

In order to use Taylor polynomials as the basis functions of the presented approach, we suppose

Oy ={y1; =ih, 1 =0,1,2,...,N} and IIpy = {y2; = jk, 7 =0,1,2,..., M} are two uniform

partitions of the intervals [0, A;] and [0, A2], where h = Wl and k = MQ’ and define Iy ps as
Oy =1y x Oy ={(Win, v2m), 0<n <N, 0<m< M}
Forn=0,1,2,...,N — 1, set

Kin = [Y1,ns Yint1), K1,N—1 = [Y1,N—1,Y1,N],

and form=0,1,2,..., M — 1, set

Kom = [Y2,m, Y2,m+1), Ko M—1 = [Y2,M—1,Y2,M]-

Denote by mp_1,—1 the set of all real polynomials of degree not exceeding p — 1 in the two

dimensions y; and y2. The real polynomial spline space of degree p — 1 in y; and s is defined by

S Mva) = {v: A =R vpn = vla,,, € Tpotpo1, n=0,., N = L;m =0,1,.., M — 1},
(2.4)
where
A = Kin X K2.m, n=0,1,2,.... N—1, m=0,1,2,...,M — 1.

We approximate the unknown function (y1, y2) within each rectangle A, ,,, n =0,1,2,..., N—

1, m=0,1,2,..., M — 1, by the Taylor polynomial

p—1

L O™ fu i (y1,m, Y2,m) : :
P (y1,y2) = ) s (g — ) (g2 = y2m) 5 (01,92) € Angns
itj=0 " 0y, 0y,

8i+j ﬂn,m (yl,m y2,m)
Ay; 93

where are unknown coefficients to be determined in the sequel.
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Chapter 2. Numerical solution of first order two-dimensional partial Volterra
integro-differential equations

Step 1: For n =m = 0, we approximate the function u(y;,y2) within the rectangle Ag g as
the Taylor polynomial

p—1 S

1 0"7u(0,0) ,

poo(y, y2) = Y s (W, ye) € Ao, (2.5)
=0 " Y10y,

9" 1u(0,0)
dyioyd
differentiate Eq. (2.3) j—times in terms of y

represents the precise value of " gt the point (0,0). To determine it, we

where
6y§ 8y§

81 y Y1 .
((91/1 y2) =09 (yy, y2) / / By pyt )H(Z,yg,vl,yg)u(vl7y2):| dvydz
Y3 2
Y1 )
+/ / / aéj)H(z7y2aU17U2),U/('U17’l)2)d’l}2d’l}1d2
0 0

. g1 r Y1 ar— L
:8éJ)<I>(y1,y2)+ZZ< )/ e , éj 17T)H(z,y2,v1,y2)} deldz

r=0 1=0

Y1 .
+/ / / aéj)H(Z7y2,U17U2)/L(U171)2)d7)2d’l)1d2. (2.6)
o Jo Jo

By differentiating Eq. (2.6) for y;, we obtain

O u(yr, y2) (1) ( v 5T ! 1— O u(vi, ya)
—— = =0, 3])(1’ (Y1,92) + E E <>/ 3(] T)H(y1,y27v1,y2) ==2d
Ay10y} == 0 [ Oy}
Y1 .
—|—/ / 8;J)H(y1,y2,Ul,U2>u(Ul7vz)dU2dU1. (2.7)
o Jo

Now, we differentiate Eq. (2.7) i-times in terms of y;, we obtain

git1ts , i j
07 Tl y2) _ pfi) Dy, )

ay1+1ay2
j=1 r i—1— rl !
" o1 9 ! 9 (j—1-r) ' 1(y1,y2)
+ ( ) i—1— ( r— 82] H(yl,ymvhyz) s
;); ! gayl o BN | } Oy
Jj-1 r Y1 7 r—1
r 9 19 (j—1-7) (U1,y2)
+ ( )/ 1,|: r— 95’ H(y1,y2,01,y2)| | ———>dv;
TZO; U} Jo 0Oy L0y, ! { 2 } oy
Y2 l 1
/ (Z - Q)a J)H(yl,y27y1,v2),u(y171)2)} dvo

S AGNO NG
+/ / 01" 05" H (y1, y2, v1, v2) (1, v2)dvaduy,
0 0
which implies

5i+1+jﬂ(yl, Z/z)
3y1+13y2

B ()0 |

r=0 =0 qg=07n=0

= ayﬂ)aéj)‘b(yh yz)

Oy oy oy,

o1 R .
< -, [aéJ 1 )H(yl,yz,vl,yz)]>] M

1

J= r Y1 3z o (j—1—r) (U17y2)
+g; <l)/0 [aygl [32 H(ylay2701792>}:| oyl —du
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Chapter 2. Numerical solution of first order two-dimensional partial Volterra
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/yzl 1

q=0n=0

—i—/ / 5? 5§j)H(y17y2,U1»®2)M(U17v2)dv2dv1-
o Jo

1T T (i—1-q) 5() 0"y, v2)
( )6 i] n |:al 82 H(ylayQaylan) Td'lb

Hence

gititl 0,0 i .
( ) _ a§ +Ua§])q)(070)

8y+18y2
=1 r i—1 ¢q _ Pi—1—
g | gimla o .
+Z ZZ()()ay az 1—q (ar l|:8(J - )H(ylvaaU17y2):|> X
7=0 1=0 ¢=07=0 1 {41 =y B
89 83/2

Moreover, from Egs. (2.6) and (2.7), we deduce that

1+j J .
dy19y; 9y;
Step 2: Forn=1,---,N —1 and m = 0, we approximate the function p(yi,y2) within the

rectangles A, o by the Taylor polynomial

1 L
pZ 10" fin0(y1,0,0)

— : (1 — v1n)'sh 5 (y1,92) € Ao (2.8)
ijt oyloy;

Hn,O(yla yz) =
i+5=0

Here, fi 0 represents the precise solution of the integral equation:

n-1&-1 Y1641 [Yl,o+1
ﬂn,O(yla y2) = @(yh y2) + Z Z/ / H Z ,Y2,1, ’L)Q),U,o-o(vl, Ug)dvgd’uldz
5—0 o=0"Y1.¢ v,
Yi,e+1 z
+ Z / H(Z, Y2, 01, V2) pg 0(v1, v2)dvadvidz
Yi,¢ Yi,¢

Y1,0+1 Y2
+ Z/ / H(Zay27U17UQ),UJa-’O(’Ul,’UQ)d’Uzdvle
1,nvY

) 1,0

Y2
/ / H(z,y2,v1,v2)fin0(v1, v2)dvadvidz. (2.9)
Y1, Yi,n

To find M%W we differentiate Eq. (2.9) j-times in terms of ys to get

n—1&—1

N , ) Yi,e+1  [Ylo+l [fY2 .
W = 0V 0(y1,12) + Z Z/ / OY H (2, y2, v1,v2) 0 (1, v2) dvadur dz
Ya £=00=0"Y1¢ Yi,0 0

n—1&—1

Y1641 [YL,o41 )
+ZZ/ / Z&y [ oy~ I_T)H(zay%UlayZ)/Lo,O(’Ulay2)i| duidz
¢=00=0"y1e UL,
n—1 .y
3/
=0 Y1,

bett [ (G—-1-7)
/ Z a 7- |:a H(Z y2>U1>y2):U‘E 0(U1>y2):| dvidz

3 Yig p
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S i (4)
+ / / 82 H(Z7y27'UlyU2)M§,O(U17U2)d?}2dvld2
£=0 Y1, y1,e YO
n=l Y1,0+1 J—1 or L
+Z/ / ZW [85] ' T)H(zvaaUIay2)ﬂo,0(”17y2):| dvidz
o=0"7Y1,n YYl,o r=0 y2
n=l ey pyier1 pu2 )
+ / / / 82 H(Z,y2,'01,’02),ug70(1}1,’UQ)dUdeldz
o=0"Y1,n YYl,0 0
" 9" (j—1—r)
+ / / ou”. [823 H(z,y2,v1, yz)ﬂn,o(vl, y2)} dvidz
Yi,n YYl,n p—(Q y2
Y1 z Y2 )
+ / / 95" H (z,y2,v1,v2) fin,0(v1, v2)dvadvi dz
Yin JYYln 0
: n-l&-1 .y, £+l Yo+l [Y2
:6£j)¢(yl’y2) + Z Z/ / / 8(])H(z Y2, V1, V2) flo,0(v1, v2)dvadvr dz
£=0 0=0 Yi,0
nolezly-l - Y1641 Yo+l Gr— l 8
+ Z <;> / / é] 1_T)H(Z, Yo, U1, y2)] Mag(vl’wd dz
£=00=0r=0 |= s~ v
n-lj-1 v Y641 [Z r—1 ) I
" ’ 9 —1- 0 1,2
+Z (l) / / — [aéﬂ 1 T)H(z,yz,v1,y2)} Md 1dz
£=0 r=0 =0 Yi,e y1.e OY 8@/2
nmloeyienn o pzopy2
+ Z/ / / 8§])H(za3/271)171)2)#&,0(111,U2)dvzdv1dz
£=0 Y1, y1,e 40
n_lyjzl o« Y1 [ YLe+1 gr—l )
r ’ 9 —-1- 0 vy,
+Z (l) / / —— [aéﬂ 1 T)H(Z,yQ,Ul,yﬁ} Md 1dz
=0 r=0 =0 yim Jyre  OUs oyl
nl oy eyier1 py2
+ Z / / aéj)H(%92701,112)#0,0(111,Uz)dvgdvldz
o=0 1,n YYl,o 0
=l Y1 z r—1 I~
" 9 j—1— 0 fino(v1, y2
+ZZ <l> / r—I1 |:a§] ! T)H(Z’y27vl7y2)] Mdvldz
r=0 |= 0 Yi,n YY1,n ayQ 6y2
. Y o) g
/ 82 H(z,y2,v1,v2)fln,0(v1, v2)dvadvidz. (2.10)
Yi,n YYin

We differentiate Eq. (2.10) for y;, we get

8j+1 An , — Y1,041 .
I hno1:4) _ o5y, ) + 3 / H sy, 01, 02)pio 001, 02)dvsdin
aylayg ot
n-1j-1 r Yi,041 Ar—I
r ' 9 (j—1-7) 0o o(v1,y2)
+ ZZZ (l> / ayr—l [52 H(yhyz,vl,yQ)] Tdvl
o=07r=0 (=0 Yi,0 2
v (j—1-7) O fin0(v1,y2)
+ ZZ 82 H(ylay%Ulva)} ’7ldvl
=0 1:0 8 Oy
Y1 )
+/ 32J H(y1,y2,v1,02) fin,0(v1, v2)dvaduy. (2.11)
Y1,n Y0
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Now, we differentiate Eq. (2.11) i-times in terms of y;

az+j+1 " ,
MHO(?Jl Yy2) _ 8(2+1)8(J)¢( 1Y)
Y 6y2
n—1j-1 r Y1,041 7 r—1 i
r : 0 0 (G—1-r) 0 o0 (v1, Y2)
n / Z{ — |aY H(yr,y2,01,92) || ——5 7 dw
L)) e =5

= [T 0 A0)
JrZ/ / 0,70y H(y1,y2, v1,v2) fe,0(v1, V2 )dvaduy
0

o=0"Y1,0
R
Z ( ) Z 8y1 8yifliq V1=Y1

. L 7 L SRR ' fin0(v1, y2)
ov—t=" g S Hn0 L 92) g
;( ) i OY [31151 [ 2 (yl’yQ’vl’yz)H Ay o

Ol 1 G—1-n) O fino(y1,y2)
(aygl |:82 H(ylay%Ulva)}) T

8 a(l liq)aéj)H(yhy2;y17v2)/}‘n’0(y17v2):| dv2
=0 y1
3

I

which implies

)5'(j)H(y1, Y2, V1, V2) fin,0(V1, v2)dvadvn,

e
e
LE
oL

al+]+1 " , - Y1,0+1 Y2 . .
u+1o(y1 ) = 3<Z+1)3(])@ (y1,92) Z/ / aY)aéj)H(yl,y%vla'UQ):ua,O('UhUQ)dU2dvl
oy 8y2 =0 0
n—1j-1 r Y1,04+1 i r—1 !
r : 0 0 (j—1—7) 0 Mo O(Ulva)
" ( )/ Ayt [ r— [8J H(y1,y27vl,y2)} — 7 —du
LX), o o o,
j—1 r i—-1 gq — i—1— r—1 l+n
r q 09—" 0 q 0 (j—1—r) 0 nNnO(yhyQ)
+ ( >< > = P = {82 H(ylay%vlva)} T T —
;0;;1; L) \nJ oy{™" Iy, t v1=y1 Oys : aylayQ
j=1 r vy o1 ) o
+ZZ< )/ [ i [8§j1T)H(y1a927U17:‘/2)}:| 7MH’O(717y2)dU1
r=0 1=0 Yin Oy, 0y
y2’ ! q 91— , , Bih
/ <q> = [8£1717q)8§J)H(y1792a3/17"}2):| 7””’5(%1’7]2)“2
4=01—=0 n ayl Yy
+/ / 3§i)a§j)H(y1,y2,vl,Uz)ﬂn,o(vl»w)dvzdvb (2.12)
Yi,n
Hence
oitit+l n, n . .
finoWin 0) _ plet) 0 gy, ,,0)
5291 6?}2
n-1j-1 r Yol 9i r—1 i
r : 0 0 1 0 g o(v1,0
+Z Z (l)/ 50 {8 — {ag ! ”H(yl,yz,m,yz)ﬂ %dw
o=0r=0 [=0 Yi,o N Y2 Y1=Y1,n,y2=0 Y2
j—1 r i—1 gq _ i—1— r—1
™\ (q\ 097" 0 q 0 (j—1—r)
+ZZZZ< )( ) — —1— A r—1 |:82 H(ylay27v1ay2):| X
=0 1=0 ¢=0 =0 L)\n) oy{™" | ay;~ 1 v1=y1 DYy

Y1=Y1,n,Y2=0
al+77/:’4n O(yl ny 0)
52/ 3y2
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Moreover, from Eq. (2.10), we deduce that

aj,[lfn,O (yl,na 0)
0y
n—1&-1j5—-1 r

1 1 1,041 r—I . l
+ZZZZ< )/:EH yy ' 8 8§J717T)H(z,y2,v1,y2)} wdvldm

£=0 0=07=0 1=0 Y1=41,n,2=0 0>

= aéj)q)(yhyz)

and from Eq. (2.11), we get

I, n, 0 . .
M O(yl ) _ a§z+1)a§j)¢(yl7n70)

ayl 8?/2
n-1lj-1 r Y1,0+1 r—1 I
r ’ 9 (j—1-7) O i 0(v1,0)
f XS () [ [ [ s o] PnaltnO) g,
o=07r=01=0 Yo 2 Y1=Y1,n,y2=0 2

Step 3: Forn=0,...,N—1and m =1,...., M — 1, we approximate the function p(y;,y2) within each
rectangle A, ,, by the Taylor polynomial
1 L
pz L al+]“"7m(y1,m y2,m)
ilj! A0y,

o (Y1, y2) = (Y1 —y1.0) (Y2 — Y2.m)’ 5 (Y1,92) € Ay (2.13)

i+j=0
where fi,, », stands for the exact solution of the integral equation:

n—1&—1m—1

R Y1,6+41 Y1,041 Y2, p+1
fonm (Y1, y2) = (Y1, 92) + Z Z Z / / / (2, Y2, 01, V2) lho, p(V1, V2)dvadv1dz
y

£=00=0 p=0 Y ¥1.¢ 2,p
n-lée-l Y1,641  [Yl,o+1 [Y2
+ Z / / H(Z7y27’Uly’U2)/140-’m('l}17’l)2)d/l)2d’l)1dz
£=00=0"Y1.¢ Y2,m
nolm=l oy e Y2,p+1
I Bl Y O P B e
£=0 p=0 Y2,p
n=l yiein pz Y2
+ Z/ / H(Zay2vvlvv2)ﬂf,m(vlyU2)d'l)2d’01dz
£=0 " Yl.¢ Yi,e YY2,m
n-lm— Y1,04+1 Y2,p+1
Z / / / H(Zay27UlaUQ)Hg7p(U17U2)d'U2d’U1dZ
—0 Yl,o Y2,p
1,041
/ / / (Za Y2, V1, vz)ug,m(m, vg)dvgdvldz
o= Y2,m
m—1l ey Y2, p+1
+ Z / / Z y27v17’UQ)Nn,p(vl,'UQ)dUQd'Ule
p=0 Yin YYi1,n YY2,p

Y1
—|—/ / / H(z,y2,v1,02) fin,m (v1, v2)dvadvi dz, (2.14)
Yi,n YY2,m

;n

=

for (y1,y2) € Apm,n=0,..,N—landm=1,...M — 1.
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To find nm(y1:y2) , we differentiate Eq. (2.14) j-times in terms of yo

a J
D finm (51, 92) _ o) “ R [ e e )
—Rm e = = 0y’ ®(y1,y2) Z Z / / / 0y H(2,y2,v1,02) lho,p(V1, v2)dvadvr dz
9y £€=00=0 p=0 YV1¢ Yy Y2,p

n—1¢&—1

Vi1 Yo I71 ar
+Z / / 3 [8(] " )H(Z yQaUIayQ):U’O'm(UlayQ)} d'Ule

£=00=0"Y1.¢
n—1€&—1

Yi,e+1 Y1,04+1 ( )
+ Z / / / Y H (2,92, 01, V2) fio.m (v1, v2)dvadvy dz
£=0o0= Yie Yi,0 Y2,m
n—1m-—1

Y1641 Y2,p+1
/ / a(J)H (2, Y2, v1, v2) e, p(V1, v2)dvadvr dz

DI

£=0 p=0 vY1.¢ Y1.e JY2,p
n=1l oyiepr pz J71 or )

+Z/ / 28 - {fﬁj ! T)H(Z,yz,v17y2)ug7m(v1,y2)} dvidz
£=0"Y1¢ vie r=0 “Y2

” L ryres Y2 )
/ / 62] H(Zay27v17Uz)ﬂé,m(vl,vz)dvgdvldz
Yy Yi,e YY2,m

1,€

n—1m-—1

+zz/

o=0 p=0 “Y1,n

+Z/

Yi,n

Yi,04+1
+ Z/ / / 8<J)H(z Y2, V1, V2) fhom (V1, V2 )dvadvidz
Yi,n YY1, Yy

2,m

z Y2,p+1 ( )
+ Z / / / 05" H (z, ya, V1, v2) fin,p (1, v2)dvadvidz
Yi,n YY1,n

Y2,p

Y1041 Y2,p+1 _)
/ / 82 (Z y27'U1,U2)/,L0- p(vh'UQ)d'Ugd’Ule
Y,

Yi,0+41 J 1 Go1-r)
/ Yl [azj H(Z»yzaU1,y2)ug,m(v1,y2)] dvidz
Y1, r= 0

/ / 8 0” Y H(z, yz,vl,yz)unm(vl,yz)} dvydz
Yi,n YYl,n =0 y2

? Y2 .
+ / / aéj)H(ZayQa’Ul;'UQ),an7m('U1,'U2)d’02d'U1dZ
Yi,n YYi,n

Y2,m
n-1¢-1 Y1,6+1 Yl 041  [Y2,p+1 )
J
/ / / 05" H(2,12,v1,02) fto,p(V1, v2)dvadvdz
Y1,¢ 1 Y2,p

