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Abstract

In the realm of dynamical systems, examining how solutions of systems of difference
equations behave over time holds profound significance as it unveils the underlying
patterns and trajectories that guide the evolution of various systems. This thesis delves
into finding the form of solutions for specific multidimensional systems of difference
equations and studying their behavior. Specifically, we are interested in a discrete
community model, the form and the asymptotic behavior of solutions to a close-to-
cyclic multidimensional difference equations system, and the convergence of solutions
of a two-dimensional system of higher-order difference equations.

Several results are then presented about the form of solutions, the asymptotic
behavior, the global attractivity, the rate of convergence, and the convergence of
solutions, in addition to numerous simulations which allow confirming and bringing

out our contributions.

Keywords: Systems of difference equations, equilibrium points, qualitative study,

local stability, asymptotic behavior, rate of convergence.
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Résumé

Dans le domaine des systémes dynamiques, I'étude du comportement asymptotique
des solutions des systemes d’équations aux différences revét une signification profonde,
car elle réveéle les schémas sous-jacents et les trajectoires qui guident 1’évolution de
divers systémes. Cette thése se consacre a la recherche et al’étude du comportement des
solutions de certains systemes multidimensionnels d’équations aux différences. Plus
précisément, nous nous intéressons a un modele discret de communauté, a la forme et
au comportement asymptotique des solutions d"un systéme multidimensionnel proche
du cyclique d’équations aux différences, ainsi qu’a la convergence des solutions d"un
systeme bidimensionnel d’équations aux différences d’ordre supérieur.

Ensuite, plusieurs résultats sont présentés, notamment concernant la forme des
solutions, le comportement asymptotique, l'attractivité globale, la convergence des
solutions et le taux de convergence. De plus, de nombreuses simulations sont réalisées

pour confirmer et mettre en évidence nos contributions.

Mots-clés: Systemesd’équations aux différences, points d’équilibre, étude qualitative,

stabilité locale, comportement asymptotique, ordre de convergence.
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General introduction

Researchers and scientists from various fields are becoming increasingly interested
in the difference equations theory. Consequently, numerous papers have been
published addressing difference equations and systems thereof. Some of them can be

found in previous research (see for example [1, 12, 21, 28, 30, 31, 33, 34, 41, 43, 55, 58]).

The primary contribution of this thesis lies in its proposal of closed-form solutions
for multidimensional systems of difference equations. This extension to higher dimensions
is noteworthy, as many existing methods are tailored for lower-dimensional systems.
We effectively demonstrate the novelty of our approach by comparing it to existing
literature. The results presented in the thesis are not only new but also capable of
generalizing previous findings, thus advancing the current state of research in this

area.

In the introductory portion of our first chapter, we lay out fundamental definitions
and significant findings relevant to difference equations and the systems they encompass.
These foundational concepts serve as a groundwork for us to delve into the core
focus of this thesis. Our primary goal involves conducting a thorough qualitative
investigation aimed at discovering explicit solutions for specific types of nonlinear
difference equations systems. These systems may include multidimensional systems

and symmetric systems, which add complexity and richness to our analytical exploration.

Multidimensional difference equations systems are like building blocks for understanding



General introduction

how things change over time. They are used in many areas, like economics to
understand money growth, and in biology to study how animals in an environment

interact.

In the second section of our first chapter, we bring forth a fresh category of
nonlinear difference equations systems characterized by a multitude of interconnected
equations arranged in a distinctive manner. We meticulously analyze the structure of

the following system, paying close attention to its intricate connections

(i+1) ( (i+1)\Pi+
o _ il <yn—k) +bi

yn+l - (y(i)k 1)Pi , hne N
n—k+

0’

where ngrk) = y,(f),ka = Pi, Aisk = i, iy = bj;i = ﬁ, the initial values yﬁ, y(_l;( ey yg)

and the parameters a; and b;, i = 1,k are positive real numbers and p;, i = 1,k, are real
numbers. Our main emphasis is on unraveling the methods for representing solutions
to this complex array of equations. Through detailed examination and scrutiny, we aim
to provide insights into the behavior and properties of solutions within this specific

framework.

In the study of how things change over time, there is also an important group of
systems called symmetric systems of nonlinear difference equations. These systems
exhibit a regular pattern and help us to understand how connected things change
together. They are used in many domains, ranging from modeling chemical interactions
to analyzing the stability of physical systems. For instance, these systems are employed
to study synchronized oscillations in neural networks, as well as to analyze collective

animal movements in behavioral biology.

Taking inspiration from earlier studies, the second chapter of this thesis delves
into a new type of symmetric system involving nonlinear difference equations. This
system is characterized by its distinctive symmetry properties, which play a crucial role
in its dynamics and behavior and affect how the system’s equations work. Through

comprehensive analysis and investigation, we want to study the system below carefully
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to understand it better and show what makes it different

Xn—(2k+1) Yn—(2k+1)
Xyl = —, =——— n,kelNy,
n+l1 1+ Vuk ]/n+1 1+ X1 0

the initial values x_(k+1y, X2k, - - -, X0, Y-2k+1), Y=2k, - - -, Yo are non-negative real numbers.

In the world of biology, using difference equations helps us understand how animal
populations change. These equations create models that show how animal numbers
go up and down over time, and how different species interact. For example, they help

researchers study how animals grow, compete for food, and interact with predators.

Additionally, these models help us understand how environmental factors like
habitat and reproduction affect animal populations over time. By testing different
scenarios and predicting population trends, scientists can plan ways to protect habitats

and manage biodiversity.

Studying these models not only helps us understand basic ecological processes but
also guides conservation efforts and predicts the effects of environmental changes. In
the final chapter, we are going to take a closer look at the following specific type of
complex equations system to better understand and manage animal populations in

dynamic environments

M Xy — A2 XnYn _ AgYy + A5YnZy _ 07Zy + agz, X,

1= Zn+l = n €N
1+asx, Yne 1+agy, =~ 1+ayz, ' 0
y 94n

Xn+1 =

where the parameters a;, i = 1,9 and the initial values xo, Yo and z, are positive real

numbers.



Chapter 1

Preliminaries and solvability of a
multidimensional close-to-cyclic system

of difference equations

1.1 Preliminaries

The first part of our opening chapter aims to explain difference equations and their
systems in simple terms. We want to make it easy for readers to understand these
ideas. Also, we talk about stability, which means whether these equations and systems
stay the same or change over time. This helps us see how these math models work in

different situations.

Additionally, we talk about specific theorems. These are important ideas that we
are going to use a lot in our thesis. They help us analyze and understand the math

parts of our research. They give us important rules and ideas to follow in our study.

In summary, this first part of our opening chapter sets the stage for our thesis.
We explain key concepts clearly, talk about stability in difference equations and their

systems, and introduce important theorems that will help us throughout our research.

4



Preliminaries

For these preliminary elements, we refer to the following references [10], [14],[18],

[22] and [41].

This first section of our first chapter gives some definitions and general results

concerning equations and systems of difference equations, stability, and theorems that

we are going to use in the rest of our thesis.

1.1.1 Linear difference equations

The linear difference equations” study is highly important in applied mathematics.

These equations are very useful tools for representing and understanding how things

change and vary in different domains. In this part, we are going to explain what

they are and present definitions and theorems that will help us better understand the

concepts and the methods we will see later on.

Definition 1.1.1 An equation expressed as
Xn+k + P1 (7’1) Xptk-1 t -+ Pk (1’1) Xn = !](71), ne Nng
is called Linear difference equation of order k as long as py (n) # 0, where

p1(n),p2(n),...,px(n), g (n) are well-defined functions on IN,,,.

Remarks 1.1.1

In general, we associate k initial values with equation (1.1).

xno = C1, xn0+l =Cy. .. /xng+k—1 = Ck,

ci, i = 1,k represent real or complex constants.

(1.1)

(1.2)

Definition 1.1.2 Equation (1.1) with g(n) = 0,VYn > ny, is called homogeneous linear

5



Preliminaries

difference equation, and it is written as follows

Xpsk + P1 (1) Xpgpe1 + - + pr (1) x, = 0. (1.3)

Definition 1.1.3 A sequence {x,},,, is considered a solution to equation (1.1) with the initial

values (1.2), if it satisfies relation (1.1) and the initial values (1.2).

Theorem 1.1.1 [14]

Equation (1.1) with the initial values (1.2) has one and only one solution.

Theorem 1.1.2 [14]

The set S of the solutions to the difference equation (1.3) is a vector space on K of dimension

K.

Definition 1.1.4 A set of k linearly independent solutions of the difference equation (1.3) is

referred to as a fundamental set of solutions.

The next theorem illustrates that the homogeneous linear difference equation (1.3)

always admits a fundamental set of solutions (i.e. a basis of solutions).
Theorem 1.1.3 [14, 41]

o Ifpr(n) # 0, for all n > ny, the homogeneous linear difference equation (1.3) possesses a

fundamental set of solutions.
o Ifx!,x2,...,xk are solutions of equation (1.3), so

Xy = MX 4+ apx> + -+ gk

is also a solution of equation (1.3), where a;,i = ﬁ, are arbitrary constants.