=050 (1, 42) +ZZZ

-1
£=0 o0=0 p=0
T‘

n— 15 1j—1 Y1641 [LYlo41 ar l ) o
+ <T>/ 8£]_1_T)H(Z7y2,?117y2)} 7H0m(vl’y2)dv1d?«“
07r=0 = Y16 ayQ
Y1,6+1 Y1,04+1 Y2 .
+ Z/ / / O H (2,2, v1,v2) o (v1, v2) dvadvy dz
0o0=0"Y1.¢
Im—1 ey )
-|- Z/ / / ('93 H(z,y2,v1,v2) e, p(v1,v2)dvadvidz
Y1,¢ Y2,p
7 1g+1 ar l . ) m ,
+ <l)/ ol [%ﬂ Y H (2, 2,01, 40) wdvldz
0r=0I= Y1, 1 y2

Y1,6+1
—i—Z/ / / (2, Y2, v1,V2) g, m (V1, V2)dvadv d2
y v1,

£=07Y1¢
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n—1m—1

> [

o=0 p=0 “¥Y1.n

/2
n-1j-1 r 1,041 Ar—1 1
r a 1—r 0 ,1110-77—,1(111, y2)
+ ZZZ <l)/ /y a(] )H(Z y2;U17y2):| Tdmdz
o=0r=0 [=0

n 1

Y2,p+1

OV H (z, yz, v1, V2) by, p(V1, V2 )dvodvidz
P

/yl ,o41
Y1,

a s

Yi,0+1
/ / / G(J)H(z Y2, V1, V2) fhom (U1, V2 )dvadvidz
Yi,n YY1, Y2,m

Ykt s
/ / / 05" H (2, ya, V1, V2) fhn, p (01, V2)dvadur dz
Yi,n

M M“

Y2,p
O R 0" finm
" <r) / [0 H ey vn, )] Fhnmvnsya) g, g,
r=0 1=0 l vin Jy1n Oz oys
Y1 z Y2 )
+ / aéy)H(z,yz,vhvQ)ﬂn,m(vl,vg)dvgdvldz. (2.15)
Yi,n YYi,n YY2,m

By differentiating for y;, we obtain

n—1m—1 Y1,04+1

J+1 :
0 Mn,m(yhyQ) _ ail)aéj)q)(yl’yz) T Z Z /

Y2,p+1 )
/ 32J H(y17y2,U1,U2)Ma,p(vl7v2)dvzdv1

0y, 0y == s o
n-1j-1 = Y1,041 r—1 i
r ) 9 (j—1-r) 0 pro,m (V1 y2)
PSS () [ I o o] P,
o=0r=0 =0 Yi,0 2 2
n—l eyt Y2 )
+ Z/ azj H(y1,Y2,v1, V2) fho,m (v1, v2)dvadvy
o= Y2,m
m—1 Y2,p+1 )
+ Z / / 82J H(ylvaavl,v2)ﬂn7p(v1,’02)d?}2dv1
=0 YY1,n Y2,
oL - Y1 r—l1 1A
" "o (G—1-7) 0 fin,m (v1,Y2)
™ < )/ [aj H(yhyQaUlayQ)] ————=dv;
; 01=0 Yin 3y2 ol
B A
+ / 82j H(yl,yQ,’U]_,'UQ)/AJ/n,m(Ul,UQ)d’UQd’U]_. (216)
Yi,n JYY2,m

Now, we differentiate Eq. (2.16) i-times for y;, we obtain

61+]+1

fir,m (Y1, Y2) (i+1) 5() g
=0, 0y ,
oy 0yl P (y1,y2)

n—1m-—1 Y1,04+1

oy

YRR i) o)
/ 01" 05" H (y1, Y2, v1, v2) fhor,p (1, v2)dvodvy

=0 p=0 Yi,0 Y2,p
n—1j—-1 r Y1,041 i r—1 l
r ! 8 8 (j—1-7) a Mo m(vlay2)
+ ( )/ [ — [%J H(yl,yz,vhm)] — | dn
Y i e o

" 1 ry1041
/ / 3( )3(J)H (Y1, Y2, V1, V2) fho,m (U1, v2 ) dvaduy
o= Yy

2,m

m—1 2.p
+ Z /y h 367 [3“ 0 (8( )H(yl,yg,yuw)ﬂnp(yl’”)ﬂ o2

Y2,p

Y1 Y2,p+1 . .
+ Z / / 8(1)8§j)H(y13y?avlan)Mn,p(Ulan)] dvaduy
p=0

Yi,n YY2,p
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Jj=1 r i—1

r — 01 gim1ma ( 8T_l (j—1-7) alﬂn m(yl y2)
+ ( — {32] H(yhyz,vhyz)} 7)
220 Zon o) b
j—1 r Y1 % I
r 0 (G—1-7) a/an m(vlva)
+ < / < [(9] H(yl,y271}17y2)} — = | dvy
— ; ! Yin 0y, 3y12
y2 i1 o4
+/ — 3(1 - Q)( ])H (Y1, Y2, Y1, 02) fin, m(yl,UQ))] dvy
Y2,m q=0 y
Y1 Y2 (i) ()
+/ / 01" 05" H (y1, Y2, v1, v2) fin,m (v1, v2)dvadvy
Yi,n YY2,m

n—1lm-—1

(i+1) 4(5) Phett [YRe Gy o)
=010y ®(y1,y2) +Z Z 0,705 H(y1, y2, 01, V2) o, p(V1, V2 ) dvaduy
Y2,p

o=0 p=0 Yi,0

n-1lj-1 r Vi1 gi  grel ) 9!
r (j—1-7) fo,m V1, Y2)
+ Z ZZ <l) /y o [8y§_l [82 H(ylayQavl,yQ)}l:| dvy

e ayh

n—1 Y1,04+1 Y2 ) )
+ Z/ a§l)a§J)H(yl’y2’vl”U2>lJ’U7M(U17'U2)dU2d'U1

o=0"Y1, Y2,m

m—1i—1 q Y2, p+1 aq n an

Hn,p\Y1, U
+ Z ZZ( >/ 7 {3(1 1- q)a(y)H(yl,yz,yhvz)] %dvz
=0 —o \"/ Jy2, Y1 "
g=Un
m—1

S ARG INE)
+ / 0 aQJ H(y17y27U17v2)//4n,p(7}1,’02)d1}2d’l}1
Y

p=0 Yi,n 2,p

i—1 r -1

()
1—1—
r=0 1=0 ¢=0n=0 ayi " | oy !

ot -
(8yr—l [aéj ' )H(yl»yz,UhyQ)]) X
2

0" i, m (Y1, y2)
Ay dyh

T v ai 87-_l ('717 ) ) (9lﬂ (Ul y2)
i oV " H Y2, 01, Z A 2 dy
<l) /yl,n 9yi <5y§‘l [ ’ vt yQ)] 0y '

y2 ga—n o i (Y1, v2)
(i=1=9) 5(7) 9 Hnm Y1, V2)
/yg,m aygfn (61 a2 H(yla Y2,Y1, /02)) 8y;7 d’UQ

d1)2

V05 H (y1, ya, 01, v2)fin (01, v2) dvadus (2.17)

Hence

al+j+1 n,m ny m [ j
fon,m (Y1,n, Y2, )=3§+1)5§J)@(y1,n,y2,m)

oy +18y2

Y1,0+1 Y2,p+1 ( ) o)
/ ' 3] H(yl ny Y2, mvvlv'UQ)Na p(111,U2)d’02d111

n—1j—-1 r Y1041 a" arfl . al
r (j—1-r) Hom (U1, Y2,m)
+gzg <l>/y oyt [ay;‘l [82 H(yl’m’”l’y?)n - e—

o=0r=0 [=0 1,0 Y1=Y1,n,Y2=Y2,m ayQ
m—1:i—1 ¢q Y2, p41 51— 6i—1—q .
BN / | T (Y H ) %
— Ay gy !
0 g=0n=0 1 1 V1=Y1

Y1=Y1,n,Y2=Y2,m

d
oy! 2
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SESEO0z 2
=0 1=0 S \/\n) oy{™" dyy e

q=0n=

<.
[u
3
~
|
[u

or— l r
<8y [5<J . )H(yhyzwhyz)D X

Il
<
Il
<

=N YI=Y1,n Y2=Y2,m

8l+nﬂn m(yl ns yQ,m) va
Ay{ 0y,

Moreover, from Eq. (2.15), we deduce that

ajAnm n m /
fin, (yl,‘ Y2, ):aéj)d)(yl,myzm)

— Yi,6+1 Yl,04+1 Y2,p+1 i
+ Z Z / / (z yg,vl,vg)} oo, p(V1, V2)dvodvidz

Y1=Y1,n,Y2=Y2,m

=00
n—1&— 7” r Y1,641 Y1041 ar l (i—1—7)
YTy (Z)/ [0 H 2, o1, 0)] x
£=0 6=0r=0 [=0 Yi,¢ Y1=Y1,n,Y2=Y2,m
al o,m b) m
fia, (vzl Y2, )dvldz7
Ay
and from Eq. (2.16), we get
a mn,m ns m
i WrnsYom) _ 50500y, 1y )
aylayz
n=lm=1 ryio41 py2,p41 )
+ Z / / |:82j H(y, :U27U1702)} Ho,p(v1, v2)dvaduy
o=0 p=0 ‘Y10 Y1=Y1,n,Y2=Y2,m
n—1j-1 r r Y1041 ar—l (—1—7) 81/—’/ (Ul Y2 )
+ / |:8 o H ) » U1, i| — : - dv
;;; (l) Yi,o ay;’il ? (yl b2 ! y2) Y1=Y1,n Y2=Y2,m ayé !

2.2 Convergence analysis
We consider the space L*>°(A) with the norm
il gy = i {C € R : [u(yn, 32)] < C Vlgn,m) € A} < o0.

The subsequent lemma is essential for demonstrating the convergence of the proposed method.

Lemma 2.8. Suppose h and H are functions that are continuously differentiable p times within their

domains. Therefore, a positive constant (p) exists such that the following inequality holds:

; M = 07"'7M - 17 and i +] = 0717"'7p7 where ﬂo,o(ylny) = :u(ylayQ) fOT’

8Z+j/ln,m

R <((p),
0y 0y}

Lo (An,m)

for allm =0,...,N —1
(y1,y2) € Aoyo-

» " i m
Proof. Let of%, = || L= || 1o

Syion] we have for allt+ 7 =0,1,...,p,

(An,m)>

Oy oy}

i,J
000 < max |
L>°(Ao,0)
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Now, considering Eq. (2.12), it follows for alln =1,..., N —land i+ j=0,1,....p

) n—1 p—1 n—1 p—1 =1 r i—1
o;+1’]<71+71hz Z 050+71hkz Z o¢ +'ylZZZZo
£=0 q+1=0 £=0 q+1=0 r=0 1=0 q=0 n=0
j—=1 r i—1 ¢
+’71h220n0+71k5220 +’}/1h/€0n0,
r=0 1=0 q=0n=0

where 7, is a positive constant unrelated to h and k. This give us

n—1 p—1 j—1i-1 j—1
i+1,5 ) N/ 0,
Ono” SMHwhY Y of+12) Y oo+ k) o
£=0 g+1=0 1=0 n=0 1=0
i
+ 92k > ol + yhkoy . (2.19)

Setting the sequence I'), = max{on 0t +J =0,...,p} for all n = 0,1,..., N — 1. Therefore, according to
Eq. (2.19), it satisfies

j—1li—1
1+1J<71+72h21“5+7222 0+")/2hz n0+’)/2kz O—i—'ylhko
lOnO
<’71+72hzrg+72220 +72h20n0+72k20 —i—’hhkog%,
=0 n=0

foralli=1,...,p and j =0, ..., p, this results

j—1i-1 j—1 i—1
<71+72hZF5+72220 0—&—72/120 0+’}/2]€ZO 0—|—’71hk0 (2.20)
1=0 7=0 1=0 n=0

Furthermore, derived from Eq. (2.10), the following holds for all j =0, ...,p and n =0,..., N — 1,

n—1 j—1
owh <1 +73h Y Te+73 D ooy + yshkol. (2.21)
£=0 1=0

Next, utilizing Eq. (2.9), we derive the following for all n =0,..., N — 1,

n—1

Y2
|fin,0 (Y1, 2)| < 71+ yah E Ie + 74/ / |fin,0(v1,v2)|dvadu;.
=0 Y1,n 40

Therefore, according to Lemma 1.6, we deduce for all n =0,..., N — 1 that

n—1
Ono < | M+ yah Yy Te | enthitas)
£=0
n—1
< 71675(A1+A2) +’y4hZF§eV4(A1+A2) (2.22)
£=0
n—1
<5 +s5h Z Le.
£=0
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From Egs. (2.20), (2.21) and (2.22), we infer that for all i,5 =0,...,pand n =0,..., N — 1,

1

J—1i—
<’Y6+’76hzrg+’mzzo l+76202,0+7620n0a (2.23)
=0 n=

0

with g is positive and unrelated to N and M.
Utilizing the notations introduced in Lemma 1.4, we define

n—1

U, = 02?6704 =% +W6hZFgaﬁ1 = Bo = pys, B3 = p*v6, T = S = 1.
£=0

Then, applying Lemma 1.4, we derive from Eq. (2.23)

n—1
0y’ < | 6 + 16h Z Te | ?P0et Vst (2.24)
£=0
Thus,
n—1
r, < 77+77h21“g. (2.25)
£=0
It follows, by Lemma 1.3, for all n =0,1,...., N — 1
Iy < y7e7, (2.26)

On the other hand, we deduce from Eq. (2.17), valid for all n = 0,...,.N — 1, m = 1,...., N — 1 and
t+7=0,..,p, that

n—1j5—-1 r

(2.27)

01l=
q !
+ 71h On m + 71 Z 0 n,m + klylhog’gn
r=0 1=0 q=0n=0

Consider I'y, ,, = max{onm,z +j=0,...,p}foralln=0,1,..., N —1 and m =0, ..., M — 1, then by Eq.
(2.27), the sequence satisfies

n—1m-—1 n—1 n—1
b < AP kY Y Tep+1p*h Y Tem +np°hk Y Tem
£=0 p=0 £=0 £=0

j—14i—1
+ 'k Z Lo+ hkyp? ZF"er%pQ;Z)O
n

+7ph Z oot +vipk Z ol0 + hkvy,009,
=0 =
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We get
n—1m-—1 j—14—1
Ot <71+’72thZFSP“‘VthFEm‘f‘VzkZrnp+72220n’
_{OpO » =0 n=0 (2.28)
+v§hz 72 kz oY, + hky2005,,
— n=0
which implies for all e =1,...,pand j =0,...,p,
n—1m-—1 n—1 m—1 j—1i—1
0plm <’71+’72thZFEp"‘”YthFém"'%kZrnp‘F%ZZOZIm
0 0
e == (2.29)
+h Z Ot + 72k Z om + hky,00%,
Furthermore, we have for all j =0,...,pand n=0,...,N—1land m=0,...,M — 1,
n—1m-—1
<73+73hkzZFEP+’Y$hZF§m+’ngZrnp"‘%zo +730nm (2.30)
£=0 p=0

Also, from Eq. (2.14), we get for alln =0,...,N—land m=0,...,M — 1,

n—1m-—1 n—1 m—1

i am (1, 92)| < %4+ 73hk > ZFEerMhZFngrukZFnPJr%/

Y2
/ ‘ﬂn,m(vl,v2)|d’02d01'
¢=0 p=0 £€=0 p=0 Yi,n YY2,m

Hence, according to Lemma 1.6, we have for alln =0,.... N —1and m=0,.... M — 1,

n—1lm-—1
o < Yy + vuhk Z Z Lep + Yah Z Tem + 4k Z Dyp | et
=0 =0 (2.31)
n—1m-—1
<yt hk Y F§p+’y5hZI‘5m+’y5k Z T,
£=0 p=0
then, according to Egs. (2.29),(2.30) and (2.31) that, for all i =0,...,p and j =0, ..., p,
n—1m-—1
0y, <’76+76hk Fép"'%hzrém"'%‘kzrnp
£=0 p=0 .
P (2.32)
DD om0 Zonm +%ZO"°
=0 n=0
Using Lemma 1.4, we set
n—1m-—1 n—1 m—1
Ui =00, a=7+7%hk > Y Teo+9h Y Tem+76k > T,
£=0 p=0 £=0 p=0

Br=PB2=pv, B3 =p"7,T=5=1
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Therefore, by applying Lemma 1.4 to Eq. (2.32), we get

n—1m—1

< A/G + 76hk Z Z e p+ 76h Z Lem + 76;; Z T, e2p("/7+\/’Y;+V$T).

£€=0 p=0

It follows that for alln =0,1,....N —1;m =0,....,M — 1,

n—1m—1 n—1 m—1
Lrom <7g + hkvg Z Z Lep+hg Z Lem + kg Z Lnps (2.33)
£€=0 p=0 £=0 p=0
by using Lemma (1.4), we obtain
T < 7 (AL A)D( V7 +57) (2.34)

Thus from Egs. (2.18), (2.26) and (2.34) the proof of Lemma 2.8 is completed by setting

§(p) = maw{G (p), yre™ 7, el AP OREVIR TR,

The following theorem establishes the convergence of the presented approach.

Theorem 2.2. Suppose h and H two functions that are continuously differentiable p times within their do-
mains. Therefore, equations (2.5), (2.8), and (2.13) establish a distinct approzimation pn v € S 1 o1 (LN ).
Additionally, there exists a finite constant C independent of h and k such that the resulting error function

e(y1,y2) = (Y1, y2) — pn,m (Y1, y2) meets the condition:
lellze(a)y < C(h+ k)P,

Proof. For all m € {0,...,N} and m € {0,..., M}, we state the error as e, n(y1,y2) = p(y1,y2) —
tn,m (Y1, y2) on each rectangle A, .

First, for (y1,y2) € Ao,0, applying Lemma 1.7 to Eq. (2.5) derives the following from

1 || o
leoo(y,y2) € Y = P hin,
i+j=p VA aylay2
Hence by Lemma 2.8, we have
¢(p
leo,0(y1, y2)| < ((p) Z i Lopini = ;!) (h+ k)P (2.35)

i+j=p

Thus, we put C; = %.
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Next, for (y1,y2) € An,o, where n =1,..., N — 1, we derive from Eq. (2.9)

n—1&-1 .y, 41 [fYlo+l  LY2
(Y1, y2) = fino(y1,92) =YD / H(z,y2,v1,02)€0,0(v1, v2)dvadvidz
£€=00=0"Y1¢ Yi,0 0

Yi,6+1 Y2
+ Z/ / H(z,y2,v1,v2)eg 0(v1, v2)dvadvr dz
Y1, /0

Y1,041 Y2
/ / H(z,y2,v1,02)€s,0(v1,v2)dvedvidz
1,

/ / / H(z,y2,v1,v2) ((v1,v2) = fin,o(v1,v2)) dvadvidz.
Y1, 0

Thus,
n—1 o o Y1 Y2
(. 2) = (o, 92)| < 3 3T ecallumney + s [ [ n(or,v2) = o(on, o) dvadon.
£=0 Yi,n 40

Therefore by Lemma 1.6, we get

n—1
14(y1, y2) = fin0(y1,y2)| < D hkBATH |ec ol o (ac ) P (HA1(A1 + A5))
£=0
n—1
S Z 3hA1A2FeXp (HAl(Al + Ag))
£=0

n—1

< Z h’)\l ||e§70||L°°(A570)7
£=0

using Lemma 1.7 results to

lenollLee (an0) < = finoll + (1m0 = kim0l

1
< Z hhillegolleey + D

alal
2!
i+j=p j

o' +]Mn 0
82/ 6?42

Hence by Lemma 2.8, we obtain

n—1 )

Cp
lenollLo (a0 € D hAillecollLe(aco) + ?(h + k)7,
£=0

then, by Lemma 1.3, we have
o |
len,olloe (An,0) < = 7 (A + k)" exp(ArAr).

Thus, we take Cy = % exp(A41A1).
Finally, for (y1,y2) € Apm, wheren=0,...,N—land m=1,..., M — 1, we derive from Eq. (2.14)

n—1lm-—1 n—1 m—1
4(y1,42) = P (W1, 92)| <Y Y hkA H|lee | + > hkAiHllegm|| + Y kA H ey, |
£=0 p=0 £=0 p=0

Y1 Y2
+HA1/ / 111,1)2) ,un m(’t/1,’l]2)|d’l]2d1}1

Yi,n YY2,m
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Thus, by Lemma 1.6,

n—1lm-—1 n—1 m—1
(Y1, 92) = fin,m (Y1, y2)| < > hkAsHlee, |l + Y hkAiH|legml| + D hkAiH|en,| | exp(A1H(Ar + As))
£=0 p=0 £=0 p=0
n—1m-—1
<D0 Nohkllee, |l + thzneg mll + Z hkXa|len, |,
£=0 p=0

therefore, using Lemma 1.7 results to

llen,mllzoe (An o) Sl = fimmll + [l fn,m = pn,ml

—1m—1 n—1 m—1
Z D hkXallecoll + D hkdallecmll + D hkdallen,|
£=0 p=0 £=0 p=0
+ i O o | i
52, 1| 9viows
Hence, by Lemma 2.8, we obtain
n—1m—1 n—1 m—1 ( )
lenmll <03 hkdalleg,ll + > hkAslleemll + Y hkXa|len,l + —(h + k)P (2.36)
£=0 p=0 £=0 p=0

Therefore, according to Lemma 1.4, we derive from Eq. (2.36)

||6n,m|| < (CI()I'))(h + k)p> eXp(Ag(Nh + Mk'))

< @fjj)expug(Al + Ap))(h+ R,

(2.37)

Thus, we take C5 = % exp(A3(A41 + A2)).
Hence, the proof concludes by selecting C' = maxz{C1, Cs, Cs}.

2.3 Numerical results

To evaluate the effectiveness of the proposed Taylor collocation method in solving first-order linear
2D-PVIDEs, we present five numerical examples featuring linear PVIDEs with known exact solutions. In
these examples, we fix p = 3 and consider three distinct sets of values for N and M. The error estimation

is provided to demonstrate the accuracy of the approximation.

Example 2.5. Let us dedicate the first example to the case that the desired equation is of form

(9 Y1 Y2
/t(g;,yz) = h(y1,y2) +/ / (v1 4+ v3) p(v1, v )dvaduy, 0<y; <1, 0< gy <1,
1 o Jo

with the initial condition

po(y2) = sin(yz), 0<y <1

The exact solution of this problem is given by u(y1,y2) = (1 — y?)sin(y2). Then, the function h(yi,ys) is
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calculated using the exact solution as follows:

1 2 1 .
h(y1,92) = yi(1 = cos(y2)) + ui(cos(y) — Suzcos(ye) + yosin(ys) — 1)
1 1 . .
+ §y%(cos(y2) - 1)+ 2 <2y§cos(y2) — yosin(y2) + sin(yz2) — cos(ya) + 1) )

The study employed the proposed Taylor collocation method to compute numerical results across various
collocation points. Table 2.1 displays the absolute errors |pu(y1,y2) — pna (Y1, y2)| revealing a consistent
decrease with an increasing number of collocation points. To provide a visual representation of the ap-
prozimate solution’s behavior, the absolute error function was graphed in Figure 2.1 in three dimensions
for 0 < y1 <1 and 0 < yo < 1 using different values of N and M —specifically, (N, M) = (10,10) and
(N, M) = (20,20)—for comparative analysis. Additionally, Figure 2.2 illustrates both the exact and ap-
prozimate functions in a 3D plot for N = M = 20. For a more detailed insight, Figure 2.5 showcases a
visual presentation of the contrast between the precise and estimated solutions at y; = 1. Furthermore,
the graphical depiction of the absolute error function at y; =1 for (N, M) = (20,20) is presented in Fig-
ure 2.4. These visualizations serve to enhance the understanding of the proposed method’s accuracy and
effectiveness.

Table 2.1: Absolute errors |u(y1,y2) — pn N (Y1, y2)| Example 2.5

(yl,yg) N =10 N =20 N =30
(0.0,0.0) 0 0 0
(0.1,0.1) 9.5482e¢ — 07 5.8051e — 07 4.0984e — 07
(0.2,0.2) 2.0284e — 05 1.0937¢ — 05 7.4685e — 06
(0.3,0.3) 1.1512e — 04 6.0072¢ — 05 4.0605¢ — 05
(0.4,0.4) 3.8832e — 04 1.9952¢ — 04 1.3420e — 04
(0.5,0.5) 9.8326e — 04 5.0065¢ — 04 3.3578e — 04
(0.6,0.6) 2.0681e — 03 1.0467¢ — 03 7.0068e — 04
(0.7,0.7) 3.8101e — 03 1.9201e — 03 1.2835e — 03
(0.8,0.8) 6.3403e — 03  3.1852¢ — 03 2.1270e — 03
(0.9,0.9) 9.7160e — 03 4.8698e — 03  3.6839%¢ — 03

Figure 2.1: (a) Absolute error function |pu(yi,y2) — mo,10(y1,y2)|, (b) Absolute error function

|(y1,y2) — 120,20(Y1, y2)| with p =3 for Example 2.5
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Figure 2.2: (a) The exact solution u(y1,vy2), (b) The approzimate solution 2o .20(y1,y2) withp =3
for Example 2.5

Figure 2.3: Comparison of the exact and approximate solutions with N = M = 20 at y1 = 1 for
Ezample 2.5
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Figure 2.4: Absolute error function for N = M = 20 at y1 = 1 for Example 2.5
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Example 2.6. Consider the following linear two-dimensional PVIDE

Y1 Y2
78u(y1,y2) = h(y1,92) —l—/ / (vicos(va)) vy, va)dvaduy,
o Jo

0<y1 <1, 05y <1,
oy

with the initial condition

Lo(y2) = ya, 0<y <1,

where the analytic solution is given by p(y1,y2) = y2e Y1, and

Wy1,y2) = eV (1y25in(yz) + yicos(yz2) + yasin(yz) + cos(y2) — y2 — y1 — 1) — yasin(yz) — cos(yz2) + 1.

Table 2.2 presents the absolute error values, while Figure 2.5-(a) illustrates the behaviors of the exact so-
lution, and 2.5-(b) depicts the approximate solution of Example 2.6. The approximate solution graph is
generated using (N, M) = (20,20) collocation points, matching the graph of the exact solution. Further-
more, Figure 2.6 compares the exact and approximate solutions at y; = 0.1. Also, Figure 2.7 outlines the

absolute errors functions |p(y1,y2) — p2o,20(y1, y2)| at y1 = 1 with p = 3.

Table 2.2: Absolute errors |pu(y1,y2) — pn,N(y1,y2)| for Example 2.6

(yl,yg) N =10 N =20 N =30
(0.0,0.0) 0 0 0
(0.1,0.1) 7.8981e — 07 4.8780e — 07 3.4580e — 07
(0.2,0.2) 1.4646e — 05 7.9986e — 06 5.4816e — 06
(0.3,0.3) 7.3101le — 05 3.8588e¢ — 05 2.6178e — 05
(0.4,0.4) 2.1930e — 04 1.1396e — 04 7.6933e — 05
(0.5,0.5) 4.9957e¢ — 04 2.5728e — 04 1.7318e — 04
(0.6,0.6) 9.5623e — 04  4.8967¢ — 04 3.2902e — 04
(0.7,0.7) 1.6220e — 03 8.2745e — 04 5.5531e — 04
(0.8,0.8) 2.5158e — 03 1.2801e — 03 9.0808e — 04
(0.9,0.9) 3.6403e — 03 1.8490e — 03 1.0290e — 03
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Figure 2.5: (a) The exact solution j1(y1,y2), (b) the approzimate solution 120 20(y1,y2) with p =3
for Example 2.6

17 1

0.8 0.8

0.6

Figure 2.6: Comparison of the exact and approxzimate solutions with N = M = 20 at y; = 0.1 for
Ezxample 2.6
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Figure 2.7: Absolute error function for N = M = 20 at y1 = 1 for Example 2.0
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Example 2.7. Consider the following 2D-PVIDE

6 Y1 Y2
M = h(y1,y2) —l—/ / (y1v1 + cos(v2)) (v, va)dvaduy, 0<y; <1, 0< yp <1,
o Jo

Oy
subject to initial condition

MO(yQ):Oa OSyQ S 1a

along with p(y1,y2) = y1sin(yz). Then, h(y1,y2) is given by

4 2

iy, ya) = sin(yz) + 5 (cos(ye) — 1) + 7L sin®(32).

Table 2.3 displays numerical results in terms of absolute errors. The proposed method exhibits excel-

lent performance, as evident from the table. Additionally, the absolute error function is illustrated in
three-dimensional space, as depicted in Figure 2.8 employing distinct combinations of N and M wvalues,
specifically (N, M) = {(15,15),(20,20)}, allowing for comprehensive comparative analysis. Furthermore,
Figure 2.9 contrasts the exact and approrimate solutions at y; = 0.1, providing a detailed snapshot of their

behavior. While Figure 2.10 presents a visualization of the absolute error function p1s15(y1,y2) at y1 = 1.

Table 2.3: Absolute errors |p(y1,y2) — pun N (Y1, y2)| for Example 2.7

(yl,yQ) N =10 N =20 N =30
(0.0,0.0) 0 0 0
(0.1,0.1) 8.3076e — 07 5.2136e — 07 3.7061e — 07
(0.2,0.2) 1.6484e — 05 9.1714e — 06 6.2693e — 06
(0.3,0.3) 8.8108e — 05 4.7363e — 05 3.1640e — 05
(0.4,0.4) 2.8382e — 04 1.4779e — 04 9.5703e — 05
(0.5,0.5) 6.9663e — 04 3.4482¢ — 04 1.6742e — 04
(0.6,0.6) 1.4415e — 03 6.5519e — 04 2.3514e — 04
(0.7,0.7) 2.6493e — 03 1.0463e — 03 8.1499¢ — 04
(0.8,0.8) 4.4561e — 03 1.390le — 03 1.2109e — 03
(0.9,0.9) 6.9807e — 03 1.4011e — 03 1.3022e — 03
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Figure 2.8: (a) Absolute error function |u(yi,y2) — ps15(y1,y2)|, (b) Absolute error function
(Y1, y2) — 120,20(y1,y2)| with p =3 for Example 2.7

Figure 2.9: Comparison of the exact and approxzimate solutions with N = M =15 at y; = 0.1 for
Example 2.7
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Figure 2.10: Absolute error function for N = M =15 at y; = 1 for FExample 2.7
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Example 2.8. In this example, consider the two-dimensional partial Volterra integro-differential equation
discussed in [09]

o , Y1 Y2
Oulynve) _ h(y1,y2) +/ / yin(vr, va)dvadoy, 0<y1 <1, 0<y <1,
oy o Jo
subject to initial condition
to(y2) =0, 0<y <1

Where u(y1,y2) = y2sin(y1) as the analytic solution, and h(y1,ys2) is calculated using the exact solution
and obtained similarly as [69]
Y1

My1,y2) = yzcos(y1) — yiyssin® (5) :

The numerical results obtained in this example for N = M = 10 are compared in Table 2./ with the
numerical results obtained by using the methods in [69] for different collocation points in terms of absolute
error values, while Figure 2.11 illustrates the behaviors of the absolue error |u(y1,y2) — p1o,10(y1,y2)| at

y1 =1 and p = 3 for Example 2.8.

Table 2.4: Absolute errors |p(y1,y2) — pn N (Y1, y2)| for Example 2.8

(y1,y2) Method in [69] Our Method
( ) 0 0

( ) 4.99¢ — 09 4.99¢ — 09
( ) 6.3%8¢ — 07  2.39¢ — 07
( ) 8.11e — 05 7.94¢ — 06
(0.6,0.6) 1.36e — 03 3.86e — 04
( )

( )

( )

1.00e — 02 3.85e¢ — 03
2.27e — 02 9.51e — 03
4.70e — 02 8.82e — 03

The comparison presented in Table 2./ indicates that the outcomes achieved through the current method
exhibit significantly higher accuracy compared to those reported in [69]. The computation time for these

outcomes amounted to 47.07s on a personal computer running Maple version 18.
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Figure 2.11: Absolute error function for N = M =10 at y; = 1 for Example 2.8
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Example 2.9. The final ezample pertains to a scenario where the provided equation assumes the following

structure:

a , 1 Y1 Y2
Oyzn) _ g2 L4 +/ / Y01 (01, v2)dvadvy, 0 <y <1, 0< s < 1,
oy 12 o Jo

with the initial condition
(0, y2) = 0.

The exact solution of this problem is given by p(y1,y2) = y3y3.

Table 2.5 illustrates a consistent decrease in absolute errors as the number of collocation points increases
for p=3. In Figure 2.12, three-dimensional plots of both the exact function pu(y1,y2) and the approximate
function pao 20(y1,y2) are depicted over the domain 0 < y; <1 and 0 <y, < 1. Additionally, Figure 2.15
offers a comparative visualization of the exact and approximate solutions at y; = 0.1, providing valuable
insights into their behavior. Furthermore, Figure 2.1/ presents a detailed 2D representation of the absolute

error function eso 20(y1,y2) at y1 = 1.

Table 2.5: Absolute errors |u(y1,y2) — pun,~N (Y1, y2)| for Example 2.9

(yl,yQ) N =10 N =20 N =30
(0.0,0.0) 0 0 0
(0.1,0.1) 1.67 x 1071 147 x 107" 1.11 x 10711
(0.2,0.2) 753 x 107 447 x 107  3.16 x 107°
(0.3,0.3) 216 x 1077 1.21x1077 8.44 x 1078
(0.4,0.4) 229 x 1076  1.25x107% 859 x 1077
(0.5,0.5) 1.42 x 107 759 %x107% 518 x 1076
(0.6,0.6) 6.24 x 107° 330 x 107° 224 x 107°
(0.7,0.7) 217 x107* 114 x107* 775 x107°
(0.8,0.8) 6.42x 107*  3.35x107* 226 x 10~*
(0.9,0.9) 1.66 x 1073 8.65 x 1074  5.84 x 1074
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Figure 2.12: (a) The ezact solution p(y1,y2), (b) the approximate solution oo 20(y1,y2) withp =3
for Example 2.9

0.6

Figure 2.13: Comparison of the exact and approrimate solutions with N = M = 20 at y; = 0.1
for Example 2.9
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Figure 2.14: Absolute error function for N = M = 20 at y; = 1 for FExample 2.9
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Based on the numerical experiments, it is evident that the Taylor collocation method serves as an
effective tool for approximating solutions to linear PVIDEs, aligning with our convergence analysis in
Section 2.2. Furthermore, we observe that the error diminishes and tends toward zero as M and N

increase.

2.4 Concluding remarks

In this chapter, we introduce a novel numerical algorithm for solving linear 2D-PVIDEs represented by
form (2.1). The method utilizes a Collocation approach grounded on Taylor polynomials in two dimensions.
The iterative formulas directly yield the approximate solutions, eliminating the need to solve algebraic
systems. In Section 2.2, we perform convergence and error analysis, shedding light on our theoretical
findings, while Section 2.3 showcases several test examples aimed at evaluating the method’s efficiency and

confirming the theoretical estimates.
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Chapter

Numerical solution of second order two-dimensional par-

tial Volterra integro-differential equations

The purpose of this chapter is to provide a numerical solution to the following hyperbolic
2D-PVIDE:
Pulyr,y2) oy, ye) Oy, y2) n

T aq m + OAQTyz + azp(yi,y2) + h(yi, y2) + ; H(y1,y2,v1)p(v1, y2)dvr,
(3.1)

along with the appropriate associated initial value conditions. (y1,%2) € A = [0, A1]x [0, A3] C R,
and A and H are sufficiently smooth functions to ensure the existence and uniqueness of the
solution on A and the region S := {(y1,92,v1) : 0 < v <y; < A1,0 < yo < As} accordingly.

An initial investigation into second-order 2D-PVIDEs in a similar form to Eq. (3.1) has
been pursued by several researchers. For instance, Rivaz et al. [74] undertook a study where
they transformed the linear 2D-PVIDE into a system of linear algebraic equations through the
application of two-dimensional Chebyshev polynomials and their operational matrix of integration.
Similarly, Rostami and Maleknejad |75] explored the solution to a related but mixed 2D-PVFIDEs
using two-dimensional hybrid Taylor polynomials and Block-Pulse functions. The analysis of the
singular case of the 2D-PVIDEs in (3.1) has been explored in prior works such as [76-78|. These
studies employed two-dimensional orthonormal Bernstein polynomials, two-dimensional wavelets
approximations and their operational matrices of integration, as well as two-dimensional Bernoulli
wavelets along with their corresponding operational matrices, respectively. Additionally, Mirazee
et al. [79] employed Bernstein polynomials to solve the fractional order case.

To the best of our knowledge, no prior endeavors have been undertaken to solve the second-
order 2D-PVIDE (3.1) using the Taylor collocation method, and therefore applying it to address
these significant problems stands as a major challenge. Our main objective here is to extend and
generalize the numerical method introduced in Chapter 2 of our thesis to effectively solve the
second-order 2D-PVIDE (3.1). In this regard, we reformulate the 2D-PVIDE (3.1) into another
problem involving the solution of a two-dimensional Volterra integral equation. Using the two-
dimensional Taylor polynomials as the basis function of the piecewise collocation approach, we
get an explicit form of the approximate solution to the main problem.

The rest of this work is as follows: Section 3.1 obtains the neccessary background and notations

and constructs the Taylor collocation approach to solve the second-order 2D-PVIDE (3.1), while
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Section 3.2 presents details of the error estimates and convergence analysis of the proposed method.
Section 3.3 introduces several numerical examples and illustrations to test the applicability of
the suggested method and the theoretical results. Finally, the last section gives the concluding

remarks.

3.1 Description of the method

This section is devoted to constructing the Taylor collocation approach to solve the second-

order 2D-PVIDE (3.1). For simplicity and without loss of generality, we assume that A; = As = 1.