6



Preliminaries

k

Corollary 1.1.1 Suppose {(xi) () s 7+ s (xn) } form a fundamental set of solutions
= nzngy

nznop

to equation (1.3). So, the general solution of (1.3) is represented

k
_ E i
le - aixn/

i=1

where a;,i = 1,k, are arbitrary constants.

Theorem 1.1.4 [14, 41]

Let {(xi)reno () s 7+ s (x’,‘l)HZHO} be a fundamental set of solutions to equation (1.3) and
(xﬁ)nZno a particular solution to equation (1.1), then any general solution of equation (1.1) takes

the form
k

X, = Zaix; +xh, n>ng.
i=1

Linear difference equations with constant coefficients

In what follows, we focus on homogeneous linear difference equations with constant
coefficients, i.e.

Xptk + P1 k-1 + -+ + P = 0, (1.4)

pi, i = 1,k represent real or complex constants.

Resolution of the homogeneous linear difference equations with constant coefficients

Our aim is to identify a fundamental set of solutions and thereby determine the general

solution to equation (1.4).

Theorem 1.1.5 [14, 22]

Equation (1.4) has solutions of the form

n

x, = A",

7



Preliminaries

where A € C*, and it verifies
k
p() =) pit =0. (1.5)
i=0

with py = 1.

Definition 1.1.5 The polynomial

k
p(A) =) pid*
i=0
with py = 1, is termed the characteristic polynomial associated with equation (1.4).

Theorem 1.1.6 [14, 22]

Iftheroots A1, Ay, ..., A of the characteristic polynomial p (A) are distinct, then {Ag’, AL, ..., AZ}

forms a fundamental set of solutions to equation (1.4).

Corollary 1.1.2 Any solution of equation (1.4) can be expressed as a linear combination of A!,

wherei=1,k, i.e.
k

X, = E cirl,ci € K,
i=1

where Ay, Ay, ..., Ay are distinct roots of p (A).

Theorem 1.1.7 [14, 22]

Suppose that A1, Ay, ..., A, v < k, are the roots of the characteristic polynomial associated

to equation (1.4), with degrees of multiplicity my, my, ..., m, respectively (Y., m; = k), so

{(AT)nzno ’ (nAT>nzno ’ (nZAT)nzno sy (nml_l/vll)nzm) / <Ag>n2no ’ (nAg)rzZno ! (nZAg)nzno T

my—1qn n n 29n my—1n
(n /\2)@10 PR i IR ¢ %y I (n Al )nZno Sy (n AT )nzno} /

is a fundamental set of equation (1.4).

Corollary 1.1.3 [14]
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The solution of equation (1.4) is expressed as

r m,-—l

Yy = Z Z Ci]'i’lj/\?, Cij € K,
i=1 j=0
where
o The parameter r < k denotes the number of distinct roots of the characteristic equation (1.5).

The parameter A; denotes one of the roots of the characteristic equation (1.5).

The parameter m; denotes the degree of multiplicity of the root A;.

The coefficients c;; are constants determined from the initial values.

1.1.2 Nonlinear difference equations

Nonlinear difference equations are very useful tools for representing various phenomena
in many fields. Unlike linear equations, these have terms that are not linear, which
can make them more challenging to understand. In this part, we are going to examine

these equations closely.

Assume [ is a part of R, and f : ['*! — [ is a continuously differentiable function.

Definition 1.1.6 A difference equation of order (k + 1),
Xn+1 = f(xn/ Xn—1s+++s xn—k)/ n= 0/ 1/ sy (16)

with xp,x_1,...,x_x € I, is said to be nonlinear if it is not of the form (1.1).

Definition 1.1.7 A point x € 1 is said to be an equilibrium point of equation (1.6) if

x=f(%%...,%),

9



Preliminaries

in other words

Definition 1.1.8 An interval | C I is said to be an invariant interval of equation (1.6) if

Xk, X1, , X0 €] =>x, €], n>0.

1.1.3 About stability

If we are unable to find a solution, we resort to a qualitative study, as the most important

characteristic that can be studied is stability.

Definition 1.1.9 Suppose that X is an equilibrium point of (1.6),

1. x is considered locally stable if
Ve>0,36>0, Vx_j, X js1,..., X0 €1 |x_p =X+ |xpp1 =X +---+|xog—X| <6,

then

lx, — X <e&, VYn>-—k.

2. x is considered locally asymptotically stable if
e X is locally stable.

o dy>0, Vi, Xxps1,..., X0 €L X = X[+ [xgpr =X+ -+ |xo — X| <7y, 50

lim x, = x.

n—+00

3. X is considered globally attractive if

Y Xk, Xf41,.--,X €1, lim x, = x.

n—+00

10



Preliminaries

4. x is considered globally asymptotically stable if

e X is locally stable.

e X is globally attractive.

5. X is considered unstable if it lacks local stability.

Definition 1.1.10 We call linear difference equation associated with equation (1.6), the

equation of the form below

Yni1 = PoYn + P1lYn-1 + -+ + PklYn—ic (1.7)
where
af _ N~
pi = 07_1/11 X,X,...,%), for i =0,k
and
f: s — ]

(uo, U1, ..., ux) +—  fluo,uq,...,u).

Theorem 1.1.8 [41] (Stability by linearization)

1. If all the roots of the characteristic polynomial of the associated linear difference equation
lie within the open unit disk |A| < 1, then the equilibrium point of (1.6) is locally
asymptotically stable.

2. If there exists at least one root of the characteristic polynomial of the associated linear
difference equation with a modulus exceeding one, then the equilibrium point of (1.6) is

unstable.

1.1.4 System of nonlinear difference equations

Suppose fY, f@, ..., f®) denote functions that are continuously differentiable, such that

f(i) . 111<+1 % I§+1 N II;+1 N Ii‘mr = 1,}7,

11



Preliminaries

with[;, i = w present real intervals.

Consider the following p-dimensional system

o _ (1 1D (1) (2) (2 » ..p (P)
X = f()(xn XXX ,xn e X RS S A4
2 _ 2) (1 (1) (1) (2) (2) » ..p P
2= f )(xn I PR o P o B S SUPURE <o SUPURRON o) P x
(P) _ (1) (1) (1) (2) ( ) 2) ®) (P) )
X/, = e (n DX e X X X e X P Xy Xy gy XL
with 1, k € N, (x(l) x(lzﬁl, . ..,xg)) e, i=1p.
Let’s establish the function
as follow
1 1 1 2 2 2 (v) ( )
FX) = (£, 20, ..., f20, 20, [P0, ..., f2X0, ..., X0, (X
with
_{,, @ @ @ ,,@ @) () ® @ e\T
X‘(”O'“l""'”k'”O'”1""'“k' O,ul,...,uk) ,
2x) = o), fO0=ul,.. fPx)=u?, i=1p.
Let’s put
@ @ (1) (2) (2) (2) ®) (P) )
Xl’l (]’ll 7’11, c7 nk/ 7 nl/"‘/ nk/ "/xn/ nl/"'/ n_k) M

Thus, system (1.8) can be expressed as the following one

Xp1 = F(X,), n=0,1,2,...

12

)

(1.8)

L FP),

(1.9)
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that’s to say

)

xn+l

K

)

n—k+1

2
xn+l

o

@

n—k+1

(»)

n+1

)

(2]

n—k+1

Definition 1.1.11

f(l) (xgll)’ e

)

n_1’ "

(1)
n—k+1

f(z) (xgll)’ e

X

n_1’ "

f(lﬂ) (xﬁll)’ x(l)

x,(f)

n_1’ "

(p)

xn—k+1

skt

I p—krn 7

NORNCINC)

R I Y s R AL

NORNCINC

52 50

ETARE

ETARE

(2 » .P
dX reeen y X X, 1
() » .P
dX s P X X, 1
2 » .
bX s P X X, 1

.., xff_)k)

.., xff_)k)

1. (@, X, ... ,x)) is considered an equilibrium point of system (1.8) if

T = O (70,0, 58 B, T, 5, ),

2@ = fO (30,20, xD,x@, 20, X, x0,x0),..,20),

20 = 0 (x®,x0, . xD,x@, x0), .

2. X = (x0,x0,..,x0,x0,x@, . x0), . xW,x0),. ., xW) e [+ x [ x . x [

represents an equilibrium of system (1.9) if

X = F(X).

13
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Preliminaries

1.1.5 About stability

The stability of difference equations is a very important aspect when studying them.
It concerns how the solutions of a system evolve over time in response to changes or
disturbances in the initial conditions or parameters. Studying stability allows us to
determine whether a system tends to remain stable, oscillate, or become unstable over
time. This helps us evaluate how robust and predictable the system is. By analyzing
stability, we can better understand how the system will behave in the long run and

predict how it will respond to changes.

Definition 1.1.12 Suppose X represents an equilibrium point of system (1.9) and |\.|| signifies

a norm, for instance, the Euclidean norm.

1. X is said to be stable (or locally stable) if for any e > 0, there exists 6 > 0 such that
whenever “Xo - YH < 0 it follows that | Xy = YH <e¢, forn>0.