02 p(y1,y2) then

If we define a new function w(y1, y2), such that w(y1,y2) = =55,

Y1 Y2
w(y1,y2) = / / w(v1,v2)dvadvr — p1(0,0) + (0, y2) + p(y1,0), (3.2)
o Jo

and the second-order 2D-PVIDE (3.1) may be transformed to the two-dimensional VIE

Y1

Y2 Y1 Y2
w(yr, y2) =P (y1,y2) +a1/ w(y1, v2)dvs + az/ w(v1,y2)dvy + a3/ / w(v1, v2)dvadv

Y1 Y2
/ / H(y1,y2,v1)w(z, v2)dvadzdur, (y1,y2) € [0,1] x [0, 1].
(3.3)

It follows from the classical theory of Volterra that (3.3) possesses a unique solution w € C(A),

with @ is a term obtained by using the initial values conditions as follows:

oy, oy,
O (y1,y2) = h(y1,y2) + a1 <M%ﬂy2)> + an <u(gly2)) + a3(0, y2)
Y2 y2=0 Y1 y1=0

Y1
+ 053M(yla 0) - 053/1'(07 0) + H(yh Y2, 'Ul) (Ulv )dvl
0

Y1 Y1

+ H (y1,y2,v1)1(0, y2)dvy — H(y1,y2,v1)p(0,0)dt.
0 0

1

We examine the numerical solutions within the real polynomial spline space S (- 1 1N )

of degree p — 1 in both y; and ys, as defined by (2.4)

-1
Sz()—l?p—l(HNyM) = {w : wmm = w|An’m S 7Tp_17p_1, n = 0, cee ,N — 1, m = O, s ,M — 1},

where we approximate the unknown function w(y1, y2) within the rectangle A, ,,, n =0,1,2,..., N—
1, m=0,1,2,...,M —1, as
p—1

Z 1 8+]an(y1 ny Y2, m)

(y1 — v1n) (y2 — yom), (3.4)
']' 8y13y2

Wn,m (yla y2) =
i+5=0
ai—i_j(’i}n,m (yl,na y2,m)

PRTY, are unknown coeflicients to be determined in the sequel.
Y10Y5

where

o4
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1% step: For n = m = 0, we approximate the function w(y;,y2) within the rectangle Ag g as

p—1 L
L (0Hw(ys, ye i ‘
woolyry) = Y <<> vivh  (y1.32) € Aoo. (3.5)
=g Yt oy,
i+35=0 Y19Y2 y1=0,y2=0

We differentiate Eq. (3.3) j-times in terms of ya,

Yoy, ' ,7 I
g/;ij) = 0P ®(y1,y2) + 105 Vo yr, 1) + s 0 05 eo(v1, y2) oy
2

PNCE)
+Oé3/ Oy w(vy,y2)dvy

91 UlJ 1 or (—1-1)
/ / 0y2 8J H(y1,y2,v1)w (Z,yz)} dzdvy
" g ()
+/ / a2j H(y1, y2, v1)w(z, v2)dvadzduy
o Jo
_ 8(])4) a(jfl) 1 a(]) p
=0y " ®(y1,y2) + €10, w(yl,y2)+a2 ) w1, yo)dun
+0‘3/ a(j Y (Ulay2)dvl

Y1 o1 87" l - w(z
XY [T o ] P

Y2) 4. o,
r=0 (=0 2

Y1 Y2 G)
+/ / 82] H(y1,y2,v1)w(z, ve)dvedzdu;.
0o Jo

Thus, differentiating Eq. (3.3) i— and j—times in terms of y; and ys, respectively, we get

O w(y1, y2)
Ay} 0y,
+ 0100 Vew(yr, ) + 020 V0w, y2) + asdf VoY Ve (yr, )

. i q r 91~ 8i—1—q a'r'—l (j—1-7)
S () (o [mmms (g [P B0 )] ) |
v1=y1 2
oin Y1 p
5oy ([ etzmiz)
Y1 v Gt o ! (j—1—r) le(z,yg)
/ / 8y1[ |:a2 H(ylay%vl)} Tyédzdvl

0T T (i-1-9) (4) o /yl
> 0 8yg p |:81 a H(yQay17y2):| 82/717 0 W(Z,Ug)dz dUZ

— 0P 0P @ (y1, o)

_l_
s 3
II
’—‘D
WMﬂ
o
/\
\_/

S L L NT D)
+ / 01" 95" H (y1, ya, v1)w(2, v2)dvadzduy,
0

BoU Y1 v )
Ew (/ w(z,m)dz) :/ w(z,v2)dz, if n=0.
Y1 0 0
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Hence,
9™ w(0,0)
9y 0yy
+ 10008 Vw(0,0) + 4208 0w (0,0) + azal Mol Vw(0,0)

8r—l 1y
(ayrl [aéj ' )H(ylv Y2, Ul):| )
U= 2 y1=0,y2=0

y AH11,(0,0)
oy~ oy

= 07959(0,0)

SrEy

<T> <q> e o
q—n 1-
r=0 1=0 ¢=0 v=0 n/ Oy 8y1 e

(3.6)

274 step: For n =1,2,..., N —1 and m = 0, we approximate the function w(y;,y2) within the
rectangles A, 0, n=0,1,2,...,N — 1, as

§ L 8i+jd}”vo(y1,m 0)

il 3yi ayj (y1 — yl,n)iy%u (y1,y2) € An0, (3.7)
e 19Y2

wno(y1,y2) =
i+j=0

where @y, 0(y1,y2) is the precise solution to the VIE

n—1

Y2
@n0(y1,y2) = P(y1,92) + 041/ Wn,0(y1,v2)dvs + 2 Z/
0

=0 Y1,¢ Yi,n

Y1,e+1 Y1 Y2
+ ag 2/ / we,0(v1, v2)dvedvy + ozg/ / Wn,0(v1, v2)dvadvy

Y1,e 0 Yi,n

Y1,641

n -1

Y1,6+1 Yl,04+1
+ / / H (Y1, Y2, V1)we,0(2, v2)dvadzdvy
00=0"Y1¢ Y1,

Y1,6+1
+ Z/ / H(yhZ/Q,Ul)wg,o(z,vg)dvgdzdvl
Yie Y1,e

Y1 Yl,0+1 Y2
+ / / H(y17 Y2, Ul)wo"o (Z, 'UQ)d'UQdZd’Ul

o= Yin YYl,o

1
—l—/ / H (Y1, Y2, v1)Wn,0(2, v2)dvadzduy.
Y1 Yi,n

,n

Similarly, we differentiate Eq. (3.8) j-times in terms of y3, we obtain
O om0(y1,y2) _ a(g) o —1)

Wn,o(y1, y2)
A

Y1, Y2) +0413§J

T o0) _Op
05 w§,0(017y2)d01+042/ Oy Wn,0(v1, y2)dvy
=0 Y1,¢ Yin

o6

Y1
we,0(v1, y2)dvy +a2/ Wn,0(v1, y2)duy
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n—1 Y1,64+1 (—1) Y1 G-1) -
+O‘3Z/ 03 ws,o(vlvyz)dv1+oe3/ 0y n0(v1, y2)duy

&=0 Yi.e Yin
noléetly-l - Y1,6+1 Yl,0+1 r—I 1
" ' AR j—1— 0w
" Z (l) / / r—I [85] ' T)H(yla Y2, V1) TTO(Z,Z/Q)dZd’Ul
£=00=07r=0 [=0 Y1,¢ Y1,0 32/2 Y5
=Ll ey e puen ]
+ Z / / 8§J)H<y17 Y2, UI)WJ,O(Z, U2)d1)2d2’d’l)1
5:0 o=0"7Y1,¢ Yi,0 0
n 1 -1 T
r Y1,64+1 v1 8r—l L 8
+ (l) / o, r—1 [65] ' T)H(yly Y2, U1)] El (z,y2)dzdv;
£€=0 r=0 =0 Y1,¢ vie OY; Oy
Tl yien v2
+ Z/ / aéJ)H(yby27”1)w5,o(z,v2)dv2dzdv1
£=0 Yi,e Yi,e 0
nolgzt v Y1 Yl,o0+1 r—I 1
T T a .4 a
+ Z (l) / / o1 [aéj ' T)H(yhy% Ul)] , o0 (z,y2)dzdv;
o=0r=0 [=0 Yi,n Y Yl,o ayg 8y2
nol oy Yl,o4+1 [Y2 ()
+ Z / 82] H(y17 Y2, UI)WJ,O(Z, UQ)dUQdZdUl
c=0"Y1,n YYl,0 0

[~

il v r—1
+Zz<1l~> /yyl 19 [8@ = H (g, 3/2’”1)} awlo

" (ZaZUZ)dZdUl
1,n JYin ay 8y2

Y1 Y2
/ / / 8 ylu Y2, vl)wn O(Z /UQ)dUQdZd’Ul
Yi,n YYi,n

Thus, the differentiation of Eq. (3.8) i— and j—times in terms of y; and ys, respectively, gives

" 0(y1, y2)
ayiayé
+ 100V 0(y1,92) + 20l VO 001, y2) + a5 VA oy, )
n E 1 ] 1 r .

r Y1,6+1 Y1,0+1 az ar—l (j—l—r) 8 Wy o
H
+ Z Zl (l> / /yl . ayl [ayg—l [62 (y1,y2,v1)] EY (2, y2)dzdvy

0r=0

= 80 ®(y1. y2)

_l’_

M

Y641 [Yl,0+1 ( )
/ ! H(ylv Y2, Ul)wJ,O(Z, U2)d’l)2d2’d1)1
o=0" Y1, Yi,o

30-»
>—\O

c I

17 ~
r Yie+1 U1 gt o=l 1y Ow
(l)/ 50 [ — [853 1 )H(yl,yg,vl)}] 5 5170(27y2)dzdv1
r=0 1=0 Y1,e y1,e OU1 8y2 Y

Y1,e+1 v1 Y2 (i) (,)
/ / / oy ‘92] H(y1,y2,v1)we 0(z, v2)dvadzduy
Yig y1,e /0

1,
i—1 r Y1 Yro+1 Gl ot L o'w .
(l)/ / B — [8%3 ! T)H(yhyz,m)} Ug(l’yg)dzdvl
0 Yi,n J Y10 Y1 | Oyq Yl

_l’_

M

7T
= O

+
(]

70
= O

<
=

+
(]

o=07r=0 [=
G Nt Ylo41 i1 i z
T o+l 94 o q 9 . e )
* <l> W W <8 r—l |:8§J T)H(y17y27vl)}> Uail z
0=07r=0 {=0 ¢=0 Yl,o hn Y1 S Yl
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nolizl ey i1y o1 L )
+ E E / / ay7 [3§ ' q)aéj)H(QQ,y17y2)] We,0(2, v2)dvadz
U—Oq—O Yi,o 0 1

Y1

Yl,0+1 )
/ / 6 ] H(yl?y%vl)wo O(Z UQ)dUQdZdUI
0 Yin YYl,o

-1 r -1 g¢q r—l
0 1y
( r—l [aéj ! )H(y17y27v1):|> X
v1=y1 O

r 01" gi—1-a
2 ()(0;
3n+l /y1 ( ))
Wn,o(2,y2))dz
8ylay2 Yln ’ ?
j—1

q—n 1—1—q
r=0 =0 g=0 n=0 y 8y

r r Y1 U1 ai ar—l ( i—1—r) 61(1)” O(Z; y2)

(). [0 o) | L2 g,
r=0 1=0 U Jyvn Jyim ayl Oy : { ? } o
L Y2 99=n o" Y1

- ot q)a( )Hy YL Y2) | / Wn.o(z,v2)dz | dv
quZO( ) 0 ayq n { 1 ( 2, Y1 2)} 8y" i ,0( 2) 2

71
+/ / / 8( 8(3 H (y1,y2,01)@n,0(2, v2)dvadzdu;.
Yi,n YYl,n

Hence, forn =0,1,2,...,N — 1,

", 0(y1,n,0)

, = 089 (yy , 0)
Ay Oy
+ 10008 Va0 0(y1.m, 0) + @20V V0@ 0(51.m, 0) + a0V Vi (31, 0)

SO0 5

8yq n 8y2 1—q

ar—l .
(8 r—l [aéj ' )H(y17y2avl):|> X
v=y \OY2

Y1=Y1,n,y2=0
-1~
ot Wn, O(yl n) 0)

dyi~ 8y2
n-1&-1j-1 r Yi,641 Yl,0+1 % r—1 .
T , 0 0 1
. ([ [ e ]|
£=00=07r=0 [=0 Yie Yl,0 v 9 Y1=Y1,n,y2=0
o' 0
70%’0(12’ )dzdvl
0ys
n-lj-1 r Y1,e+1 V1 81‘ ar—l . al 0
+ Z ’ = 109 Hyr, yo, 1) Mdfédm
l ayz 8 r—I 8yl
£=0r=0 1= b vLe 7oL %2 Y1=Y1,n,y2=0 2
n— 1] 1 r -1 Yl,041 aq al_l_q ar l
’," )
! <z>/ o | oy e ( |08 )] x
0=07=0 [=0 q=0 Yl,o Yi | Oy, v1=y1 8y2

Y1=Y1,n,y2=0

6%070 (2,0) &

dyh

(3.10)

37 step: Forn =0,1,2,...,N -1, m=1,2,..., M — 1, the function w(y1, ) is approximated
in the rectangles A,, ,, as
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p—1 it
1 0" 0 m (Y1,n, Y2 ; ; .
WY1 92) = D 5 n’mf = ’m)(y1—y1,n)l(y2—yz,m)j, (3.11)
itj=0 "’ Y10y,

where Wy, (Y1, y2) refers to the precise solution to the VIE

Y2
Wn,p(y1, v2)dva + ay / On,m (Y1, v2)dvg

Y2,m

Y2,p+1

©Onm (Y1, 42) = (Y1, 42) + a1 Z/

Y2,p

Y1
We m (v1, y2)dur +a2/ Wn,m (V1, Y2)duy

Yin

Y1,6+1

n—lm—1 oy eiq py2 ot Y1 Y2
+ a3 E E / / we p(v1, v2)dvaduy + ag/ / Wn,m (v1, v2)dvaduy
= , Y Y.

£=0 p=0 Y Y1¢ 2,p Yi,n Jy2,m
1 Y1 Y2041 Nl ey

+ 043 / Wn,p(v1, v2)dvaduy + a3 E / / We m (v1, v2)dvaduy
p:(] Yi,n Y Y2,p 5 0 Yi,¢ Y2,m

n—1&6—1m—1

Y1641 Yl,0+1 Y2,p+1
1D 30 2l Il I [ R ER R

£=00=0 p=0 Y Y1.¢ Y1,0 2,p
n-16-1 Y1641 Yl,0+1 Y2
+ Z / / H(yh Y2, ’Ul)wa,m(z, 'U2)d’02d2’d1}1
£=00=0"Y1¢ Yi,0 Y2,m
nolmel ey Y2 p+1
T Z Z / / / H(y1, y2,v1)wg,p(z,v2)dv2dzdvl
£=0 p=0 Y Y1.¢ Yi,e YY2,p
n—1 Y1,6+1 V1
+ Z / / H(y17 Y2, Ul)&)&m(z, 'U2)d’UgdZd’Ul
£=0"Y1.¢ Y1,e JY2,m
n-lm- Y1,0+1 Y2,p+1
+ Z / / / H(ylﬁ Y2, vl)wow(z, UQ)dUQdZd'Ul
o=0 p=0 Yi,n YYl,o Y2,p
n—l Y1 Yl,o0+1
- Z / / / (y17 Y2, Ul)wo',m (Z, 'Ug)d’UQdZd’Ul
o=0"7Y1,n YYl,o Y2,m
m—l ey 1 [fY2,p+1
- / / / H (y1,y2, v1)wn,p(2, v2)dvadzdoy
p=0 Yin YYin YY2,p
Y1 V1 Y2
+ / / / H(ylay%vl)wn m(z 'UQ)dUQdZdUl,
Yin YYi,n YY2,m

(3.12)

Thus, the differentiation of Eq. (3.12) i— and j—times in terms of y; and yo, respectively, gives

8i+jwn,m (ylv y2)
Ay dys
+ 2007 Vi (g1, y2) + 30l 1)35 @ (1, 42) + 040D F Vi (41, 12)

Mol ey el Yo+l Y2+l ])
Z / / / H(yl Y2, vl)wo' p(Z UQ)dUQdZd’Ul
p=0 YY1 y1, Yo,

23

- (%i)aéj)q’(yl, y2)

n—1&-1
+§Z

o=0
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T Y1,641 Yl,0+1 82 aT_l (~_1_ ) alw m(z y2)
= |0y "H Y1, Y2,01 #dZdvl

1,¢ 1,0

n—1§-1j-1

PHHHI

£=00=07r=0 I=
n—1 1

Y1,6+1  fYl,o+1 (@) (i )
/ / 8 a (y17 Y2, Ul)wa,m<z, U2)d1}2d2’d’01
Yi.e Y1, Y2,m

§—
2D
£=0 0=0
nolmelyen Y2, p+1 A
+ Z / / ])H(yl Y2, 1) we p(2, v2)dvadzduy
£=0 p=0 Y1,¢ Yi,e YY2,p
n—1j-1 r Yiei i 8T—l 35
r L wem(2,y
- Z (l) / / r—1 [8§J ' 7”)H(?ﬂ, Y2, 111)} Mdzdvl
£=0 r=0 =0 Y, 3?/1 0ys oy
n=l ey eqy Y2
* Z/ / 8@ ylayQaUl>wg7m(2’,v2)d’02d2’dvl
£=0 Yi,¢ Y1,e YY2,m
n=lm—1i=l .y 1 pys g Py
+ Z / / W [8(2 = q)a(J)H(y27 Y1, y2)wo p(Z 'U2)] d’UQdZ
o=0 p=0 ¢g=0 " Y10 Y2, Ch
n-lm-l Y1 Yl,0+1 Y2 p+1 ) nG)
t / / ] H(y17 Y2, vl)wa p(z ’UQ)dUQdZd’Ul
o=0 p=0 Yin YYl,0 Y2,p
Jj—

+n—1 1 r -1 (7’) Yio+1 59 81 1—q
z q i—1—q
Y ayl Y1 a

1,0

arfl .,
(6 p— [Géj ' )H(y1>y2avl)]> X
V1=Y1 Y2

ayé dzdvy
nzjljz%zr: <'I"> ! Yhott 8Z 8T_l [a(jflfr) ( ) alwom(z y2)d d
+ / / 7 poa H(y1,y2,v1) | —55———dzdv;
o=07r=0 (=0 mo OUi |Oys! ? Ay
nlicl oy e g
2.0 / S |0 08 H (g, 1, 2) | won (2, v2)dvad
0=0q=0 " Y10 Y2,m Y1
n—1 Yl,0+1 Y2 .
+ Z/ / 005 H (y1, y2, 01 )wom (2, va)dvadzduvy
Yin Y Yl,0 Y2,m
LR L s\ [Yrent §an (i—1—0) (i) on i
+ Z ZZ <77 / P a—n |:al 8 H(y27y17y2)i| 6y / Wn7p(Z,U2)dZ d’Ug
p=0 ¢g=0n=0 Y2,p " 1 Y1,n

+

— 1I,n

m=1 oy v pY2er1 .
/ / / agz)aéj)H(yh Y2, Ul)wn,p(z, vg)dvedzduy
0 Y1,

n YY2,p
ar—l 1y
(6” [3§J ! )H(’yl,yz,vl)}) X
V1=Y1 y2

53 () (s |y
m+l Y1
0 / On.m (2, y2)dz
ay ayQ Yin

1
r=0 [=0 ¢=0n=0
izt Y1 v g o=l . EUA
r —1-—r Wn,m\ %,
+ <l) / / i r—1 [85] ! )H(yh Y2, 7)1) #C&'dvl
—0 =0 yin JYin 9y 0ys 0ys

k)

<.