2. X is said to be asymptotically stable (or locally asymptotically stable) if it is stable and if
there exists y > 0, such that whenever HXO - XH <y it follows that

xn—>X n — +oo.

3. X is said to be globally attractive (similarly globally attractive of basin of attraction

G C I X I x ... X It*), if for each X, (similarly for each X, € G)

Xn—>z n — +oo.

4. X is said to be globally asymptotically stable (similarly globally asymptotically stable
relative to G) if it is locally stable, and if for each X, ( similarly for each X, € G),

Xn—>Y, n — +oo.

5. X is said to be unstable if it lacks local stability.

14
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Remark 1.1.1 It is clear that (W,@, ... ,@) € I xI X+ - X1, is an equilibrium of (1.8) just
in case X = (W,W,...,W,W,W,...,W,...,W,W,...,W) € [ x [§+1 X"'XI];;H

is an equilibrium of (1.9).

Definition 1.1.13 (Associated linear system)
We call linear system associated with system (1.9) around

X = (x0,x0, ..., x0,x0,x®, .. x0), . ,x®,x0), . ,x»),

the system

Xn+1 = ]FXn/ n= 0/ 1/2/"'

where Jr denotes the Jacobian matrix of F around the equilibrium point X, defined as

8f_(§1) 8f_(§1) P fél) 2 fél) P fél) 8f_él) P fél) P fél) P fél)
81,1(()1) 8u§1) o 8ul((1) 8uf)2) 8u§2) o 8u,({2) . 8u(()p) 814;}7 ) 814? )
8f_1(1) af_l(l) P f1(1) P fl(l) P f1(1) af_la) P f1(1) P fl(l) P fll)
8uél) 8u§1) o 8ul({1) o”uéz) 8u§2) o 8ul((2) o 8ug’) 8u§p ) 8u]((p )
oo e e
ngl) 8u§1) o 8ul((1) auéz) 81452) o 8u,((2) o 8ug’ ) &uip b u®
Iy ofyY Y P 9P If? ofD oY ofs?
Je=| o’ ol T o ol o T a® T o T |,
ﬁ po J;ép) . P f.ép) ) ];év) ) j;ép) . ) f'ép) . P f'ép) P J;ép) ‘ P J;ép)
8u(()1) auf) o au]((l) Quéz) 814;2) o 814}((2) o 8u(()p) 8u§p > 8u%p )
8f_1(P) P fl(P) P f1<P) p) fl(p) 9 fl(P) p) fl(P) P fl(P) P fl(rf) P flp)
81481) 8u§1) o &ul(cl) ng) 81452) o 81,1,((2) o 8ug’ ) Bugp ) aul(f )
ﬁ ﬂ . P flfp) p) j;k(p) p) f.k(p) ' p) f.k(zﬂ) ' p) f.k(;?) p) f']fp) ' p) f']fp)
o’ ol o ol o T w® T P o U
such that
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Preliminaries

Theorem 1.1.9 [41] (Stability by linearization)

1. If every eigenvalue of Jr lies within the open unit disk |A| < 1, in that case X is locally
asymptotically stable.

2. If at least one of the eigenvalues of J has a modulus greater than one, then X is unstable.

Rate of convergence

Here, we are going to give two important propositions which assists in estimating the

rate of convergence.

Let’s consider the following difference equations system

X1 = (A +B(n)) Xy, (1.10)

with X, represents a vector of dimension m, A € C"™" represents a constant matrix, and

B :Z* — C™" represents a matrix function that satisfies the condition
IB(n)]| =0 (1.11)

as n approaches infinity, where ||.|| signifies any matrix norm corresponding to the

vector norm

| Ce1,x0, ..., xm) || = \/x%+x§+--~+x2m.

Proposition 1.1.1 [47] (The 1° theorem of Perron)

Suppose condition (1.11) is met. If X,, represents a solution to system (1.10), then either
X, = 0 for all sufficiently large n or

p = lim (1X,I)* (1.12)
exists and is equal to the modulus of one of the eigenvalues of A.
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Solvability of a multidimensional close-to-cyclic system of difference equations

Proposition 1.1.2 [47] (The 2" theorem of Perron)

Suppose condition (1.11) is met. If X, represents a solution to system (1.10), then either
X, = 0 for all sufficiently large n or

_ iy Kl
oo || X |

(1.13)

exists and is equal to the modulus of one of the eigenvalues of A.

1.2 Solvability of amultidimensional close-to-cyclic system

of difference equations

The pursuit of solutions for systems of nonlinear difference equations has sparked
significant attention within the academic sphere. However, the majority of the papers
published in this aspect were limited to systems of two or three dimensions at most, as
evidenced by notable references [4, 5, 16, 17, 19, 24, 25, 26, 29, 30, 31, 32, 33, 35, 36, 37,
38, 40, 51, 55, 56, 60, 62].

The challenges posed by complex calculations and the lack of a straightforward
method for solving nonlinear difference equations make it hard for researchers to find
direct solutions. As a result, they opt for a different approach: a qualitative study
of these systems, where they investigate the periodicity, the local stability, the global
stability. . .(for instance, references such as [12, 15, 21, 22, 23, 27, 28, 34, 41, 43, 46, 48, 61,
63]).

All of the above motivated us to introduce the multidimensional system of nonlinear
difference equations (1.14) and solve it, hoping that it will model certain phenomena

and help researchers to understand them.

In the second section of this chapter, we are going to extend and refine the findings

initially outlined in our publication [6]. So,we are going to find the solutions of the

17



Auxiliary Results

following k—dimensional close-to-cyclic nonlinear difference equations system

(i+1) ( (i+1)\Pi+
@ _ il () + bi.
Y1 = ) pi ’
(yn—k+1)

neN (1.14)

where y,(,f+k) = y,(,f),pi+k = i, Aisk = i, bisx = by i = ﬁ, the initial values yﬁ, y(_lgﬁl, el y(oi)

and the parameters 4; and b;, i = ﬁ are positive real numbers and p;, i = 1,_k, are
real numbers. On top of that, we are going to examine the asymptotic behavior of the

equilibrium point of system (1.14) in special cases.

1.2.1 Auxiliary Results

In this part, we are going to present several results needed to prove the main results in

part 1.2.2.

Let’s examine the following k-dimensional linear difference equations system

O =™+, neN (1.15)

Wy = 0

@

() _ 70 ¢

. and w

where w ,ai,bi,i =1,k are positive real numbers.

The following auxiliary result is used for several times in the rest of the chapter.

Lemma 1.2.1 Let (w(ni))nzo be a solution to system (1.15). Then for all n € Ny
wéi) +nT;, S=1,

(@) n_1
S”wﬁ.l) + Tz(

kn+j

92

Il
&
»

I
—
X
Ny
[

where, 1 =1,k, |

k k (i+r-2
S = Hal, Tl' = Z( Ell) bi+r—1 + bl’. (116)



Auxiliary Results

Proof. The systems in (1.15) immediately imply, for i = 1, k, the following relations

G _ . (+]) .
W = AW, 4 + bl

_ (i+2)
= a4 [ﬂi+1wn o T his1| + b
_ (i+2)
= 4w, +aibig +b;
= i |Ai2W, 5 F Dipo | +ai0i + 0;
_ (i+3) b b b
= 4iiAi2W, "3+ Aili10i42 + Ai0iy + 0;
= () b b b + Db
= 0iiAi+20i13W, " + Aili10i420i43 + Aildiy10i2 + Ai0i + 0;
_ (i+k)
= Aiflip1 -+ Bisk1W, 0+ Aiflig] - Bivk—2bivk-1
+ A1 - Aipk-3bipk + ...+ a;ibig + b
_ (i+k)
= Aflip1 - Bisk1 Wy, F Qg1 - - - Aigk2bie
+ i1 - Aipg-3bipko + ...+ a;ibi + b
— - . @ + a:a; . b
= 4ildiy1 - Airk1Wy Aidiy1 - - - Ajrk—20i4k-1
+ A1 - Aipk—3bik + ...+ a;ibi + b

@ _ (i)

W = @y .. GW, + Al - Aigk2bie

+ adiy ... ai+k_3bi+k_2 +...+ lll'bi+1 + bl'.

So, we have

‘ k . k (i+r-2
w:zrk = Hal w,(j) + Z a; | biyr—1 | + b
1=1 r=2 \I=i
Let’s put
k k (i+r-2
S = Ha; and T, = Z ap bi+r—l + bi.
1=1 r=2 \ =i
We get

@ _ (@)
w . =Sw, +Ti
for i = 1, k, with the initial values wg.i), j=0k-1

Consequently, instead of solving system (1.15), we are going to solve the following
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Auxiliary Results

equations
w? =Sw) +T;, nelN (1.17)

where, fori = ﬁ and j=0,k-1, wéi) are positive real numbers.