+
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i-1l q Y2 g . ‘ n Y1
q 9 (i-1-4) 5 () 9 .
+ <>/ — ({0 05 H(y2,91,%2) ) | 77 On,m (2, v2)dz | dvg
q:z(:)nz:;) N/ Jy2.m ayi] K [( ! ? ﬂ ay? Yi,n
n U1 Y2 . .
+/ / 8?)85])[-[(3/1,yg,vl)cbmm(z,vg)dvgdzdvl. (3.13)
Yin YYin YY2,m

which leads to, forn=0,1,2,..., N—land m=1,2,..., M — 1,

ai—i_j@n,m(yl,nv y2,m)
9y 9y;
—|—C¥18( )6( B )Wn m(yl ny Y2, m) + 0626(2_1)85])(;)n m(yl ny Y2, m) + 0436@_1)85]

nol&olmol oy el Yot fU2pt @) (J)
/ / / a a (yla Y2, Ul)wo p(Z UQ)dUQdZdvl
Yi,0

+
Zchzp Y1, Y2,p
n—1&-1j5-1 r ” YLe+1  [YLot+l i o1 (—1-7)
+y D Z(l>/ / ] [ 1 [62] H(l/h?/QWl)}] X

0
£=00=07r=0 [=0 Y2 Y1=Y1,n,Y2=Y2,m

0'wo.m (2, Y2.m)

= 8£1)8§])(I)(y1,n7 y2,m)

—1) A
)Wn,m (yl,na y2,m)

dzdv
Ay} '
SN e SARINOING
+ / / / 9y 0; H(yl,yQ,U1)w§,p(z,vz)dvgdzdv1
£=0 p=0 Y Y1.¢ Y16 Y2,
n—1j-1 r Vet [U1 G ar_l )
" (7;)/ / 32[ r—i [85]1T)H(?/1,y2,v1)}] X
£=0 r=0 1=0 Y1 yre OY1 | Oy e
al
Owem(zy2m) g g

l
0ys
n—1m-—1i—1

Y1,04+1 Y2,p+1 aq i
+> 3N / /2 a7 [8( 090 1 (yz,yhyz)} Wa,p (2, v2)dvadz
P

o=0 p=0 ¢=0"Yl,0

+7§J1 r S(T) /'yl,0'+18(1 9i—1-a
q i—1— l
0 1=0 q=0 1) Jy i | oy, Ay~

1,0

8T [
( Y Hy, y2,v1)]>
V1=Y1

Y1=Y1,n,Y2=Y2,m
!
0" wWom (2, Y2,m)
!
0ys

30 Vot 91T 1 g) o 0" Ywn p(y1,m, v
+ > <q>/ — [6§ 1 q)ﬁéf)H(yz,yl,yz)} Y10 2)dv2
Y

dz

—1
p=0 ¢=01n=0 n 2,p Oy(f K 8y’17
j—1 r i—-1 ¢ _ o B
r q o4 0" q or (1)
' Z( >( ) a=n 1- —10; H(y1,y2,v1)]
SoSo\U\n oyt oy \ows

Y1=Y1,n,Y2=Y2,m
-1,
ot Wn,m (yl,m y?,m)

X 1
dyi oyl

)

(3.14)

Finally, in virtue of Egs. (3.6), (3.10) and (3.14), the approximate solution wn, a(y1,y2) of
the 2D-VIE (3.3) can be determined, and therefore the approximate solution gy ar(y1,y2) of the
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2D-PVIDE (3.1) may be given by

Y1 Y2
pnv (Y1, y2) = / / wn,Mm (v1, va)dvadvy — p(0,0) + (0, y2) + 1y, 0). (3.15)
0 0

3.2 Convergence analysis

The current section deals with the convergence analysis of the numerical approach described
above. In this regard, two main results are stated and proven to obtain the error bounds of
the approximate solution (3.15) computed using the Taylor collocation method applied to the
2D-PVIDE (3.1). In the sequel, the following lemma is needed.

Lemma 3.9. Suppose h and H are two p—times continuously differentiable functions defined on

their respective domains. Then there exists a positive number ((p), such that

forn=0,1,...,N—-1,m=0,1,.... M —1,i+j=0,1,...,p, with o o(y1,y2) = w(y1,y2) and
(y1,2) € Ago-

Oy m,

T < ((p),
Ay 0y

L% (An.m)

ij 19 onm o
Proof. Let onlym = ”WHL"O(An,m)’ we have for all i +j = 0,1, ..., p,

dyi0yy

i+i=0,1,....p% =C(p). (3.16)

1,5
20’0 < max ‘
L>(Ao,0)

Now, from Eq. (3.9), we have foralln=1,....N—1land i+ j=0,1,...,p

n—1 p—1 n—1 p—1
ij ij—1 i—1,j i—1,j—1 1 N/
opf <+ anoyly H azop g +azo, 0t T b Y Y ok + bk Y Y ofy
§=0 g+1=0 £€=0 g+1=0
j—1 r 4—=1 ¢q j—1 r i—1 q
)0 0, ,0 0,0
N D DD et MDD ono D> o+ mhkoy,
r=0 [=0 ¢=0 n=0 r=0 1=0 q=0n=0
with ~; is positive and unrelated to N and M. Hence
n—1 p—1 =1 4-1
i, ij—1 i—1,5 i—1,5—1 1 1
oo S 10y 20,07 a0 g Hph Yy Y ol Y o
£=0 g-+1=0 1=0 n=0

(3.17)

j—1 i—1

0r 0 0,0

+ 72 g 0,0 T 72 E oo +11hko, .
r=0 q=0

Taking into consideration the sequence I';, = max{oﬁl”jo, i+j=0,...,ptforalln=0,1,...,N —1,
then by Eq. (3.17), the sequence T', fulfills
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J—14—1
'7‘ 9. 17 1
oy < 1+ anoyy 4 az0h 07 + @z, T 4 ya(p hZF£+72ZZ
=0 n=0
j—1 i1
0, ,0 0,0
+72 Z 0,072 ) _ofy+y1hko,y,
r=0 q=0

which implies for all ¢ = 1,...,p and j =0, ...,

7j—1

1
02{?0 §71+a10 —i—azono’] +’ythF§+”ng
1=0

i—
ZO’ +7220
n=0

+ 2 Z 03;7% +m hkog’%.

(3.18)
On the other hand, from Eq. (3.8), we obtain for alln =0,..., N — 1,
n—1 Y2 Y1
@n0(y1,92)] <M+ 7h Y Tetar / |&n,0(y1, v2)|dv2 + 042/ |&n,0(v1, y2)|dur

6 0 0 Yin

Y1 Y2
+’Y4/ / |&n,0(v1, v2)|dvaduy.
Yi,n
Hence, by using Lemma 1.6, we are able to derive for all n =0, ..., N — 1 that
n—1
02’,% < | m+nh Z I
£€=0
n—1
< et (Artae) +74hZF§€)‘1(A1+A2) (3.19)
£€=0
n—1
<75 +5h > T,
£=0
with
1
M= (a1 +as + /(a1 + ap)? +474) :
From Egs. (3.18) and (3.19), we deduce that for all 4,5 =0,...,pand n=0,...,N — 1,
. Jj—1i-1
ol <6 + @10,y +a20n0’]+76h21“g+%220
0
== (3.20)

+7620no+7620n0,
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with 74 is positive and unrelated to N and M. It follows from Eq. (3.20), that

Jj—1:-1
0 < —1—04120 0 —I—aQOnO’J —i—vﬁhZFg—i-%ZZo
0
- =on= (3.21)
+’YﬁZO +'7620n07
r=0
using the notations of Lemma 1.2, we put ¥; = 02’70, Bj = a1 and
7j—14—1
o —76+0420n0’]+76hZF§+’Y6 ZO +7620n0+’7620n07
=0 n=0
therefore, by Lemma 1.2, we get from Eq. (3.21)
J—1
0 <o alza H (14 o)
s=0 o=s+1
7j—1
<a;+a(l+ a1)p2a
s=0
n1 i1 (3.22)
< 7+ az0l o7 +77hZF5+77ZZo"’0+77Zo 0 +’Y7ZO
=0 n=0
i—1 7j—14i-1
Syrtaz) o +’Y7hZFs SO ILH! +’Y720no+7720nov
q=0 =0 n=0
with 7 is positive and unrelated to N and M.
Once more, by application of Lemma 1.2, we put ¥; = 027]'0, B; = ag and
J—1i-1
—77+77h21“g +77ZZO”’0+7720 0+7720n0,
=0 n=0
and as a result, we obtain from Eq. (3.22)
j—1
b < o O[QZO( H (1+ ag)
o=s+1
j—1
<a; +a2(l+ a2)? Z Qg (3.23)
s=0
n—1 j—14-1 j—1 i—1
<9+ sh Y Te+sd D ono+s > oo+ %) oo
£=0 =0 n=0 r=0 q=0
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Now, for i« = 0 in Eq. (3.23), we get

n—1 i1
0,‘ Oa
0,0 < 8 +8h Z Le + 3 Z 0,05
g:o 7’:0

Lemma 1.3 implies that

n—1 j—1
onh < (s +sh Y Te | eap (Z '78)
£=0 s=0

n—1
< ysexp(pys) + vsexp(pys)h Y Te (3.24)
£=0
n—1
<9 +70h Y T,
£=0
with ~g is positive and unrelated to N and M.
Moreover, for j = 0 in Eq. (3.23), we obtain
) n—1 i—1
onh < +sh > Tet+s Y ol
§=0 q=0

according to Lemma 1.3, it results

n—1 i—1
8 < s 4 osn S| o (z 78>

£=0 s=0

(3.25)
n—1
<79 +y0h Y Te.
£=0
Hence, from Eqgs. (3.23), (3.24) and (3.25), we derive that
n—1 7j—14—1
o l - .
Olrfl) < y10 + Y10h Z e + 710 Z Z 02’70. (3.26)
£=0 =0 n=0
Using the notations of Lemma 1.4, we put
o n—1
Uy =op%, 0 =v10+710h Y _Te, 1= B2 =0, =p°710,T =S =1, N =M =p,
£=0
then, by Lemma 1.4, we obtain from Eq. (3.26)
o n—1
0% < | 710 + 7100 Z e | V7o,
¢=0
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which implies that,

n—1
Lo <y +y1h Y | Te,

£=0
with 11 is positive and unrelated to N and M.
It follows, by Lemma 1.3, for all n =0,1,.... N — 1
Fn S ,ylle!l"/ll' (327)

Next, we have from Eq. (3.13), foralln=0,.. N—1,m=1,...M —landi+j=0,...p

<Ay + arolit + agol kT 4 agol I
n—1m—1 p—1 n—1j-1 r p—1
s,t
INIT5 30 DD DREETH 3 3 3D DR’
£=0 p=0 s+t=0 £=0 r=0 [=0 s+t=0
n—1 p—1 m—1i—1 q p—1
it
DI WARTD 3% 3 SLT2 |
—0 s+t=0 p=0 q=0 7=0 541=0 (3.28)
m—1 p—1 j—1 r -1 g¢q
! l
SIS I DD 3 5 By TH
p=0 s+t=0 r=0 [=0 ¢=0 n=0
i—1 q
+’YlZZO +’}/1 ZO +7 hkOOO
r=0 [=0 q=0n=0

Defining the sequence I';,,,, = rnax{onm,z +4j=0,...,p} forall n =0,1,.... N — 1 and m =
0,....,M — 1, then by Eq. (3.28), we have

<71+a10 —I—ao T+ as oz L=t
n—1m—1
+np*hk Y > Te,+mpt hZFg,
= Op 0
+ v p*hk Z Cem +np'k Z Lhp
5:0 p=0
J—1i-1
+ ik, p? ZF ,p"‘%PQZZOn’
=0 n=0

+7pzonm+7pzo + hk7,009,,
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we obtain
n—1m—1
<71 +o¢10’9 ! +a201 L +72hk:z Z F5p+72hZF5m
£=0 p=0
i (3.29)
+ Y2k Z an+72zzon’ +72Z nmJFVQZOW’,?nJFhk%O?L’,?n
=0 n=0
Also, from Eq. (3.12), we obtain for all n =0,...,N —1and m=0,...,M — 1,
, ) n—1m—1 ) n—1 ) m—1 Y2
Wnm (Y1, y2)| < Y3 T V3 3 m T 73 n aq Wnm (Y1, v2)|dv2
2] < %5 4950 3 37 Teg 23 3 Tem 25k D Lag e [~ ez
yiooye
+a2/ |, (v1, y2)|dvy -l-’Yg/ / |Wn,m (v1, v2)|dvaduy.
Yin Yin YY2m
Therefore, according to Lemma 1.6, we get for alln =0,...., N —1land m=0,.... M — 1,
n—1m—1
0 S sk > > T Te,+ 73h21“§m + 3k Z Ty, | et2(Ait42)
=0 p=0 (3.30)
n—1m-—1
<74+74hkz erp+74hzrsm+74k Zrnm
£=0 p=0
with )
Ao =5 <a1 +a2+\/(a1 +a2)2+47§> ,
which gives from Eqgs. (3.29), and (3.30) that, for all ¢ =0,...,p and 7 =0, ..., p,
o n—1m—1
0l <75 + alo 14 a20Z Li 4 75hk Z Z Lep+ ’Y5hzrgm
&=0 p=0 q ¢
11 J ) B (3.31)
+75’€anp+75220“ it 3 ol
=0 n=0 l:O n=0
with 7’5 is positive and unrelated to N and M. Eq. (3.31) shows that
o Jj—1 n—1m-—1
0y <75 + a1 Z m T+ 0420 Iy 75h/<: Z Z Cep+ 75h Z LCem
r=0 £=0 p=0 .
i (3.32)
R ILIEED ) SN SRS ot
=0 n=0
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Using the notations of Lemma 1.2, we put ¥; = o;ii,]}n, Bj = a1 and

n—1m-—1
a; = Y5+agol b +75h’fzZrép+75hZF€m+75kZF”p
£=0 p=0
j—14i-1 -
%5 DD O +75ZO % Zonm,

=0 n=0

thus, we obtain from Eq. (3.32)

7—1
ofgf Saalza H (1+ 1)

s=0 o=s+1
j—1
Sa;+a1(1+a1)p2a;
S:On 1m-—1
< g + a0t LJ—i—*ﬁ,thZng—i—'y@hZFgm—l—%kZFnP
5 0 p=0
7j—14—1 "~
+76220n’ +'Y6ZO +’Y ZOn’
=0 0
, ni—l n—1m—1
<5t az ) ol +'y6hkzZF5P+76hZF5m+76kZan
=0 £=0 p=0
Jj— lqu "~
+VGZZOW7 +76zonm+7620n7
=0 n=0

with ~ is positive and unrelated to N and M.

Again, by using the notations of Lemma 1.2, we put ¥; = oi{?}n, Bi; = ag and

n—1m—1 j—14i-1
—76+'y6hk:2ZF5P+76hZF5m+76kZF p+76220
5 0 p=0 =0 n=0

+7620 +’}/ ZO

Thus, we obtain from Eq. (3.33)

7j—1
i < azza H (14 ag)

s=0 o=s+1
7j—1
17 p 1
<a; +az(l+ag) E a
s=0
n—1m-—1 Jj—14i-1

<77+’Y7hk‘zZng+’V7hZFgm+’V7kanp+’>’7zzo +’Y7ZO

£=0 p=0 1=0 n=0
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For i = 0 in Eq. (3.34), we obtain

n—1m-—1

<’Y7+77hkz ZFép"‘%hzrém‘i‘%kZrnp"‘%ZOnW

£=0 p=0

which implies by using lemma 1.3, that

n—1m-—1
o7, < 77+’Y7hkzZQP*‘V?}LZFUR*’V%ZDW e:rp(Z%)

£=0 p=0
n—1m-—1 n—1 m—1
< yreap(pyy) + vrexp(pr)hk > > Te,p+ vrexp(pys)h Y Tem +v7exp(pr)k > Ty
= Op 0 =0 p=0
n—1m-—1
<'78+'78thZFEP+’Y8hZF€m+78kZFan
£=0 p=0

(3.35)

with 'yé is positive and unrelated to N and M. On the other hand, for j = 0 in Eq. (3.34), we get

n—1m-—1

<“Y7+V7hkz ZFEPJFV?hZF&m+77kzrnp+77zo?19”’

£=0 p=0
which implies, by using Lemma 1.3, that

n—1m-—1

<78+78hkzZngJr’ythFngrvngF,p (3.36)
£=0 p=0

As a result, from Eqgs. (3.34), (3.35) and (3.36), we deduce that

n—1m—1 Jj—14i-1
S78+78hk‘2ngervShZFngrvngan+vgzzonm. (3.37)
£=0 p=0 =0 n=0

Using the notations of Lemma 1.4, we put

n—1m-—1

Wi :Oﬁjnm 04*78"‘78}”‘72Zrﬁp+78hzrﬁm+78kZana
£=0 p=0

B1 = B2 =0,Bs = p* WSaTZSZL

Then, by Lemma 1.4, we obtain

n—1m-—1 n
< 78+V8hk:zZng—l—’ythFgm—l—vngan 2k,

£=0 p=0
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Consequently, for alln =0,1,.... N = 1;m =0,.... M — 1,

n—1m-—1 n—1 m—1
Lo <% +hkv9 D> Tep+hv9 Y Tem+kvg Y Ty (3.38)
£=0 p=0 £=0 p=0
Lemma (1.4) gives
Ty < ,Y;G(A1+A2)p(vé+\/vé+%%)‘ (3.39)

Therefore from Egs. (3.16), (3.27) and (3.39) the proof of Lemma 3.9 is completed by setting
C(p) _ max{CI (p)7 10710, Pyée(A1+A2)p(’Yg;+\/Wé-‘r’Yi%)}.

O

Theorem 3.3. Assume that w(y1,y2) is the exact solution of the two-dimensional Volterra integral
equation (3.3) and wn a (Y1, y2) is the approzimate solution of the same problem computed using
the Taylor collocation method. Then, there is a finite constant C independent of h and k, such
that

lw —wnmllreoay < C(h+ k)P,
where h and H are two p—times continuously differentiable on their respective domains.

Proof. For (y1,y2) € Ao,0, making use of Lemma 1.7 and Eq. (3.5), we have

1 || 0w ||,
w(yr,y2) — woo(y,v2)| < D = | = || WK
i+j=p i 9y ayé
Therefore, according to Lemma 3.9, we obtain
1.5 ¢ o
lw = wo,0ll Lo (agg) < C0) D z"T"th] = T(h + k)P (3.40)
i, ! !

Also, for (y1,y2) € Ao, n=1,2,...,N — 1, it follows from Egs. (3.3) and (3.8), that

Y2 n—1 Y1641
w(y1,y2) — Wno(y1,¥2) = o / (W = Wno) (Y1, v2)dva + ag E / (w(vi,y2) — weo(vi, y2))dur
0 — Y1
£=0"Y1e

Y1 Y1 Y2
+ Oéz/ (W = @n,0)(v1, y2)dvr + aa/ / (W — @no)(v1,y2)dvy
0

Yin Yi,n

n-1 Yle4+1  [Y2
+ a3 Z / / (w(v1,v2) — we o(v1, v2))dvaduy
£=0"YLe 0
n—1&-1 Y641 [Ylo+l [Y2
+Y > / / H (y1,y2,v1,v2)(w(z, v2) — we (2, v2))dvadzdu
£€=00=0"Y1¢ Yl,o 0
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Y1,6+1 v1 Y2
/ / H(y1,y2,v1,v2)(w(2,v2) — we 0(2, v2))dvadzduy

£=0 "Y1 Yy1,e /0
by ryledt o2

S H(y. 0,01, 2) (2, 02) — o2, v2)vad
o=0"YY1,n YYl,o 0

3! U1 Y2
+/ / / H(y17y277)17v2) (CU(Z,’UQ) —wn,o(zﬂ&)) d'UQdZdUl.
Y Yy 0

which leads to

n—1

— Y2
|w(y1,y2) = Dno(y1,y2)| < BIRH Y f|w —weoll + / |w(y1,v2) = no(y1, v2)|dvz
£=0 0
Y1 Y ) Y2
+ a2/ |w(v1,y2) — Wn,o(v1, y2)|dor +ﬁ1H/ / |w(vi,v2) — @no(v1, v2)|dvaduyr,
yl,n yl,n 0

where H = max{||H | Leo(A)}> and Bq is a positive constant independent of h and k.
Using Lemma 1.6, we get that there exists a positive constant s independent of A and k, such
that

n—1

lw = Gnoll < BohH Y fJw — weyoll.
=0

Now, we use Lemmas 1.7 and 3.9 to deduce that

| = wWnollzoo(Ano) < lw = Gnollzoe(ane) T 10n,0 = WnollLoo(An0)

S ool > |G
£=0 ' i+j=p i 0y10y;

n—1

¢(p
< Boh Y lw = weolloe(ang) + p!)(h + k)P
£=0
Thus, based on Lemma 1.3, one can conclude that
¢(p .
oo = wnolzeang < S + k)P exp(Ar o). (3.41)

For (y1,y2) € Apm, n=0,1,...,N -1, m=1,2,...,M — 1, one can use Egs. (3.3) and (3.12)
to get

m—1 n—1
o0 1)~ 92)| < Bk Y [0 — o pll ) + B 3 [0 = el nc )
p=0 §=0
o n—1m-—1 y2
+ Bk Y Y llw = wepllpeoa,,) + e / |w(y1,v2) = Gnm (Y1, v2)|dvg
é':O p:(] Y2,m

1 I Y2
+0zz/ \w(v1,y2)—wn,m(vhyz)!dvﬁrﬁl/ / |w(v1,v2) — Wnom(v1, v2)|dvaduy,

Yin Yin YY2,m
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such that /31 is independent of h and k. Which in turn, with the help of Lemma 1.5, leads to

m—1 n—1
w(y1,y2) = @nan (1, y2)|l <B2k D lw = wnpllzoc(a,,) + B2h D w — wWemll oo (A,)
p=0 £=0
o n—1m-—1
+ Bohk > >l — el 1o (ne,)-
£=0 p=0

Also, using Lemmas 1.7 and 3.9, we get

f|lw — Wn,mHLOO(An,m) <w - ‘;}n,mHLOO(An,m) + ”wn,m - Wn,mHLW(Anym)

m—1 n—1
< Bk Y lw = wnpllreoa,,) + Beh Y lw - wWemll oo (ag )
p=0 £=0
Y > o [
+ B2hk lw —wepllpoora, )+ = UL | )
’ , 141
£=0 p=0 ( 3 P) it jep VR 8y7]'-ay%

m—1 n—1
< Bok ) Nlw = wnplloe(an,) + B2h ) llw = wemll o a )

p=0 §=0
n—1m-—1
Bohk — @ h+ k)P
+Bohk > > lw Wepll o (e ,) + . (h+ k)P,
£€=0 p=0 )

Now, we utilize Lemma 1.4 to get

o = nmlle(a, ) < 258 0+ 1 (3.42)

Finally, with the aid of Egs. (3.40), (3.41) and (3.42), we have
lw — wnmllpee(n) < C(h + k)P,

O]

We now study the main theorem of convergence analysis of the suggested numerical method.

Theorem 3.4. Assume that u(y1,y2) is the exact solution of the 2D-PVIDE (3.1) and pn a(y1,y2), n =
0,1,...,.N—1, m=0,1,...,M — 1, is the approzimate solution of the same problem computed
using the Taylor collocation method (3.15). Then, there is a finite constant L independent of h

and k, such that

e — el poe(ay < L(h 4 k)P,
where h and H are two p—times continuously differentiable on their respective domains.

Proof. Referring to Eqgs. (3.2) and (3.15), one can deduce that for n = 0,1,...,N — 1, m =
0,1,....,M—1,

Y1 Y2
(Y1, y2) — v (Y1, y2) = / / (w(v1,v2) —wn m(v1,v2)) dvadu;.
o Jo
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Therefore, we obtain

Y1 Y2
(Y1, y2) — v (Y1, y2)| < / / lw(vi,v2) — wn,p(vi,v2)| dvaduy.
o Jo

Theorem 3.3 implies that

e = el oo (ay < L(h 4 k)P,

3.3 Numerical results

In the current section, we provide some numerical examples to test the accuracy of the proposed
numerical method and validate the convergence analysis demonstrated in the previous section. We
define the absolute error, the maximum absolute error and the convergence rates for temporal and

spatial sizes, respectively, by

enm (Y1, y2) = |y, y2) — v, (Y, y2)|,

E(N’ M) = ”:U’ - :U’N,M”om

and E(N/2, M/2)
te =1 — ).
Rate = oss (5 17y
Example 3.10. Tuaking into consideration the following second-order 2D-PVIDE as a starting
example
Pulyr,ya) _ Oy, y2) | Oy, v2) noo,
’ = ’ ’ ) h ) ) d ) O < b < ]"
9910 o + 00 +u(y1, y2) +h(y1 y2)+/0 Yoy1 i(v1, y2)dvr, 0 <yp,y2 <
with the initial conditions Ou(y1.0)
iy,
1(y1,0) = o 1(0,y2) = 0,
Y1

where h(y1,y2) = —(1 + y1)(cos ya + sinya) — 1yasin(y2)yt, and the ezact solution is pu(y1,y2) =
Y1 8inys.

In Table 3.1, we display the absolute errors en n(y1,y2) at p =3 with N = M = {4,8,16,32},

while Table 3.2 presents the maximum absolute errors E(N,N) with p = 3 at different choices
of N and obtains the convergence order of the solution. These tables collectively demonstrate the
reliability of our results across various nodes.
Furthermore, Figure 3.1 showcases the absolute error functions |u(yi,y2) — pn,m(y1,y2)| plotted
in three dimensions using (N, M) = {(4,4),(16,16)} and p = 3 as parameters. Figures 3.2 and
3.8 provides a visual presentations of the contrast between the precise and estimated solutions
at y1 = 0.1, and a graphical depiction of the absolute error function at y1 = 1, respectfully for
(N, M) = (16,16). Finally, Figure 3./ exhibits the logarithmic graph of logio(L*™ — errors) with
N =5 for diverse values of M.
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Table 3.1: Absolute errors |pu(y1,y2) — pn,n (Y1, y2)| for Example 5.10

(y1, o) N =4 N =38 N =16 N =32
(0.000, 0.000) 0 0 0 0
(0.125,0.125) 1.17x107% 3.18 x107% 7.03x 1072 1.07 x 107
(0.250,0.250) 2.03 x 107%  4.55 x 1077 7.17x 1078 9.93 x 107
(0.500,0.500) 3.02x 107° 5.02x 1076 7.22x 1077 4.65 x 1078
(0.750,0.750) 1.37 x 107% 221 x 107° 3.13x 107¢ 4.13 x 1077
(1.000,1.000) 4.57 x 107* 7.41 x 107° 1.05x 10™® 1.38 x 1076

Table 3.2: Mazimum absolute error E(N, M) with N = M and p =3 for Example 3.10

N E(N,N) Rate
2 0.0021974180

4 0.0004570776 2.2653
8 0.0000741240 2.6244
16 0.0000105107 2.8181
32 0.0000013867 2.9220

Figure 3.1: (a) Absolute error function |u(y1,y2) — paa(yi,y2)|, (b) Absolute error function
(Y1, y2) — mi6,16(y1, y2)| for p =3 for Ezample 5.10
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Figure 3.2: Comparison of the exact and approxzimate solutions with N = M =16 at y; = 0.1 for
Ezample 5.10

0.08

0.06

0.05 4

Exacte solution 0.04
= = Approzimate Solution
0.03 4

0.024

0.01

Figure 3.3: Absolute error function for N = M =16 at y; = 1 for Example 3.10

0.000010+

0.000008 4

0.0000064

e(1,7;3)

0.000004 4

0.0000024

Figure 3.4: Logio(L™ — errors) of punav(y1,y2) for N =5 versus M for Example 3.10

LoglO(L = - errors) \
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Example 3.11. We examine the linear second-order 2D-PVIDE:

O ulys, Dy, Z
Hly1, o) =2 HyL y2) + h(y1,y2) +/ y1cos(yr + y2)u(vi, y2)dvr, 0<y; <1, 0<ys <1,
0y10y2 0yo 0
with the initial conditions 9(0, 42)
H\Y, Y2
p(y1,0) = y7, == =0,

Y2
where h(y1, y2) = 2y1e¥? — 2y3e¥? — %emy% cos(y1 +y2), and the exact solution is p(y1,y2) = yie¥?.

Table 3.3 provides a detailed account of the absolute errors en v (y1,y2) at p = 3 with (N, M) =
{(4,4), (8,8),(16,16), (32,32)}, while Table 3./ offers insights into the mazimum absolute errors
E(N,N) observed for p = 3 at different choices of N along with the convergence order of the
solution.

To further elucidate the efficacy of our technique, we present corresponding graphical repre-
sentations. Figures 3.5 and 3.0 display three-dimensional plots of the absolute error functions
|y, y2) — pn, v (Y1, y2)| and a comparison between exact and approximate solutions, respectively,
using (N, M) = {(4,4),(16,16)} and p = 3 as parameters. Figure 3.7 provides a detailed compar-
ison between the exact and approrimate solutions at y; = 0.1, while Figure 3.8 plots the absolute
errors at y; = 1, respectively for (N, M) = (16,16) affirming the precision of our method even
at specific points. Lastly, Figure 3.9 offers a logarithmic representation logio(L> — errors) for

varying values of M, while maintaining N = 5.

Table 3.3: Absolute errors |u(y1,y2) — pun N (Y1, y2)| for Example 5.11

(Y1, 92) N =4 N =38 N =16 N =32
(0.000, 0.000) 0 0 0 0
(0.125,0.125) 5.611 x 107°  5.249 x 1076 7.180 x 10~7 1.022 x 1077
(0.250,0.250) 1.735 x 107%  2.580 x 107° 3.547 x 1075 5.049 x 1077
(0.500,0.500) 1.027 x 1073 1.556 x 107*  2.165 x 107° 3.081 x 1076
(0.750,0.750) 3.424 x 1073 5.307 x 107%  7.494 x 107° 1.066 x 107>
(1.000, 1.000) 9.121 x 1073 1.454 x 1073 2.089 x 107% 2.974 x 10~°

Table 3.4: Mazimum absolute error E(N, M) with N = M and p =3 for Example 3.11

N E(N,N) Rate
2 0.049213546

4 0.009121234 2.4317
8 0.001454353 2.6488
16 0.000208986 2.7985
32 0.000029749 2.8124
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Figure 3.5: (a) Absolute error function |u(yi,y2) — paa(yi,y2)|, (b) Absolute error function
[1(y1,y2) — mi6,16(y1, y2)| for p =3 for Ezample 5.11
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0010073 0.0090-]
0.009 .
7] 0.00801
0.0080-] -
- 0.0070]
0.0070 g
. 0.0060]
0.0060 -
- 0.0050
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Figure 3.6: (a) the exact solution u(yi,y2), (b) the approzimate solution pei6 with p = 3 for
Example 5.11
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Figure 3.7: Comparison of the exact and approxzimate solutions with N = M =16 at y; = 0.1 for
Ezxample 5.11
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0.0224

0.0204

Exact solution 0.018]
— - — Approximate solution
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Figure 3.8: Absolute error function for N = M =16 at y; = 1 for Example 3.11
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Figure 3.9: Logio(L™ — errors) of pnnm(y1,y2) for N =5 versus M for Example 3.11
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Example 3.12. Consider the 2D-PVIDE

Pulyi, y2) — Oulyr, v2)

0y10y2

o

with the initial conditions

:u(ov y2) -

_ Ou(y1,0)
oy

=0,

Y1
—3u(y1, y2) +(y1, y2) +/ ¥ (1—vy)yavip(v, yo)do,
0

0§y17?/2 S ]-7

where h(y1,y2) = 4y1y2+2y2+5y1y5 — Y3 — 3y2ys —ys Y2 [% 1- %y? + %y?] , and the exact solution
is p(y1,92) = y3(1 = y1)y1.

Table 3.5 outlines the absolute errors en ar(y1,y2) obtained using our proposed method in solv-
ing Example 3.12 withp =3 and (N, M) = {(8,8), (16, 16), (32,32)}. Complementing this, Figure

3.10 compares the exact and approximate solutions at y; = 0.1, providing a targeted examination

of our method’s precision at specific points within the domain. Additionally, Figure 5.11 presents

the function logio(L>°-errors) of pn a(y1,y2) with N =5 versus M.

Table 3.5: Absolute errors [j(y1,y2) — pun,N (Y1, y2)| for Example 3.12

(yl,yg) N =28 N =16 N =32
(0.000, 0.000) 0 0 0
(0.125,0.125) 4.884 x 10714 1.058 x 10713 1.799 x 10~ 14
(0.250, 0.250) 2.073 x 1072 6.850 x 1071 1.165 x 10713
(0.500, 0.500) 2.251 x 107 1.002 x 107'2  1.704 x 10713
(0.750,0.750) 1.928 x 10719 1.136 x 10711 1.932 x 10712
(1.000, 1.000) 6.962 x 10710 1.189 x 10710 2.022 x 10!

Figure 3.10: Comparison of the exact and approrimate solutions with N = M = 16 at y; = 0.1

for Example 3.12
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integro-differential equations

Figure 3.11: Logio(L* — errors) of pun v (y1,y2) for N =5 versus M for Example 5.12

1og10(Lex - emrors)

M

Example 3.13. As a concluding example, our attention is directed towards the following 2D-
PVIDE:

Pulyr,y2)  Oplyr,y2)  Ou(yr,ys) v
’ = ’ ’ h d 0< <1
aylayQ ayz ayl + H(ylu 92) + (ylvyZ) + /0 H(/UluyZ) U1, >U,Y2 > 1,
with the initial conditions 90, 2)
» Y
uly1,0) = (0, 2) = 512 = 0,
Y2

where h(y1,y2) = (2y2 + ¥3 — 2y251 — ¥3y1 — 5U307) In(y1+2) 42224 —2y§ln(2)—fﬂlz+iy§—y1y§,
and the ezact solution is u(y1,y2) = yay1 In(y1 + 2).

Table 3.6 compiles the absolute errors enar(y1,y2) = |(y1,y2) — pn(yi,y2)| calculated
for (N, M) = {(4,4), (8,8), (16,16), (32,32)} and p = 3. Concurrently, Table 3.15 provides an
overview of the mazimum errors E(N, N) observed for various values of N, along with the com-
putational order of convergence.

On a different note, Figure 5.12 presents three-dimensional plots of the absolute error functions
en,m (Y1, y2) with (N, M) = {(4,4),(16,16)} and p = 3. Figure 3.13 conducts a detailed compar-
ison between the exact and approximate solutions at y1 = 0.1, while Figure 5.1/ outlines the
absolute errors ei6.16(y1,y2) at y1 = 1. Lastly, Figure 3.15 provides a logarithmic representation

of unm(y1,y2) for varying values of M with a constant N = 5.

Table 3.6: Absolute errors |(y1,y2) — pn,m (Y1, y2)| for Example 3.13

(y1,92) N =4 N =38 N =16 N =32
(0.000, 0.000) 0 0 0 0
(0.125,0.125) 3.662 x 1076 3.662 x 1076 4.709 x 10~7 5.974 x 1078
(0.250,0.250) 1.127 x 107% 1514 x 107° 1.968 x 1076 2.511 x 1077
(0.500, 0.500) 5.160 x 107*  7.300 x 1075 9.719 x 1076  1.253 x 1076
(0.750, 0.750) 1.582 x 1073 2.361 x 107* 3213 x 107> 4.185 x 107°
(1.000, 1.000) 4.577 x 1073 7.160 x 107*  9.920 x 107® 1.307 x 107°
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Table 3.7: Maximum absolute error E(N, M) with N = M and p = 3 for Example 3.13

N E(N,N) Rate
2 0.023113101

4 0.004577720 2.33600
8 0.000716013 2.67657
16 0.000099202 2.85154
32 0.000013073 2.92368

Figure 3.12: (a) Absolute error function |u(y1,vy2) — paa(yi,y2)|, (b) Absolute error function
|1y, y2) — p16,16(Y1, y2)| for p =3 for Ezample 5.13

Figure 3.13: Comparison of the exact and approrimate solutions with N = M = 16 at y; = 0.1
for Example 3.13

= Exact solution
— + — Approximate sclufion
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Figure 3.14: Absolute error function for N = M =16 at y; = 1 for Example 3.153
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Figure 3.15: Logio(L*® — errors) of punav(y1,y2) for N =5 versus M for Example 3.13
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3.4 Concluding remarks

This chapter introduces a novel approach for handling two-dimensional second-order PVIDEs
by employing a piecewise collocation approach based on two-dimensional Taylor polynomials.
To the best of our knowledge, this marks the inaugural effort in utilizing two-dimensional Tay-
lor polynomials to address two-dimensional second-order PVIDEs. Furthermore, we derive a new
theorem that guarantees the convergence of the proposed approach. The effectiveness of the devel-
oped method is underscored through the presentation of numerical results from various examples,

validating the theoretical findings.
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Chapter

Numerical solution of two-dimensional partial Volterra

integro-differential equations of high-order

In the present chapter, we are interested in solving the high-order linear and nonlinear 2D-
PVIDEs:

87‘1+T2M(y1 y2) Y1 Y2 aerTzM(Ul 02)
— 2 =] H " duod 4.1
By Ayh (y1,2) + /0 ; (Y1, 92, v1,02) Dy Oy v2duy, (4.1)
and
aerrzu(yl y2) Y1 Y2 8T1+T2,u,(1}1 U2)
- dvod 4.2
Dy Oyl Ay, y2) / / Y1,Y2, V1,02, — oo ry By Oy V2401, (4.2)

respectively, with r; 4 ro appropriate initial conditions where (y1,y2) € A = [0, A1] x [0, A2] and
h and H are sufficiently smooth functions.