Equations (1.17) yield

w]((l) = Swg) + Ti/
wl(ci-)kl = Swii) + T,
wgz—l = Sw;(il + Ti/
w(zli = Sw(i) +T; =S (Sw(z') + Ti) + T, = Szw(i) +ST,+T,
wgiﬂ = Swi(clJ)rl+T_S(Swl)+T)+T—52w(l)+ST + T,
wg}z—l = Sw (21121+T—5(5w(1) +T)+T_52 (@ +ST,+T,
wglz = Sw(zllz + Ti =S (Szwg + STl + Tz) + Ti — S3w(()l) + SzTZ'
+ ST;+T;
wg]z'*'l = Sw (ZZIZ+1 + T - S(Szw(l) + ST + T) + T = S3w @ + SZT
+ STZ + T3,
wff]z_l = Sw g;1+T—S(52 (@) +ST+T)+T_S3 (1) +S2T
+ STZ +T;.

The inductive argument proves, for i = 1,_k, that

n—1
wl({z) = S'w’ + Z S'T;,
n
t=0
n—1
(O] _ n,,,() t
w Stw + Z S'T;,
t=0

20



Auxiliary Results

n—1
(@) — n,,.(0) t
w, ., = S"w, +ZST1,
t=0
n—1
(@) _ 1,,,,() tp,
w o, = S'w’ + Z S'T..
t=0

More precisely, for i = 1,k and j=0,1,...,k—1, we obtain
n-1
@ _ cn,,0)
o), =80+ )" ST,
=0

Thus, for all ne INy, we obtain

0 w? +nT,, S=1,
Densi =Y cnn (i S"—1 (1.18)
suf) +Ti(2=5), S#1

Now, we are going to prove by induction that relation (1.18) is true.
¢ A simple verification shows that relation (1.18) holds for n = 0.

eSuppose that relation (1.18) holds for #, that is

W +nT;, S=1,

) J
wkn+j: (i) (Sn—l)
Sw]. + T; s—1) S#1.

e We are going to prove that relation (1.18) holds for n + 1. We have

o IfS#1
() _ (O]
Wrnrnyrj = Yhnejek
_ (O]
= kan+]. + T;
i S"—1
= S[Sw()+Ti(S_1)+TZ
. . n_1
() _ n+1,, () ) .
Winatysj = S w; +TZ[S(S_1) + T;



Auxiliary Results

So
[ qn+l
® _ anel (D 5™ =S
Winsysj = St w; + T; 1 + T;
© Qn+l
 anal (D) _S”+ -S+S5-1
= S W+ T; _ S 1
1
0) _ anel, (D s -1
Winsysj = S w; + T; s—1 |
e IfS=1
(@) _ (@)
Winsrj = Yhnejek
= Sw;{gH + Tl'
_ (@)
= Wy, + T
= wE.i) +nT; + T;
(@) _ (@)
Wanyj = Wi+ (n+1DT;.
Thus,
0 wi.i) +(n+1)T,, S=1,
L = 1
k(n+1)+j Sn+1w§i) FT, (S’;‘ —11), S%1. (119)

1.2.2 Main results

In this part, we are going to study the solvability of system (1.14) by considering changes

of variables which transform it to the system of k—linear difference equations (1.15).

Form of solution

Here, we show that the difference equations system (1.14) is practically solvable, and

we follow the analysis of each equation of this system. Throughout the paper we will
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Form of solution

also use the following standard convention:

k-1

Haj: 1.

]:

By using the changes of variables

Wl =y (y?,)", i=Tk neN, (1.20)

system (1.14) is then converted into the following form

0 _ (i+1)

w, =aw, " +b, i=1k nelNy

which is the same system studied in the previous part.

For i = 1,k, relation (1.20) yield
yi(j) = ws) (y(i) )_pi , ne No.

n—k

So, fori = ﬁ we get

@0 _ @ (., bi
ykn - wkn ykn—k)
. . — Pi
_ () (i () bi
e (ykn—Zk) ]
2
_ (i @ \Pio(. ) (-»1)
= W Wik (ykn—Zk)
(-»)’
) (0@ Y| o P
jn \Whn—k [wkn—Zk (ykn—Sk) ]
2
_ (i @ \Pi( 3) (1) (i) (1)
= W \Whk)  \Wigook (ykn—Bk)

kn—4k

(0 )(—lﬂi)3 (y(z‘) )(—p,-)“‘

kn—-3k kn—4k

)
)
)" ) |
)" ) ot )]
)" ()
)

(—Pf)l( 0 )(—Pr’)zm( 0 )(—Pr’)”( 0 )(—Pf)t,

kn—2k kn—(t—1)k kn—tk
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Form of solution

hence

o = (i) (el D (w0 ) (i)
y w(z))(p ( )(P)

0
0
)2 . N3 ‘ oy
- kz()n O)( I(cl()n 1)) ( I((l()n 2))(—rh) (wggn_s))( ) "'(wl(cl()n—t))( Ol

X

(wl(c?n—(n—l)))( e (3/01))(_%) .
So, we obtain

t=0

n—1
_ (i ( P) (1) (- P)
ykn |:H k()n t) :| , NE NO-

By the same argument

) =

(l) “Pi
ykn+1 - kn+1 kn+1- k)
_ (l) (1) (i) P
= Wi [ Y1k Yins1- 2k ]

(i) )( pi )2

= Wi \Whpi1- k) (ykn+1 2%

:
o (0
-l (o) o ()|
(wf
(.
(w
(v

_ (1) 0] Pi( (i) ( P) (_pi)3
= Wi \ Wi - k) (wkn+1 Zk) ( Yins1- 3k)
_ (1) i) pi i “Pi )2 (z) (_pi)a
= Wi \Whyga- k) (w fn+1— Zk) [wkn+l 3k Ykn+1- 41< ]
= w? pi P)Z ) (- P) Q) (- Pz‘)4
= Wen wkn+1 k) (wkn+1 Zk) (wkn+1 3k) ( Yin+1- 4k)
2

= wl(clr)z+1 wkn+1 k) : (wkn+1 Zk) " (wl(clV)Hl 3k)( ¢

1

0 0 )(‘Pi)

t—
-pi)
n+1—(t— 1)k) (ykn+1 t

W (0 ) )(‘Pl‘)2 (f? )(""f)3 N

kn+1 ( kn+1—k) (wkn+1—2k kn+1-3k

X (wl(<2+1_tk)(_pi) - (wl(cij_l)(_pi);z_ (ygi)>(_1’i)H /

X \w

= w

24
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Form of solution

hence

[ / ; —Fi ; —Pi 2 / —Fi ¥
yl(cl;1+1 = wl(cz()n—O)+1 (wl((l()n—l)+1) ' (wliz()n—2)+l)( ") (wl(cl()n—3)+1)( ")
y (wa) )(—Pi)t N (wa) )(—Pr’)“ (y(li))(_pi)” .

k(n—t)+1 k(n—(n—-1))+1

So, we get

0 T () ‘P')t n(r)"
i i i @H\\
Yins1 = H Wietn— t)+1 (3/1 ) , 1 € No.

t=0

Likewise

(1) _ (l) () bi
Yz = Winio Yinso- k)

-0 (i) (i) Pl
Wi | P2k \Yino- 2k> ]

_ (1)
kn+2

(
|
(wl

— (w’
(wi
(w]
(vl

(@) )( P)

Pi
kn+2—k ( kn+2 2k

W o (0 )p,]( 2

S

pi

Mﬂ kn+2—k kn+2-2k kMZ%

)
|
O \YP(,0 (P ) p](7)°
Wi k) (wkn+2 2% [ W03k (ykn+2 4k) ]
) (
)"

_ (1)
kn+2

0 pi

=

kn+2 w

kn+2—k kn+2 3k kn+2—4k
_ (l)
kn+2

(O]

w fn-+2—2k

S

)
i SO CONN (-»)’
0 )P<<> ) o, I
)

_ .3
N

kn+2—k

y (wm )( )" (y(z) )—Pi)

kn+2—(t=1)k kn+2—tk

= ), (of )—Pi (f? )(—Pf)Z (! )(—pf)s

kn+2 kn+2—k kn+2-2k kn+2-3k

<o) i) @)
0 =l o (@f ) () )(—Pf)2 (! )(—p1)3m

Yine2 k(n—0)+2 \Wk(n-1)+2 k(n—2)+2 k(n—3)+2

) _p; t ) —p; n-1 ) —p; n
() o)™ ) ()

X

So, we get

n—1 t n
0 0 ( p) | @\(P)
Yinso = [H kz(n t)+2 ](yzl ) ,» 1 € No.

t=0
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Form of solution

By the same argument

() _ () () ~Pi
Yienik—1 = W1 (ykn+k 1 k)

. — Pi
(@) (@) (@) pi
Wipik—1 [wkn+k 1- k(ykn+k 1- Zk) ]

2
_ 0 (i) i (i) (-r)
Yinsk-1 = Wik (wkn+k—1—k) (3/ kn+k—1—2k) :

Hence

Yin+r-1 kn-+k— 1 Whik-1- k kn-+k—1-2k ykn+k 1-3k

I(<2+k l( I(<2+k 1 k) (
)

(i) (1) pi
Wi k—1-3k (ykn+k 1-4k ]

= (0 ) (@ )( n) (wf? )(-p,-f

kn+k-1 kn+k 1-k kn+k—1-2k kn+k-1-3k

(-n)’
DD (g [wm () )Pf] 4

I
S
S

@) )( P;)

kn+k—1- 2k

X
| |

X
— s

) )(_pi)

Yin+k-1-ak

(@) (i) “Pif (@) (—Pi)z (i) (—Pi)3
fn-+k—1 (wkn+k—1—k) (wkn+k—1—2k) (wkn+k—1—3k)

0 0 )(‘Pf)t

SO
X .. (wkn+k—1—(t—1)k) (ykn+k—1—tk
0 ) P G) ) () (-»)’
= Witk (wkn+k—1—k) (wkn+k—1—2k) (wkn+k—1—3k)

X . (w? )(_”f)lm(w(i) )(—pf)"] (v )(_Pi)n

kn+k—1—-tk 2k-1 k-1

I
S

2
() ) (0 Pi( ) )" () (-»:)
Yinek=1 = Wn—0)+k—1 (wk(n—1)+k—1) (wk(n—2)+k—1) (wk(n—3)+k—1)

. —p; t ) —p; n-1 ) —p; n
(@ )T @ ) 2

X

So, we get

()

Yinsko1 = (yffil)(_p") , €Ny (1.24)

n— 1
(z) ( pi)t
Wi n—t)+k— 1

t:O

From (1.21), (1.22), (1.23) and (1.24), we can deduce that for i = 1,k and j=0,k-1,we
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Form of solution

obtain
o ( ) |/ ain(r)"
(i) (i) i i i
Yinsj = H Drn- t)+] (yj ) , n&€No. (1.25)
t=0

Now, we are going to prove by induction that relation (1.25) is true.
e A simple verification shows that relation (1.25) holds for n = 0.

e Assume that relation (1.25) holds for #, that is

-1

i ( ) anr)'
H 1(<<)n t)+] ' ](yﬁ)) "

t=0

(@)
ykn+]

e We are going to prove that relation (1.25) holds for n + 1. We get

() _ (1) () “Pi
Yo = Wkganysj (yk(n+1)+] k)
_ pi

_ (l) (O] () pi
= Wrnrn)+ [w k(n+1)+j— k(yk(n+1)+] Zk) ]

2
() (i Pi( () (-»i)
= Witne1)+j (wk(n+1)+] k) (yk(n+1)+] Zk)

2

NG 0) pi 0) p |+
- k(n+1)+] (wk(n+1)+] k) wk(n+1)+] 2k yk(n+1)+] 3k> ]
— Q) Q) (-pi)’
= W) (wk(n+l)+] k) wk(n+1)+] Zk)

% | (" P
wk(n+1)+] 3k yk (n+1)+j—4k

"’(
= wl(:()n+1)+]( I(<l()n+1)+] k)_pl (w l(n+1)+] Zk)( pl) (wl(clzn+1)+j—3k>( pi)

% ( 0] )( pi)

yk(n+1)+]—4k

=l (@ (wl )(—Pf)2 (. )(_Pi)3

k(n+1)+j k(n+1)+j-k k(n+1)+j-2k k(n+1)+j-3k

t=1
0 ) ()
X “ e (wk(n+1)+]_(t_1)k) (yk(n+1)+]—tk

@ = ! .(w(i) , )_’”" (w(i) ‘ )(‘iﬂf)2 (w(i) . )(—Pz‘)3

yk(n+1)+] k(n+1)+j k(n+1)+j-k k(n+1)+j-2k k(n+1)+j-3k

)(—Pi)t

( 0] )(—Pi)t o (w(i) )(‘Pf)n (y(i))(‘i’i)n+l

k(n+1)+j—tk k+j j

X

7
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Asymptotic behavior

hence
2 3
() _ 0 ) P G) )" () (-#)
Yemenej = wk(n+1—0)+j(wk(n+1—1)+j) (wk(n+l—2)+j) (wk(n+1—3)+j)
(-r) (-p:)" ()"
(i) T (i) ~pi @\ P
X "(wk<n+1—t>+j) "'(wk<n+1—n>+j) (y]-) :
So,

n+1

yl(cl()n+1)+] = [ (wl(<i()n+1—t)+j)(_pi) } (V;i))(_pi)
t

=0

The results below provide a precise formula for the solution of system (1.14).

Theorem 1.2.1 Suppose {y\},s_y represents a well defined solution of system (1.14). Then,
forizﬁ,jz 0,k —1 and n € INy, we have

o IfS#1
n- ) gt _10\], (1)’
(@ n— (l) (@
ykn+] |: (S t - + TZ( S—1 )) (y] ) )
t=0
o IfS=1
n-1 t n
() (v2) SORENGY
Yenrj = lH Yi- k " (n - t)Ti> } (yj ) :
t=0
Asymptotic behavior

Here, we are going to study the asymptotic behavior of the equilibrium point of system

(1.14).

The following lemma gives the equilibrium of system (1.14).
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Asymptotic behavior

Lemma 1.2.2

If (W, v, ., y*D, W) is an equilibrium point of system (1.14), then it is given by

[ T, ]zﬁ T, ];%1 [TH A l T, a7
1-S "11-S8 11 =8 "11-5 !

k
with S = Ha, <1.
1=1

Proof. Let (W, ﬁ, s, y(k‘l),W) be an equilibrium point of system (1.14). So, from
system (1.14) and for i = 1,k we have

(W)piﬂ - (W)Pmﬂ b

———\Pir2+1
= q [ai+1 (y(”z)) + bi+l] +b;

Pir2+1
) +aibi + b

= aip (y©

—)Pz‘+3 +1

= i1 [ﬂi+2 (y“”’) + bi+2] +aibi + b

pirat+l
) + aiis1bivn + aibi + b;

= Aili1Ais2 (y"+3)
———\Piratl

= ;41012043 (y(“”) + i8i110i42bis3

+ aiaiz1bisn + aibiq + b;

)P1+5+1

= 4341042043014 (y(l+5) + 0i0i410i+20;+3bisa

+  Aii10is02biss + ai0i1 b + aibig + b;

Pirk+1
) + i1 - . Aipg-2bivi

= Aiis1 - Bivk-1 (]/(”k)
+ i1 - Aipk—3bipk + ...+ a;ibi + b
—\pit+1 —\pi+l
) - oY b
Yy = 4iliy1 .. Aivk-1\Y + Aidiv1 - - - Aivk—2Di+k—1
+ adiyq... ai+k_3bi+k_2 + ...+ aibi“ + bi.
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Asymptotic behavior

Hence
— p,‘+1 — Pi+1
(y“)) = Mma...0 (y(l)) + i1 - . Aisk—2bik
+ Qi1 - . Aipk-3bisk—2 + ...+ aibi + b
k il k i+r—2
_ [H ] )|y [H ]b] o,
1=1 r=2 \I=i
So
k k (i+r-2
——\Pitl
@) (1 TTa = |5 TT oo
1=1 r=2 \ =i
consequently
1
1 pi + 1

o0 =

Using notation (1.16), we get

Note that the condition S < 1 implies that W is positive whatever the values of p;,

i=1Lk m

Theorem 1.2.2 Consider system (1.14). Assume, for i = 1,k, that S < 1 and | p; |< 1. Then,
the equilibrium point of system (1.14) is globally attractive.

Proof. Suppose, fori = ﬁ, that S <1and | p; [< 1, so we obtain

-l n—t _ (_Pi)t (V!
S R = |

t=0
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Numerical examples

Hence
. ; 1w
: () _
S| [Ti(S—l)]
>0
2]
>0 1-5
. [ T tho(—lﬂi)t
. (i) _ i
nl—l>r-{1mykn+j - _1—5] )
Moreover, we have
2 P = lim )
t>0 t=0
m+1
—p; -1
= lim (=p)
m—+0o0 _pl_l
3 -1
- —
1
(-p) = :
tZZO pi+1
So .
- T, 1t —
‘ QN = 10
Jim = 2] " =0

From where the equilibrium is globally attractive.

1.2.3 Numerical examples

1 1 1
Example 1.2.1 Let k = 2,a; = 2,a; = E’bl =2,b,=3,p1 = 5 and p, = 3 and the initial

values

v =4,y =4y’ =3 y35=8 y4=8and y =6 (1.26)

-1

in system (1.14), then we obtain that S = 1, and for i = 1,2, we have | p; |< 1. So we obtain the

following system
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1 1
@ (,,2 )3 1., (1) )2

51111 _ 2y <yn_2)1 +2’ y512+)1 _ 2Yn (%1—2)l +3’ neN.,. (127)
() (vi)

The solution of system (1.27) is given by

WO = ﬁ (6+8(n—n)H
ey |

YO = ﬁ (26 + 8 (n — 1)}

« qaY, |

n—1 1
2 = |J]a2+40 -
t=0 |

NG
[ n-1
2, = |[[6+a0-m))
=
x @,

foralln > 0.

The behavior of the solution of system (1.27) is represented in figure (1.1).

2 1 1
Example 1.2.2 Letk =2,a; = 1,0, = §’b1 =2,bp =3,p; = > and p, = 3 and the initial
values
yh=4 v =4, y'=3 y5 =8y =8and y =6 (1.28)

-1

in system (1.14), then we obtain that S < 1, and for i = 1,2, we have | p; |< 1. So we obtain the

following system

1 1
@, )3 2, (1D )2
a - B R - T e o
yn—l yn—l
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1DD T T T T T T T T T

a0 Nt

80 T 1

7O o

80 | ,«”/ -

50 ;
At

40 Hy

n

n

w152

20 | O 1
o L -

0 20 40 60 80 100 120 140 160 180 200
n

Figure 1.1: Plot of system (1.27) using the initial values (1.26).