An initial exploration of these equations was conducted by Babaaghaie and Maleknejad in [30]
where they estimated the kernel of the original equation through the application of Haar wavelets,
consequently formulating a nonlinear system awaiting resolution. Subsequently, Wang et al. [81]
utilized a combination of shifted Jacobi polynomials and a collocation method to convert the
2D-PVIDE (4.2) into a set of algebraic equations.

To our knowledge, no attempts have been made to solve the high-order 2D-PVIDE (4.1)
nor the 2D-NPVIDE (4.2) using the Taylor collocation method, and therefore applying the Taylor
collocation method to these important problems represents a major challenge. Our main objective
here is to generalize the numerical methods introduced in the previous chapters to solve the high-
order 2D-PVIDE (4.1) and 2D-NPVIDE (4.2), respectively. In this regard, we transform the 2D-
PVIDE (4.1) and the 2D-NPVIDE (4.2) to another problems of solving two-dimensional Volterra
integral equations. Using the two-dimensional Taylor polynomials as the basis functions of the
piecewise collocation approach, we get an explicit form of the approximate solution to the main
problem.

The rest of this work is as follows: Section 4.1 constructs the Taylor collocation approach to
solve the 2D-PVIDE (4.1) and the 2D-NPVIDE (4.2), while Section 4.2 presents details of the
error estimates and convergence analysis of the proposed method. Section 4.3 introduces several
numerical examples and illustrations to test the applicability of the suggested method and the

theoretical results. Finally, the last section describes the concluding remarks.



Chapter 4. Numerical solution of two-dimensional partial Volterra integro-differential
equations of high-order

4.1 Description of the method

4.1.1 Two-dimensional linear partial Volterra integro-differential equations

This part is devoted to discussing the Taylor collocation approach to solve the high-order
2D-PVIDE (4.1). For simplicity, we use the notation

Yi,q Y1,2 Y1
/ / / w(y)dyidyrz -+ dy1q = T} w(y1),

and without loss of generality, we assume that A1 = A; = 1.

If we define a new function w(y1, y2), such that w(yi,y2) = % then [81]

ri—lrp—1 yiyl [ 9t
Yo [ 07 plyr, y2
nlyr y2) = TG0y, ) — Y Y A 2( (1, )>
y1=0,y2=0

i=0 j=0 ! gy 13
Sy Oy, ) rzly. & u(y1,y2) Y
; J2
Y () ()
Gl y1=0 ! y2 y2=0

and the high-order 2D-PVIDE (4.1) may be transformed to the two-dimensional VIE

Y1 Y2
Wy, ) = hly1, yo) + / H (g1, y2, 01, v2)w(vr, ve)dvadoy, (y1,y2) € [0,1] x [0, 1], (4.4)
0 0

We examine the numerical solutions within the previously defined real polynomial spline space
Sg(;j?p—l(HN,M) of degree p — 1 in both y; and yo, where we approximate the unknown function
w(y1,y2) within each rectangle A, ,,,, n=0,1,2,...,N—1, m=0,1,2,..., M — 1, by the Taylor
polynomials (3.4)

le % ai+j@n7m(yl,@a Y2,m)
=, 1! Oy10y;

Wn.m (Y1, y2) = (y1 — v1n) (y2 — yom),

ai—‘_jdjn,m (yl,na y2,m)
9y 0y3
Step 1: For n = m = 0, we approximate the function w(y;, y2) within the rectangle Ao by

where are unknown coeflicients to be determined in the sequel.

the polynomials (3.5):

p—1 L
1 (9Hw(y1,y2) g
wo,0(Y1,Y2) = Z Tl L Y1vs,  (y1,92) € Aoo.
= algt oyt Oy
i+j=0 1772 y1=0,y2=0
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Differentiating Eq. (4.4) i— and j—times in terms of y; and ys, respectively, we get
OHw(y1, y2)

Ay, 0y}

EEEEO0a [

891 8?42 1

o\ o | ot ; dw(v1,y2)
A (]—1—T‘)H 1, Y2
T (l>/0 oyt [8115‘[ [8312 (y1,y2,v17y2)}] 78@/% dvy

Y1 Y2 . .
= 0o h (y17y2)+/0 /0 OO H (y1,y2, v1,v2)w(v1, v2)dvadvy

ar—l ' aH_n
( = [ag(élr)H(yhymvl,yQ)D 0"Mw(y1,y2)
V1=Y1

Aya Oy Oys

A A on
e (i-1-q) () w( y1,v2)
+/0 qm; <77> Dy [33/1 8 H(y17y2,y1,v2)] ? =02 2 g
Hence,
i+J
9 ‘9(0]0) — 9PaH(0,0)
Y10y,
j=1 r i-1 q B o .
r q 09=" o q o (1)
! ZZ ( > < > - ( [82 H(yhy?aULyZ)} X
l q—n i—1—q r—1
r=01=0 4=0n=0 1/ 9 1 v1=y1 9>~ y1=y2=0
0@/18212
(4.5)

Step 2: Forn =1,2,...,N — 1 and m = 0, we approximate the function w(yi,y2) within the

rectangles A, 0, n=0,1,2,..., N — 1, by the polynomials (3.7)

pz_:l iaprj@”,o(yl,mo)
it oyioy)

Wno(Y1,y2) = (1 — y10)'sh, (Y1, 2) € Ao,

i+j=0

where Wy, 0(y1,y2) is the precise solution to the VIE

Y1641
Wno(y1,y2) = (Y1, y2) / H (Y1, Y2, v1, v2)we 0 (v1, v2)dvaduy
e (4.6)
Y1 Y2
/ H(y1,y2, v1,v2)wn,0(v1, v2)dvadu; .

Yi,n

Similarly, we differentiate Eq. (4.6) i— and j—times in terms of y; and ys, respectively, to get

az‘+j@n ) Yre41 i
;0(9]1 y2) — 5() J)h (y1, 2 +Z/ / 8( H(y1,y2, v1,v2)we o(v1, v2)dvadvy
0y 0y Yie

n—17—-1 r Yre+r o 9r—l l
: | — 0 . H We 0(’01721/2)

= ( >/ ot r g=1-r) (y1’y277)1,y2) — o 2 g

§=0r=0 ! y y1[83/2l[y2 ] l

=0 =0 ¢ Oy
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r izt 4y, g\ 99" | gi—l-a
D> ;0(><n>8y?” oy

r=0 [=0 ¢q=0

or—l -
(8 . [ag(é ! )H(ylay27017y2)}) X
V1=Y1

Yy

& 0(y1, y2)

8y18y2
-l r Y1 i r—1 1~
r 9 |0 1 0 @ 0(v1,y2)
+ ()/ oyt T)H(y17y271)1,y2) ————=dv;
7‘0; L) Jun.n 091 [ayz [ v } Oy
v T d"wy, U
+/ Z( ) _ [ffl 1090) (yl,y%yl,vg)} g(%l?)dvg
0 q:O n:o Y1
Y1
+/ 5( DO H (y1, 2, v1, 02)n 0 (v1, v2)dvadvy. (4.7)
Yi,n 0
Hence, forn =0,1,2,..., N — 1,
8i+‘jAn n,0 i i
w. ’.O(yl.’ ) ) — 8:511)82(12)h(y17n’0)
8y18y‘%
n—17 r .
r est g' | gt - Owe o(v1,0
> <l)/ o !8 _ [3@% 1 )H(yl,yz,vl,yz)}] %)Sl)dvl
£=07=01=0 v Y & Y1=Y1,n,y2=0 Y2
Jj=L r i-1l ¢ - i—1— r—1
r\(a) 0" | 9 0 (—1-r)
+ Z( >< > — i—1— r—1 a2 H(ylayZaUlayZ)
r=0 [=0 ¢g=0n=0 ! U ay(ll ! ay ! v1=Y1 ay2 |: }

Y1=Y1,n,y2=0
al—i_n‘;)n O(yl n, 0)
8y 8@2

(4.8)

Step 3: Forn=0,1,2,...,N—1, m=1,2,..., M —1, the function w(y1, y2) is approximated
in the rectangles A,, ,,, by the polynomials (3.11)
-1 A
pz: Lazﬂwmm(yl,mylm)
iyt Oy 0y

Wn.m (Y1, y2) = (y1 — y1n) (y2 — Yom),

i+5=0

where @y, m (Y1, y2) refers to the precise solution of the VIE

nolm—1 ey pyo,

R ) p+1

Wnm (Y1, y2) = A(y1,y2) + § § / / H(y1,y2,v1,v2)we p(v1,v2)dvadvy
&=0 p=0 Yi,¢ Y2,p

n=l e
+ Z/ / H (y1, Y2, v1, v2)we m (v1, va)dvaduy
3

=0 Y1,¢ Y2,m (49)
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and by differentiating i—times with respect to y; and j—times with respect to y2, we obtain

az+]@n7m(y;, y2) — 9ol )h(y1, Y2)

8yiay% Y1 Ty2
n-lm-1 Y1,6+1 Y2,p+1
Z Z/ / OS09) H (y1, y2, v1, v2)we p(v1, v2) dvaduy
=0 Y2,p

L yl e+ i | gt O'we m (01, y2)
——— [0Y I H (g, y2, 01, 2) Mdvl
Z; ) Yie ayl laygl [ Y2 } ayé

1,641
/ / yl y2 H(y1,y2, v1,v2)we m(v1, v2)dvaduy
Y1 Y2,

—0 /e
m—1:—1 gq Y2, pi1 a—n n
q i 0 0w , (yl,vg)

PSS () [ I oo )] T

p=0 ¢=0 n=0 Y2,p i 1

moloeyr o py2prn
+ Z/ / ag(/zl)ag(/g)H(ylay27vlva)Wn,p(vl’v2)dv2dvl

Yin YY2,p

AR " 1,m (Y1, y2)
a(JiliT)H(ylvy%vlayQ) == :
o=y <8y§_l { v } Ay dys

i—1 g _ i—1—
r\ (q\ 07" | 9"~ 1
XY () () o
=0 1=0 q=0 7—=0 L)\n) oy{™ | oyy 1
1

v g [l ¢ . O m (v1, y2)
(j—1-7) 9 Wnm{Y1, Y2)
/y P lagf—l [8y2 H{(y1, y2,v1, Z/z)] ] oyl dvy

vz 9 , -
/ ; (057105 H (1, 2,1, v2)| Ponmlyn,va) g,
Y2, 82/1

Y1 Y2
+ / / 8251)8%)11(3/1, Y2, U1, UQ)CDnym(Ul, 'UQ)dUQd'Ul, (4.10)
Yy Y

which leads to

8Z'Jrj(v:)n,m (yl,m Y2 m)

Ay Oyl T = 0O My 1, y2m)
1¥J2
nolmol ey pyzpn
+ Z Z / / 8(1)8( ) (yl ns Y2 m,Ul,Ug)pr(vlva)dUZdvl
£=0 p=0 7Y1.¢ Y20
g Yies1 i r—l z
. Ay 1= O'we m(V1, Y2,m)
SO L Bl ] oigml
£=0 r=0 (=0 Yie 1 |9y e !
m—11:—1 gq Y2,0+1  HI—N - .
" Z <q>/ E = [az(fl . q)a(]) (y13y2,y1,vz)} Mﬂl@
p=0 q=07=0 K Y2,p 6y1 Y1=Y1,n,Y2=Y2,m ayl
j—1 r i-1 ¢ _ — L
r q 09" o’ q P .
" Z( >< > a=n 1- —1 [@é H(ylayQa’UlayZ)} %
r=0 =0 ¢=0n=0 ! N ayl ayl ! v1=y ayg

Y1=Y1,n,Y2=Y2,m
al—i_n‘;)n m(yl n y2,m)
oyy 892

9

(4.11)
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forn=0,1,2,.... N—landm=1,2,... M — 1.
Finally, in virtue of Egs. (4.5), (4.8) and (4.11), the approximate solution wy a(y1,y2) of the
two-dimensional Volterra integral equation (4.4) can be determined, and therefore the approximate

solution pin as(y1,y2) of the 2D-PVIDE (4.1) may be given by

R, ri—1rg—1 1y%’ aiJrju(yl y2)
_ T r !
N (Y1, y2) = Ly Ly wn (Y1, y2) Z Z ilj! i
1=0,y2=0

i=0 j=0 aylay2 (4 12)
+”Zl ' yl,yz) ”Z:I ) [ &y, )
y1=0 ! ayQ y2=0 '

4.1.2 Two-dimensional nonlinear partial Volterra integro-differential equations

In the current section, we present a numerical approach to solve the high-order 2D-NPVIDE
(4.2). First, we define the function w(y1,y2) = 92 lyLve) o transform the 2D-NPVIDE (4. 2)

8yr18
to the 2D-NVIE:

Y1 Y2
W(ylaQZ) = h(y17y2) +/ H(y1>y27017U27W(U1,U2))dUdela (ylayZ) S [07 1] X [Oa ]-] (413)
0 0

Similarly, as in the previous section, we search for the numerical solution in the space S;;:Bp—l (IInar),
then we may approximate the solution of the two-dimensional nonlinear Volterra integral equa-
tion(4.13).

Step 1: We approximate the function w(y;,y2) within the rectangle Agp as in polynomials

(3.5), we have

i+j N
8wi<0]0> — 9aYR(0,0)

Y10y,

j—1i-1 i—1— r

8(1 8 a a j—1—1r
+ ZZ qu W <8” [6352 ! )H(ylayZa'Ul:yQaw(yl:y?))})
r=0 ¢q=0 1 Y = Y2
q V1=Y1 y1=y2=0

(4.14)

Step 2: We approximate w(y1,y2) within the rectangles A, 0, n = 0,1,2,...,N — 1, as in
polynomials (3.7), where wy, o(y1,y2) is the precise solution to the VIE

Wn,0(y1,Y2) = (Y1, Y2 +Z/

Yi,e

Yi,e+1

Y2
/ H(y1,y2,v1,v2, we0(v1, v2))dvaduy

Y1 Y2
/ H(y1,y2,vl,v2,wn 0<vlav2))dv2dv17

Yi,n
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then, we get

aZHLJ“*?)TL,O (yl,nv )

dy| 9y,

Y1,6+1 81 or 1y
+ZZ/ [Gyg[a‘g ! )H(ylay2aUlaQQawﬁ,O(Ul,O))]] dvy

£=0r=0"Y1¢ ayl Y1=Y1,n,y2=0

= 94) 0 h(y1,, 0)

— 01 | 9i~la
+ZZ@TA¥ Byi_l_q

ot
(8];5 [81(12 ! )H(ylay2avlay27wn,0(yl,n70)):|>

1= Y1=Y1,n,y2=0

(4.15)

Step 3: We approximate w(y1, y2) within the rectangles A, ,, forn =0,1,2,...,N -1, m =
1,2,...,M —1, as in polynomials (3.11), where @y, 1, (y1,y2) is the precise solution to the VIE

n—1m—1

. Yi,6+1 Y2,p+1
Wn,m(fUlaZ/Q) y17y2 + Z Z / / H(y17y27vlav2aw§ 9(01)02))d2}2dvl
£=0 p= Yi,e Y2,p

Y1,64+1

+ Z / H(y1,y2,v1, v2, W m(v1, v2))dvadvy
Yi,e Y2,m

m—1

Y1 Y2,p+1
+ Z / / H(ylﬂy27U17v27wn7p(v1,1}2))dv2d’l}1
p=0 Yi,n Y Y2,p

Y1
“‘/ / H(y1, y2,v1, v2, @Onm(v1, v2))dvaduy .
Yi,n

Yn

Hence, forn =0,1,2,...,.N—land m=1,2,...,M — 1,

az—’—]Wn m(yl n> Y2 m)
dyoy]

Y1641 Y2,p+1
+ Z Z / / 3( )8( DH (41,0, Y2,m» V1, V2, we (01, v2)) dvaduy

£=0 p=0 “Y1.¢

- a(z)a( ) (yl,nuyZ,m)

Y1641 82 L
+ Z Z/ 5 [ ; [6% I H (y1, y2, v1, Yo, wem (V1 yz,m))H dvy
=0 r=0 "Y1, yl Y1=Y1,n,Y2=Y2,m
m—11—1 Y2, 041 aq
+ / 8 q |:a(l - q)a( ) (ylu Y2, Y1, 02, wnyﬂ(ylﬁba UZ))] _ B ClUQ
p:(] q=0 Y2,p Y1=Y1,n,Y2=Y2,m
+ Z 9,4 —1— r |:8(] . T)H <y17y2aUlay27wn,m(y1,n;y2,m)):|
oyl | oy 171 Ay’
r=0 ¢=0 1 Y vi=1

Y1=Y1,n,Y2=Y2,m
(4.16)

The approximate solution wy, a(y1, y2) can be determined using Egs. (4.14), (4.15) and (4.16),
which in turn leads to the approximate solution pn ar(y1,y2) of the 2D-NPVIDE (4.2).

89



Chapter 4. Numerical solution of two-dimensional partial Volterra integro-differential
equations of high-order

4.2 Convergence analysis

The current section deals with the convergence analysis of the numerical approach described
above. In this regard, two new theorems are stated and proven to obtain the error bounds of the
approximate solution py s (4.12) computed using the Taylor collocation method applied to the
2D-PVIDE (4.1). In the sequel, the following lemma is needed.

Lemma 4.10. [/6] Suppose h and H are two p—times continuously differentiable functions defined

on their respective domains. Then there exists a positive number a(p), such that

forn=0,1,...,.N—-1,m=0,1,.... M —1,i+j=0,1,...,p, with o o(y1,y2) = w(yi,y2) and
(y1,y2) € Aoy

Oy m,

— < a(p),
Ay 0y

Lo (A m)

Theorem 4.5. Assume that w(y1,y2) is the exact solution of the two-dimensional Volterra integral
equation (4.4) and wn a(y1,y2) is the approzimate solution of the same problem computed using
the Taylor collocation method. Then, there is a finite constant C independent of h and k, such
that

lw —wnp ey < C(h+ k)P,
where h and H are two p—times continuously differentiable functions on their respective domains.

Proof. For (y1,y2) € Ao, making use of Lemma 1.7 and Eq. (3.5), we have

1 || 0w -
lw(y1,y2) — wo0(y1,y2)| < Z — || =———|| K'K’.
i+j=p it 8%8%
Therefore, according to Lemma 4.10, we obtain
< 1 1] — a(p) P _—(C P y
o = woollio(aon) S @) D Fh'h! = = (4 k)Y = Ci(h+ k) (4.17)

i+j=p
Also, for (y1,y2) € Apo, n=1,2,...,N — 1, it follows from Eqgs. (4.4) and (4.6), that

n—1

. Ylerl Y2
w(Y1,Y2) — Wn,0(Y1,Y2) = Z/ H{(y1, Y2, v1,v2) (w(v1, v2) — we o(v1, v2)) dvadvy
Y1,e 0

T

ca\o

yipye
+ / H(y1,y2,v1,v2) (w(vi,v2) — @po(v1,v2)) dvaduy,
0

1,n

which leads to

nfli Y1 y2
w(y1,y2) — @m0y, v2)l = Y Hhkllw — weolloo(a, o) + / / Hlw(v1,v2) = @no(v1, v2)|dvaduy,
£=0 Yi,n 0

where H = maX{HHHL“‘(A)}
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Using Lemma 1.6, we get

lw(y1,y2) — Ono(y1, y2)| Z hklw — weoll e (a¢ o) €XP (2\/?)

M“

(2\/ ) |w — weoll Lo (Ag o)-

0

T

Now, we use Lemmas 1.7 and 4.10 to deduce that

| = wnollLoo (Ano) < || —dJnOHLoo Ano) T 11©0n0 = wnollLoo(a, 0)
— 1 (|09
S HHW we 0l oo (A¢ ) €XP (2\/ >+ Z ] — Dl i
£€=0 = P || Oyi 0y
n—1

ﬁ”w we 0l Lo (A¢ ) €XP <2\F> ol )(h+k)

ax)

Thus, based on Lemma 1.3, one can conclude that

a(p)
|

p:

o = wnollze(an o) < ~exp (ﬁexp (2\/F)> (h + k)P = Ca(h + k). (4.18)
For (y1,y2) € Apm, n=0,1,...,N—1, m=1,2,..., M —1, one can use Egs. (4.4) and (4.9)
to get

n—1lm-—1

Y1,e+1 Y2,p+1
Wy, y2) = nm (Y1, y2) =D Y / / H{(y1,y2,v1,v2) (w(v1,v2) — we p(v1, v2)) dvadvy
£=0 p=0 " ¥1.¢ Y2.p

—1
5
€=0

Y1,6+1

Y2
/ H(yl, Y2, V1, 1)2) (w(vl, 1)2) — w§7m(1)1, Ug)) d’UQdUl

Y1,¢ Y2,m

m=1l ey pyo ot
+ Z / / H(y1,y2,v1,v2) (w(v1,v2) — wp p(v1,v2)) dvaduvy
=0 Yi,n YY2,p
Y1 Y2
—l—/ H(y1,y2,v1,v2) (w(v1,v2) — Onm(v1,v2)) dvaduy.
Yi,n YY2,m
Hence,
n—1m-—1 n—1
(Y1, 52) ~@nm (y1, 2)| < gzo Z hkH|lw = we pll e, + Z hkH |l = wenll Lo (a )
p=
m-1l Y1 ry2 A
+ Z hkH |lw — wn pll Lo (A, ) -l—/ H |w(v1,v2) — @pm(v1,v2)| dvadoy
p=0 Yi,n JYY2,m
n—1m—1 n—1
< Z Z hkH ||w — w§7p||Loo<A£7p) + Z hH ||w — wémHLw(Ag,m)
£€=0 p=0 £=0
m—1

+ kH||w — Wnp
p=0

v ory2
Lo (An,p) + / H |w(v1, UQ) - cbn,m(vl, ’U2)| dvaduy,
Y

1,n YY2,m
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which in turn, with the help of Lemma 1.6, leads to

n—1lm-—1

(g, 2) - wnm<yl7yz|<zzhkﬂexp(2f )l = el e )

£=0 p=0

+ Z hH exp (2\/>) l|lw — oJ5m||Loo H exp (%/ﬁ) lw = wnpllLoo (An,)-

|M3

Also, using Lemmas 1.7 and 4.10, we get

||W_an||L°° Anym) <||w_wnm||L°° Anym) "‘”wnm_wanLw (An,m)

n—1m-—1

<SS whHexp (2VE) o - wiepll o) +ZhHexp (2VE) o = wemll e ()
£=0 p=0

+Zkﬁexp (2\/%) lw = wnpllLoo (A ) + Z »1. % h'k
=~ P it !4! 8yi@y%
n—1m-—1

<ZthHeXp <2\F> llw— wngLoo Ae, —i—ZhHexp (2\/7> lw — wgmHLw( em)
£=0 p=0

m—1
_ — @
+ Z kH exp (2\/ H) lw = wnpllLoo(An,) + ?(h + k)P
p=0 '
Now, we utilize Lemma 1.4 to get

a\p
o =l < (204 197 expizy)

(4.19)
= C3(h + k)P,
where
A= Hexp (2\/ ﬁ) + \/H2 exp <4\/§) + Hexp (2\/?)
Finally, with the aid of (4.17), (4.18) and (4.19), we have
lw —wnamllzeon) < C(h+ k)P,
where C' = max{C4, Co,C3} O

We now study the main theorem of convergence analysis of the suggested numerical method.

Theorem 4.6. Assume that u(y1,y2) is the exact solution of the 2D-VIDE (4.1) and un am(y1,y2), n =
0,1,....N—=1, m=0,1,...,M — 1, is the approzimate solution of the same problem computed
using the Taylor collocation method (4.12). Then, there is a finite constant L independent of h
and k, such that

e — pn s llee(ay < L(h + k)P,

where h and H are two p—times continuously differentiable on their respective domains.
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Proof. Referring to Eqs. (4.3) and (4.12), one can deduce that for n = 0,1,...,.N — 1, m =
0,1,....,M—1,

(Y1, y2) — v (Y1, y2) = Iéfl)IZSQQ) (w(yt,y2) —wn,m (Y1, y2)) -
Therefore, we obtain

|y, y2) — v ar (1, y2)| < ZEVTED w(y, y2) — wnvr (y1, 92))]

SIZ(,H) (rz lw — WNMHLoo(A)
Theorem 4.5 implies that

e — Nl peo(ay < L(h+ K)P.

O]

. . . k1+k
Remark 5. We can estimate the error of all derivatives 61,37“(%’”), 0<k <ry,0< ko <o,
6y116y22

by applying technique similar to that applied in Theorem J.0 with the help of [81]

w gk lra—k) (g 4 7‘1231%2:1 i~ k1y2 ke <8i+ju'(y1,'y2)>
oy oyl 1 Y2 P (i — kl (j — ko)! Yt oy 41 =0.42=0
N ﬁzl .yi_kl <3Hk2/f(y1,y2)> + mzl - (WMIM(M y2)> .
= (i — k1)! 8y§8y§2 =0 (J — k2)! 31/1 y2 yoa=0

4.3 Numerical results

In the current section, we provide some numerical examples to test the accuracy of the proposed
numerical method and validate the convergence analysis demonstrated in the previous section.
We define the maximum absolute error and the convergence rates for temporal and spatial sizes,
respectively, by

E(N,M) = |lp = pn,mlloc,

and

Rate = log, <E<N/2M/2>> .

E(N, M)
Example 4.14. Consider the 2D-PVIDE [82-8/]

Y2 Y1
(Y1, y2) = h(y1, y2) +/ / 12 (v1, va)dvydvg, 0<y1 <1, 0<yp <11,
o Jo

where h(y1,y2) = y? +y5 — %ylyg — %y%yg’ — %yi’yQ, and the exact solution is u(y1,y2) = y3 + y3.
For the solution of this problem, Fazli et al. [82] applied the reproducing kernel function method

(RKFM), Nemati et al. [83] introduced an operational approach based on shifted Legendre function
with the collocation method (SLFCM), while Ray and Behera [8/] applied the Gegenbauer wavelet
method (GWM).
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In Table 4.1, we display the absolute errors of pn ar(y1,y2) at p =4 with N = M = {4,8,16}
and we compare the new results versus those given using the RKFM [82] and SLECM [83], while in
Table 4.2, we compare our results with (N, M) = (10, 10) versus those given using the GWM [8/].
Furthermore, Figure 4.1 obtains the function log,y(L>—errors) of un m(y1,y2) with N =5 versus
M. Figure 4.2 visually contrasts the precise and estimated solutions at y1 = 0.2. Subsequently,

Figure /.3 provides a graphical representation of the absolute error function for N = M = 16 with

p=4aty =0.2.

Table 4.1: Comparing the absolute error of pn v (y1,y2) against the RKFM [82] and SLFCM [83]

for Example /.1

RKFM [82] SLFCM [83] Our method (p =4)
Wov) N —ar=30 N-M=3 N-M-4 N—M-8 N=M=16
(3,5) 264 —03 2.80e — 06 2.85¢ — 05  1.48¢—05  1.04e — 05
L 2.4e — 04 1.70e — 04 1.29¢ —06  1.28¢ —06  1.29¢ — 06
(g, §> 1.50e — 04 1.30e — 05 6.69¢c — 07  7.66e—09  7.65¢ — 09
(£, 1)  9.45e — 05 3.50e — 05 2.87¢ —07  2.62e—09  3.55¢ — 11

Table 4.2: Comparing the absolute error of pun ar(y1,y2) against the GWM [8]] for Example 4.1/

GWM (N = M =38) [84] Our method

(v1, 92) A=07  A=1.75 N=M=10
(02,0.2)  1.06e—02 4.39¢ — 02 2.61e — 07
(0.2,04)  1.84e—03 1.0le — 02 92.74¢ — 05
(0.4,0.4)  7.49e—03  3.96e — 02 2.09¢ — 05
(0.4,0.2)  1.84e—02 1.0le— 02 1.93¢ — 05
(0.6,0.2)  1.00e —02 4.81e— 02 5.10e — 04
(0.6,0.6)  6.23e—03  1.32e — 02 6.56¢ — 04

Figure 4.1: logyo(L> — errors) of un a(y1,y2) for N =5 versus M for Example /.1)

Logio(L™ — errors)

26

-4
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Figure 4.2: Comparison of the exact and approximate solutions for N = M = 16 at y; = 0.2 for
Ezample 4.1

1.0+

0.9

0.8

s N P Exact solution
_ S . Approximate solution

Figure 4.3: Absolute error function for N = M =16 at y1 = 0.2 for Example /.1)

0.0124

0.0104

0.008+

e(02, 75)

0.006+

0.0044

0.0024
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Example 4.15. Consider the 2D-NPVIDE [80] by

o? O u(y1,y2) /” /yl p(vr,v2) 5 (33M(U1 Uz)>5
= , -+ ——————= | dvadvi, 0<y1,y2 <1,
Oy10y3 Py, 92) 8y182y2 Y2 Dy10%y2 20 Y1- 42

with the initial conditions

ou(y,0)  ?u(y1, o)
,0) = =
1(y1,0) o 010

y2=0

here b 22w et o I
where I(y1,y2) = Yiy5 9 -, and the exact solution is j1(y1,y2) = 36y1y2

Babaaghaie and Maleknejad [S80] considered the current problem and used the Haar wavelets
N —0.5 M —0.5
method (HWM) with the mesh nodes y1 n = W’N =1,2,....2N, oy = ——7, M =
1,2,...,2M, to get its numerical solution.

2M

Table 4.3 compares the mazimum absolute errors E(N, M) with p = 4 against these results
introduced using the HWM [80]. Figure J./ obtains the exact solution p(yi,y2), approzimate
solution pun a(y1,y2) and the absolute error function |pu(yi,y2) — pn,m(y1,y2)| with (N, M) =
(16,16) and p = 4.

Table 4.3: Comparing the E(N, M) versus the HWM [80] of Example /.15

HWM [80] Our method
9N E(@2N,2N) N E(V,N)
2 7.1le — 03 1 1.5e—-03
4 2.9e — 03 2 6.2e—04
8 9.8¢ — 04 4 T7.le—04

Figure 4.4: (a) Exact solution pu(y1,y2), (b) Approzimate solution pie16(y1,y2), (c) Absolute error
function |p(y1, y2) — pie6(y1, y2)| with p =4 for Example 4.15

0.00107
1025 _

DT 00003
0 20| i
U u.oonrr.
oo
100
o
L' oz
(a) (b) (c)
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Figure 4.5: Comparison of the exact and approximate solutions for N = M = 16 at y1 = 1 for
Ezxample 4.15

0.00004 ‘”‘
0.00003 -
S e Exact solution

24 N - .
0.00002 O Approximate solution
0.00001

[ T T * et . r T T T T T

0 02 04 06 0.8 1
.12

Figure 4.6: Absolute error function for N = M =16 at y; = 1 for Example /.15

0.0009 -
0.0008
0.0007
0.0006 -
0.0003 4
e(1.yy)
0.0004
0.0003 -

0.0002

0.0001 4
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Example 4.16. Consider the 2D-PVIDE

Oy, y2) 1 Y12 o y2 3 p(v,v2)
_ _ = _J1I2 — 7 duad
991092 cos(y2) 5 (y1 + cos(y2)) y1 sin(ya2) —i—/ / v1 +cos(vg) 9910%2 vaduy,
with the initial conditions O(y1.0)
“\Y1,
07 = = 07
(0, y2) i

where 0 < yp <1, 0 <ys <1, and the exact solution is pu(y1,y2) = y1 sin(y2).

Table J./ provides a detailed account of the absolute errors |p(y1,y2) — un.N(Y1,y2)| at p =3
with (N, M) = {(4,4),(8,8),(16,16),(32,32)}, while Table 4.5 presents the mazimum absolute
errors E(N, M) with p = 3 and different choices of N and M, and obtains the convergence order
of the solution. On the other hand, Figure /.7 provides a visual representation of the contrast
between the precise and estimated solutions at y; = 0.2. Figure /.8 offers a graphical depiction
of the absolute error function for N = M = 16 with p = 3 at yy = 1 for Example 4.16. Finally,
Figure /.9 exhibits the logarithmic graph of log;y(L
M.

* —errors) with N =5 for diverse values of

Table 4.5

Table 4.4: Absolute errors |u(y1,y2)

— 1NN (Y1, Y2)| for Example /.16

(y1,92) N=1 N =38 N=16 N =232
(0.00,0.00) 0 0 0 0
(0.25,0.25)  2.24¢—06 5.59¢ — 06 1.06e —06 1.56¢ — 07
(0.50,0.50)  1.86¢ — 04 3.69¢ — 05 5.48¢ —06 7.4le — 07
(0.75,0.75)  6.03¢ —04 1.0le—04 1.44¢—05 1.91¢—06
(1.00,1.00)  9.7le—04 1.55¢—04 2.16e—05 2.82¢ — 06

N  E(N,M)

Rate

2 0.0042218339
4 0.0009709566
8 0.0001547186
16 0.0000216087
32 0.0000028152

2.1204
2.6497
2.8399
2.9403
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Figure 4.7: Comparison of the exact and approximate solutions with N = M = 16 at y1 = 1 for
Ezxample 4.16

0.16
0.14 4
0124
0.10 o
0.08 4 Exact salution
] " Approximate solution
0.06 4
0.044
0.024
0% T T T T T
0 02 04 0.6 0.8 1

Figure 4.8: Absolute error function for N = M =16 at y; = 1 for Example /.16

0.000020 4

0.000015

e(1,74)

29.000010 |

0.000003
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Figure 4.9: logyo(L> — errors) of un a(y1,y2) for N =5 versus M for Example /.16

-34 \

-3

-38
Logyo( L™ — errors) \

-44

10 20 30 40 M 30 60 70 80 20 100

Example 4.17. As the final example, we consider the following 2D-NPVIDE

Y1 Y2 8 1,0 2
Iy, y2) / / (y1v} 4 cos(va)) ( plvn 2)> dvodvy, 0 <y1,y2 <1,
0y10Yy2

0? M(yh y2) _
0y10y2

subjected to the initial conditions

ou(y1,0)

M<07y2) = 8y1

:0,

with h(y1,y2) = y1 sin(y2) + %y? cos(y2) sin(yz2) — %Oy?yg - %sin?’(yg)y%, and the exact solution is
iy, 2) = A (cos(y2) — 1).
Numemcal results in terms of absolute errors are reported in Table /.6. Table /

3 with various choices of N and M, and obtains

.7 displays the
maximum absolute errors E(N,M) at p =
the convergence order of the solution. Also, the absolute error function is depicted in three-
dimensional space as shown in Figure /.10 employing (N, M) = {(4,4),(16,16)}. Figure /.17

plots the Logio(L™ — errors) of pn v (yi,y2) for different values of M while maintaining N = 5.

Table 4.6: Absolute errors |u(y1,y2) — pn .~ (Y1, y2)| for Example 4.17

(W1, 92) N=14 N=38 N =16
(0.00,0.00) 0 0 0
(0.25,0.25)  3.327¢ — 07 1.637e —08 2.309¢ — 09
(0.50,0.50)  5.312¢ —06 6.591e — 07 9.297¢ — 08
(0.75,0.75)  7.059¢ — 05 1.128¢ — 05 1.591e — 06
(1.00,1.00)  4.649¢ —04 7.57le —05 1.068¢ — 05
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Table 4.7: Maximum absolute error E(N, M) with N = M and p = 3 for Example /.17

N E(N,M) Rate
2 0.0023618004

4 0.0004648727 2.3449
8 0.0000757084 2.6183
16 0.0000106795 2.8256

Figure 4.10: (a) Absolute error function |u(y1,y2) — paa(yi,y2)|, (b) Absolute error function
[1(y1,y2) — mi6,16(y1, y2)| with p =3 for Example /.17

0.00030m 0000307
0.0002 8- 0000287
0.00026— 00002677
000024 0000247
0.00022 000022
000020 0000207
0.0001 8 000018

0.0001 6 000016
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4.4 Concluding remarks

This chapter outlined a novel approach for approximating the solution of the two-dimensional
high-order PVIDEs through the application of piecewise collocation approach based on the two-
dimensional Taylor polynomials. The proposed method offered the advantage of obtaining ap-
proximate solutions directly through iterative formulas, eliminating the requirement of solving
any algebraic system. As far as we know, it is the first attempt to solve two-dimensional high-
order PVIDEs using two-dimensional Taylor polynomials. In addition, a new theorem was derived
that ensures the convergence of the presented approach. The efficacy of the developed approach
stands out as demonstrated through a comparative analysis of numerical results across various

examples in existing literature.
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Conclusion and perspectives

In this thesis, a new numerical approach utilizing two-dimensional Taylor polynomials to ap-
proximate solutions for linear and certain nonlinear Volterra 2D-PIDEs was developed. These
equations encompass first, second, and arbitrary orders, each with its set of initial conditions
within the real polynomial spline space S;j?pfl. The employed Taylor collocation method ex-
hibits high accuracy and convergence rates. Its primary advantage lies in providing approximate
solutions directly through iterative formulas, eliminating the need to solve algebraic systems. This
feature renders the numerical solution process for such problems straightforward and computa-
tionally efficient.

In each of the three studies, the derived approaches have been subjected to theoretical valida-
tion. The error analysis has confirmed their convergence to order p, where p— 1 denotes the degree
of the Taylor polynomials used in both directions. Moreover, the incorporation of various numer-
ical examples serves to illustrate the method’s convergence and validate the theoretical estimates.
These numerical results were presented through different tables and figures, each highlighting that
even with a small number of parameters, high accuracy is achievable. The computational effort
required was minimal and executed on a personal computer. The obtained results attest to the
practical reliability, speed, and ease of implementation of the proposed method.

Finally, further investigations into such problems will involve expanding the current numerical
method utilized to approximate the second-order 2D-PVIDE of the form (3.1) to approximate

solutions for similar and more specific equations. For example:

e Development of a novel approach to solve the general second-order linear 2D-PVIDE under

appropriate initial conditions.

e Development of an innovative approach to solve the linear fractional 2D-PVIDE under ap-

propriate initial conditions.

e Development of a pioneering approach to solve the linear weakly singular 2D-PVIDEs under

appropriate initial conditions.

e Development of an innovative approach to solve the linear two-dimensional mixed Volterra-

Fredholm PIDEs under appropriate initial conditions.

Some of these equations are currently under study, with further considerations for generalizing
the use of this method.
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