The solution of system (1.29) is given by

= [T s ]
« o t_
y(21n)+l _ :: (14 (é)n—t 15 (1 B (g)n—t))(_i)
X (:7)(‘E ' t:

Y = : (12 (%)n_t +13 (1 - (%)n_t))(_%)
X (_6)(‘3 " _
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2. - [iiberop-6r) )

foralln > 0.

The solution of system (1.29) converges to the equilibrium point (W, W) = (155, 13%) (see
Figure (1.2), Theorem (1.2.2)).

£
6]
E—
1

0 20 40 60 a0 100 1200 140 160 180 200
n

Figure 1.2: Plot of system (1.29) using the initial values (1.28).
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Numerical examples

1 . 1 3 9
Example 1.2.3 Letk =6,a; = b; = E,forz =1,2,...,6andp, = E,pz = E,ps = 3’794 = 10’
= —_7 and pg = é
P5s =70 M Pe T 5

in system (1.14), then we obtain that S < 1, and fori =1,2,...6, we have | p; |< 1. So we

obtain the following system

NI=

O _ %]/512) (yilz—)2> +%
Y1 = <y(1) )%
n-1
o _ 2 (yf_)2)% 3
Y1 = <y2 )%
1,,4) n4_1 % 1
@ _ 2Yn (yn—Z) *2
yn+1 - (y(3 )%
e g1¥ . , n €N, (1.30)
) Zy" (yn—z) +2
n+1 2
Y B 4) \10
(.2) \
o _ (k) +3
yn+1 - (y(s) )I_g
-1
1 <1>(n<1> I
6 _ zyn yn—2> +2
Y1 = ( ©) )‘51
yn—l

with the following initial values

1 1 1 2 2 2 3 3 3
y()_]’ y(l)_z’ y()_3’ ]/()_4/ y(1)_5, ]/()_6, y()_2’ ]/(1)_3/ y()_]’
y()_zl y(l)_zl ]/()_3/ y()_3, y(;_zl y()_zl y()_4’ y(l)_zandy()_?),

(1.31)

the solution of system (1.30) converges to the equilibrium point (y@, y@, y®, y®, y©®), y©)) =
(1,1,1,1,1,1) (see Figure (1.3), Theorem (1.2.2)).
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12 T T T T T T T T T
]
xl'l
2
10 | X,
%3
n
[ x4
{ax: sl al |
0 E | *2
)< n
- &
wr><|: i Xn
me B _q" | ]
>
= [
s | i.
= Lp 4
= 4 " |,|
A l ]
|!L’¥I\I
[ I'i,rl' J\,'e.m-\ﬂnv_ﬁ
D i i i i i i i i i

1] 20 40 60 a0 100 120 140 160 180 200
n

Figure 1.3: Plot of system (1.30) using the initial values (1.31).

1
Example 1.2.4 Letk=4,a;, =b; = 5 and p; =1, fori=1,2,3,4, and the initial values

1 1 1 2 2 2
}/(2)_1 y() y() y() y() y() 6,

G _ G) = @ _

" o (1.32)
vy =2 y9=3 V=1 yW=2 y=2and y}) =

in system (1.14), then we obtain that S < 1, and fori =1,2,3,4, we have | p; |= 1. So we obtain
the following system

L@@ 1

@ _ 2Vt

Yorr = (1)

1,,3) (3)

@ _ ¥V, ot

Yor1 = y(z)
@) (4) , ne NO- (133)

@ 2yn Yoo t

Vo1 = (3)

1,1 (1)

@ _ 2Vt

Yorr = 4)

yn 1

36



Numerical examples

The equilibrium (y®,y®, y®, y®) is not globally attractive (see Figure (1.4), Theorem
(1.2.2)).

16 T T T T T T T T T

121

n
-
=]

T

n

&5 xﬁ, B
[ws]

ﬂ i . I - Il o : I : i : . i s I !
0 20 40 60 80 100 120 140 160 180 200
n

Figure 1.4: Plot of system (1.33) using the initial values (1.32).

1 ) 3 -9 31
ExanlSPille 1.2.5 Let k B 4, al = bl = E ’for L= 1/2/3/4/ ﬂnd pl = E’ pZ = 5 ’ p3 = 10’
Ps = 10’ and the initial values
2 2
=1, yW=2 yW=3 Q=4 ,2=5 P =¢ -

y9=2, y¥=3 =1, =2 yP =2 and ¥ =

in system (1.14), then we obtain that S < 1, and fori =1,2,3,4, we have | p; |> 1. So we obtain
the following system
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1,,2) 2) \5 1
. _ Ey" (yn—Z) + 2
Yor1 = ) 3
<yn_1)31
1,08 (3 Y0 , 1
2 _ Eyn (yn—Z) + 2
yn+1 - © 1_3
(v Y . neN,. (1.35)
1 y(4) (y(4> )10 +1
(3) _ 2Jn n-2 2
n+1 31
(3) \10
(yn_l) .
1,6 (,0\2 ;1
@ _ 2Yn (%) +3
yn+1 @ %
(yn_l)

The equilibrium (ﬁ, W, W, W) is not globally attractive (see Figure (1.5), Theorem (1.2.2)).

170
10
14 . . . . : .
|
| s
| n
12 | e
| n
f X2
I n
10 f ¥4
| n
WKE ||I
mE 87 f 7
> f
= |
> |
- BT | )
F I'
I|
4 i .
|
|
2t | -
|
|
I|
D i 1 i 1 1 1
0 2 4 6 8 10 12 14
n

Figure 1.5: Plot of system (1.35) using the initial values (1.34).
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Chapter 2

On a symmetric system of higher-order

difference equations

2.1 Introduction

Difference equations and systems of difference equations are practically utilized across
diverse fields such as engineering, biology, economics, medicine, computer science and
more. Some particularly intriguing instances within this realm are symmetric systems
and close-to-symmetric difference equations systems. This concept is exemplified by

works like [1, 12,15, 16, 19, 25, 27, 29, 32,57, 59, 61, 62].

This chapter is based on our previous publication [5], in which we addressed a study
about a symmetric difference equations system, analyzed the properties and examined

the solutions’ behavior of this system.
The problem presented in [20] is as follows:

Open problem. Does the given difference equation have a solution

ﬁxn—l
B+ xn

, X_1,X0 = 0, ﬁ >0, ne No, (21)

Xn+1 =
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Introduction

such that lim x, = 0.

H—c0
In [53], Stevi¢ provided a positive response to the open problem in the specific
case where  equals 1. In this case, he examined the convergence, the periodicity,
the monotonicity, and determined the limit of the solution for the equation presented
below
Xn-1

Xpny1 = m, xX-1,x0 20, n €Ny, (2.2)

in specific cases and under special conditions.

In the same paper, the author presented another form of the solution formula, each
term in the sequence was written in function of some previous terms. He combined the
above-mentioned properties into a very important theorem, which is the same theorem

that we are going to generalize in this chapter.

Moreover, in [53], Stevi¢ generalized the previous results to the following difference

equation

Xpe1 = M, X_1,X0 >0, n €Ny, (2.3)
g(xn)

where g is a function that satisfies these conditions

(@) g€ C(Ry),

(b) g(0) =1,

(c) g(x) >0, forx € R,

with g (x) > 1 for all x € R, \ {0}, and equation (2.3) has only non-negative equilibrium

point which is x = 0.

Stevi¢ gave the solution to equation (2.3) in these two cases:

Casel. x_1=x,=0,

in that case x, =0, for alln € IN_;.

Case2. (x.1 =0 and xp #0) or (x_1 # 0 and x; = 0),
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Introduction

in this case equation (2.3) has a 2—periodic solution (x_1, xo, X_1, X0, X_1,...) .

Now, if x_1, xg > 0, the solution of equation (2.3) is positive, and here, Stevi¢ didn’t give
an explicit formula to the solution, but he just studied some properties of equation (2.3)

in some theorems.

So, we can conclude that the author in [53] answered to the open problem posed in

[20] only in these two cases:

Casel. f=1.

Case 2. At least one of the initial values is equal to zero.

Additionally, in [51] the author studied the following higher-order difference equation

Xn—(2k+1)

Xpi1 = , 1,k eNp. (2.4)

1+ x,

Inspired by the above-mentioned studies, we are going to extend equations (2.2) and

(2.4) to the following symmetric system of higher-order difference equations

_ Xu—(2k+1) _ Yn—(2k+1)

n - 7 n - 7 ,k e N 7 2.5
il 1+ Yn—k + 1+ x,% " 0 ( )

the initial values x_k+1), X—2k, - - - , X0, Y—(2k+1), Y2k, - - - , Yo are non-negative real numbers.

2.2 An expansion of the principal theorem outlined in
[52]
In this section, we are going to introduce a significant theorem that is going to aid us

in presenting outcomes related to system (2.6).

Xn—-1 _ yn—l
T+, I T 1+x

, n € INp. (26)

Xn+1 =
n
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An expansion of the principal theorem outlined in [52]

Theorem 2.2.1 Let’s consider system (2.6). Suppose that the initial values x_y, xo, y-1 and yo

satisfy this condition

min {x—].l X0, Y-1, ]/0} > 0/ (27)

so, for any solution {(x,, y»)} to system(2.6) that satisfies condition (2.7) the following

n>-1

assertions are valid.

(a) The subsequences {(Xou, You)},so and {(X2n41, Y2us1)},5_, decrease and there are non-

negative constants ay, ay, by, by, such that
%1_1){)10 (xZn/yZn) = (a1,a,) and }11_1){)10 (x2n+1,]/2n+1) = (b1, by). (2.8)

(b) If a1, az, by and b, represent the numbers specified in (2.8), so the sequence described as

Xon-1, Yon- = (by,b
(2 1, Y2 1) (by 2),n€]No

(x2n/ yZn) = (a1,a2)
constitutes a two-periodic solution of system (2.6).

(c) The following relation
a1b, =0 and ab; =0,

is valid.

(d) If there is ny € Ny, such that

Xp 2 Yusl 2 Xpaa, ANA Yu 2 Xps1 2 Yusa, for n 2 ny,

then

lim (x,, y,) = (0,0).

(e) The following formulas

n j-1 J
1 1
n = 1- ,n>0; 2.9
e y]ZHHH“y ' )
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An expansion of the principal theorem outlined in [52]

n_j-1 J
Z H 1 H 1
= —_ > .
S =1 =1 L+ yai g 1+ X = (210

_ ; j -
Yo 1 1

Xope1 = X1 |1 — ,n>—1; 2.11

2n+l ! 1+y0;1:1[1+x2i_1 1 1+y2k ( )

_ ; ; .
_ X0 1 1
Yonr1 = Y1 |1 - 1 ' H 1 _ H T ,h > =1, (2.12)
are valid.

(f) If

Xo+x5 < y-1 and yo + Y5 < x_q, (2.13)
then
Xon = a1 =0, Yo = a2 =0, Xpps1 = by # 0and Y1 — by #0,

as n tends to the infinity.

(9) Suppose that a solution of the system (2.6) converges to zero, then there exists my in the

set of natural numbers Ny, such that

Yns2 < Xpi1 And Xpip < Ypi1, forall n € N,,.
Proof.

(a) From system (2.6), we have
Xp41 < Xp—1 and Yu1 < Yu-1, for n € Ny,

50, {(X21, Yon)},50 @A {(X2011, Y2u+1)},5_; decrease.

Since the sequences decrease and comprise positive terms, they converge(a decreasing

sequence that is lower bounded is convergent). Hence, there are a4, a5, b1, b,> 0,
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An expansion of the principal theorem outlined in [52]

(b) - (c)

()

such that

%1_{210 (xzn,yZn) = (a1,a2) and VI,LI?O (x2n+1,y2n+1) = (b1, by).

Suppose that {(x,, ¥,)},._, represents a two-periodic solution to system (2.6). Thus,

from (2.8) and system (2.6) we get

o m I _ b1 _ by
(al_ 1+ b, and @, = 1+b1)0r(b1_ 1+a, and b, = 1+a1)’

in other words
(Cll + [111’)2 =m and a, + llzl’)l = 512) or (bl + b1112 = bl and bz + bzlll = l’)z) ,

and therefore, 210, = 0 and a,b; = 0 are simultaneously checked.

Suppose that there is an 1y € INy, such that

Xp 2 Yusl 2 Xpa2, AN Yy = Xyi1 2 Yuso, forall n >,

using (2.8) and by passing to the limit as n approaches infinity, we obtain
aq sz > a sz > ... 20, andaz Zb1 > > Zb1 > ... ZO, (214)

or

by>a,>by>a,>...20, and b, >0y >by>a; >...>0. (2.15)

By combining (2.14), (2.15)with the outcome from theorem (2.2.1) (c), we establish
that



An expansion of the principal theorem outlined in [52]

which consequently implies

lim (x,,, y,) = (0,0).

It’s worth noting that the outcome derived in the theorem (2.2.1) (c) is similar to

(@1 =0 and a, =0)or(a; =0 and b; =0)or(a, =0 and b, =0)or(b; =0 and b, = 0).

(e) System (2.6) yields

X1 X-1Y0 Yo
= = X_1 — = X_ 1—
" 1;1/0 = ;;yo x1[ 1+y0]
1Y2
X3 = 1 ! :x1—1
+ 12 + 2
- Yo | xa1 Yo 1
-1 1+y0 1+y01+X11+y2
X3 = x_1|1- Yo 1+ 1 1
| 1+yo 1+x11+y
X
¥s = 1x3 = xs— 3Y4
+y4 1+y4
S I R S | BN W R
- 1+ yo 1+x11+y 1+ 1+x31+y,
- __Y (44 1 1 X 1 Yo 1 1
a -1 1+y0 1+X11+y2 1+y01+y21+X11+X31+y4,
SO
e = xal1- Yo N 1 1 N 1 1 1 1
> T 1+ yo 1+xi1l+ys 1+x1+yl+x31+ya)|

By induction, we can get

n_J

]
= -1.
Xon+1 = xl[ 1+]/O H1+x211H1+y2k]

] 1

Likewise, from system (2.6), we obtain
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An expansion of the principal theorem outlined in [52]

X XoW1 Y1
2= 1+y1_x0_1+y1_xo[1_1+y1
X4 = X2 = X2 — X2y3
1+]/3 1+y3
= xl1- i | X0 2 1
1+y1 1+y11+x21+y3
X4 = xo|1- ! + ! L !
4 0 hn 1+ 1+yl+xl+ys
Yo = 4 = xy— X4Y5
1+y5 1+y5
1 1 1 X Y3 1
- xo1_y1(1+y1+1+y11+x21+y3)_1+y31+x41+y5
N 1 N 1 1 1 ) 1 Y1 1 1
0 n 1+y1 1+pml+xl+ys T+ l+ysl+xl+x1l+ys
SO
Yo = xo|1—y1(1+ 1 N 1 1 1 N 1 1 1 1 1 )
1+y1 1+ynl+xl+ys 1+ l+xl+ys1+x41+ys

By induction, we can get

=
\l..
—_

J
1 1
Xon = X0 1—y1 ,nZO.
n [ = i 1+x2ig1+y2k_1

Now, we are going to demonstrate the validity of relations (2.9) and (2.11).
e With a quick calculation, we confirm that relation (2.9) holds for n = 0.
¢ Assuming that it is verified at the order 1, namely

L1 1
Xon = Xo 1—y12H1+x2iH1+y2k_1 :
k=1

j=1 i=1 =

e We are going to demonstrate its validity for the order (n + 1). We have
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An expansion of the principal theorem outlined in [52]

Xon+2 = T
" 1+ Yon+1
X2nYon+1
= Xoy— ——
1+ youn . . .
X0 n
= Xon—
21 T+yiT+xl+ys  1T+x 1+ youn
n 1 n+1 1
=  Xon — XolW1
" y:!_;l[l+X21]:[1+y2k1
[ nj-l i n n+1
1 1 1 1
= X 1—y1ZH H —x0y1H :
noJ- ] n n+1
1 1 1 1
Xony2 = Xo|l—11 + )
n _ [jzl ol 1+ x; !:1[ 1+ vy g 1+ xp 1 1+ yok—1 ]]
Hence
n+1 j-1 1 I]_[ 1
Xon+2 = Xo|l—11 - .
=g Lo g 1+ vaa

Therefore, relation (2.9) is verified at the order (n + 1), implying its validity for n > 0.
Similarly, we are going to demonstrate the truth of relation (2.11).
e With a quick calculation, we confirm that relation (2.11) holds for n = -1.

e Assuming that it is verified at the order n, namely

1+yOZ]~_«[1+X21 H1+y2k

e We are going to demonstrate its validity for the order (n + 1). We have

Xon+1 = X1

Yopes = X2n+1
. — _rentl
" 1+ yons2
g YV
2n+1 1 + y2n+2
= x X-1 Yo 1 1 1 1
- 2n+l 1+y01+x11+y21+X3'”1+x2n+11+y2n+2
n+1
3 X-1Y0
= Xop+l — 1+y0H1+x21 H1+y2k
j j n+1
Yo 1 1 X-1Yo 1 !
= X1 B
- . ] ] n+1 n+l
Yo 1 L L !
X2n+3 = X1 1 - + ‘
i 1+y0 jzoll:1[1+x2i_1:]|<;!:1+y2k :!;1[1+X21'_1 k:11+]/2k




An expansion of the principal theorem outlined in [52]

Hence
n+1

1+yOZH1+x21 1_‘[1+]/2k

Therefore, relation (2.11) is verified at the order (1 + 1), implying its validity for n > —1.

Xon+3 = X1

The proofs for relations (2.10) and (2.12) are analogous to the previous one and will be

skipped.

(f) Relation (2.13) can be rephrased as
xo <1 and yo < x1. (2.16)

It’s important to note that

— if xp + x% < y_1, then either (x2,),50 or (y2n+1)n2_1 has a non-zero limit.

- ifyo + yg < x_1, then either (x2,141),,5-1 0T (¥21),,5¢ has a non-zero limit.

Effectively, if we set a; = b, = 0, then from relations (2.9) and (2.12), we obtain

since xp; > 0 imply that 0 < < 1, we can obtain

+ Xog

Lo 1 .
1;[1+ka 1+xZ]]~_[1+X2k H1+x2k

hence - .
o j= ]
1 1 1
v ;H 1+ xo g 1+ Yo
o j
1 1
>
ZH1+y21_1 1+x2k
j=1 k=1
1+
= X - 1 = l,
X0 X0
so, we get
1 1
—_ > —,
n X0



An expansion of the principal theorem outlined in [52]

therefore, y; < xp (contradiction with (2.16)).
If we put ap = by = 0, we obtain from relations (2.10) and (2.11), that

1 = 1 1
a o Z 1+y2iH1+x2k—1,

-1 ]
j=1i k=1

~.

1l
—_

1
since 1o > 0 imply that 0 < 1 < 1, we can obtain

+ Yok
. 1 -
li[ 11 i—[ 1 i—[ 1
1 1+ Yok 1+ Y2j paicy 1+ Yok paicy 1+ ka,
hence ' ‘
o j-1 1 j 1
X1 a ;El+y2igl+x2k_l
- Y 15
=i Lo L1 1+ yx
_ 1+ Yo 1= l
Yo Yo
so, we get
1 1
—_— > _’
X1 Yo

thus, x1 < yo (contradiction with (2.16)).
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An expansion of the principal theorem outlined in [52]

Now, using (2.16) and some calculations, we obtain

Y3 —Xx2

and

X3 — Y2
Assuming that

then, we have

v

\%

no
1+ x
yl—xz—x§
1+x
1+x2[y1_x2_x§]
1 [ _ X0 _ X0
1+x & 1+ \1+uy
1 [y @+’ —x+y)-x3
1 [y +y) +2y] —x0 — xoy1 — x5
3 4 2 2
1 |y +y =%+ vy —xo0) + Y1 — Xo
1+x2> (1+y1)2
3
Y 5 >0,
(1+2x2)(1+11)
X1 .
1+y2 Y
X =Y2-Y;
1+y2
1+y2[x1_y2_y%]

T
1+y2_ ! 1+x; 1+x;

1 [m@+x) -y +x1)—y5J

T+y2 1+ x7)?
1 [x+23+2x% —yo — yox1 — 3
T+y2 (1 + x1)? l
1 [%+x3 —y5+ 21001 — o) + x1 — vo
1+y2>3 (1 + x1)? ]
X

1 >0
(1+y2) (1 +x1)?

Yon—1 > Xop—2 and Xpu_1 > You-2,

50

(2.17)

(2.18)



An expansion of the principal theorem outlined in [52]

Yon+1 — Xon
and
Xon+1 — Yo2n

\%

\%

Yon—1
1+ x4
Y2n-1 — X2n — X%,q

1+ xo,

[yzn—l —Xon — Xgn]

— Xon

1+X2n

2
1 — Xon-2 ( Xon—2 )
T+x, |77 T4y \1+ 1y

1 -yZn—l (1+ yZn—l)z = Xon-2 (1 + yo2p-1) = xgn—zl

1+ x2 i 1+ yzn_l)Z
1 Yon1 + Yo, +2Y5 | = Xon2 = Xon2Y2n-1— X35, ,
1+ x2 i 1+ yzn_l)Z
1 |+ V3, =X o+ Yon-1(Y2n-1 — Xon—2) + You-1 — X2n—2l
1 + X2, ’ (1 + y2u-1)’
Yo
(1 + x20) (1 + y20-1)
Xon-1
1+ Yon Yan
Xon-1 = Yon — Y3,
, 1+ Yon
2
T+ v [x2n—1 — Yon — yZn]
1 Yon-2 ( Yon-2 )2]
Xon-1 — -
1+ Yon i 1+ xzn_lz 1+ x0,-1
1 Xon-1 (1 + X21-1)" = Yon—2 (1 + X20-1) = V3,

1 [ +x,  +2%0 | = Yon2 — Yon2Xou-1 — y%n_zl
1+ ya, (1+x2,1)

1 %, +55, 1 = Yoo + X2n-1(X2n-1 = Yon-2) + Xon-1 — y2n—2}
1+ yon (1 + x24-1)

-3
Xon-1

>
(1 + yZn) 1+ x2n—1)2

(2.19)

From (2.17), (2.18), (2.19) and by employing the method of induction, we get

Yon-1 > Xon-2 and Xon-1 > Yoan-2, forall n > 2.
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From (2.18), we have

b, = lim You-1 2 lim x9,,_5 = @, (2.20)
n—00 n—00
and
b1 = lim Xop—1 = lim Yon-2 = 4as. (2.21)
n—o00 n—00

From (2.20), (2.21) and theorem (2.2.1) part (c), along with the initial note in the proof of
(f), we get
lim Xop—2 =01 = 0, lim Y2 =4a2 = 0,
n—oo

n—->oo

and

lim Xop-1 = b1 #0, lim Yop-1 = b2 # 0.
n—oo

n—00

(9) By shifting, we can see that for some ny € INy

= If Xypgs1 + 25, 4 < Ym, thenay = 0or by = 0.

= 1 Yg1 + Y2y 41 < Xy thenap =0 0r by = 0.

Therefore, if

llm (xn/ ]/n) = (0/ O) 7

then

2

xm0+1 + me+1

2
> Ymy and Ymor1 + Yy 11 > Xmg, Mo € No.

Thus, for each n € IN,,;,, we get

2 2
Yn < Xpy1+ X, and Xy < Ypp1 + Y4,

this is similar to

Xn

<Xps1 and Xxu4 =

< Yn+1
1+ Xn+1 1+ Yn+ ’

Yn+2 =
for all n € INy,.

The theorem’s proof is now concluded.
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An expansion of the principal theorem outlined in [52]

Now, assuming condition (2.13) is satisfied, then by utilizing the fact that lim x,, = 0,

n—00

and letting n tends to infinity in (2.9), we obtain

c 1 4 1 1
= —. 2.22
Z‘ ; 1+x2iH1+y2k—1 1 (222)

noj j
1 1 1+ xO) y2n+1)
= 1- -1. 2.23
Z H 1+ Yoi-1 Lll 1+ Xok ( X0 ( Y- ( )

j=1 =1
Then
noJ 1 j 1 noLy i 1 © 1y j 1
;‘LI 1+ y2ia g 1+ xox <;‘£[ 1+ xy o1 1+ yo <;‘ it 1+ xy g 1+ Yok’

(2.24)

for every ne INj.

From (2.22), (2.23) and (2.24), we obtain

0 < (1+XQ)(1_ y2n+1)_1 < l’
Xo Y n

SO
X 1+x x
0<1-22 Y 0_0
Y- 1+ x Y- 1+ x
then
Y-1Xo
O<vy_q - — < Xo,
Y1 = Yon+1 1+x 0

from where
- y-1(1 + x0) — y-1%0

0 — Yous1 < Xo
1 + xO y n+ 7
for ne Ny, which gives us
Y1
0< — Y1 < Xp-
1+ x Yans
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An expansion of the principal theorem outlined in [52]

Based on the preceding outcomes and (2.16), we get
0 < vy1—x0 < Yous1- (2.25)

Similarly, if condition (2.13) is satisfied, then by utilizing the fact that lim 1,, = 0 and

letting n tends to infinity in (2.10), we obtain

1 j
= —. 2.26
1+y2,Ll[1+ka1 ( )

n ﬁ 1 ﬂ 1 :(1+y0)(1_XQn+1)_1 (227)
e 1+ x4 1 1T+ yox Yo X1
Thus
1 L1 o 1 S01 o 1
< <
;Hl-i—le ];[14-]/2]( ]’:Zl:il:1|:1+y2i:]|<:!:1+x2k_1 ],:Zlizll-i-yzl':!;!:l-l-kal

for every ne INp.

From (2.26), (2.27) and (2.28), we obtain

1+
0<( yo)(l_xzn+1)_1<l/
Yo X-1 X1

SO
0<q_ Yot _ _Yo <1+y0 Yo ,
X_1 1+yo x-1 1+yo
then
0 <x_1—Xpp41 — f__:ﬁ < Yo,
from where
0< X1l + Yo) = X140 — Xons1 < Yo,

1+y0
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An expansion of the principal theorem outlined in [52]

for ne INy, which gives us
X1

1+y0

0< — X241 < Yo-

Building on the earlier findings and (2.16), we get

0<x; — Yo < Xop+1- (229)

Proposition 2.2.1 Consider {(x,, Yu)},»_, as a solution to system (2.6). Let’s suppose that the

values xo, Yo, x1 and vy, satisfy these conditions
X1 =Y >0 and y; — x> 0.

Then

lim xp,41 # X1 — Yo and lim yo,41 # Y1 — Xo.
n—oo n—oo

Proof. There are two cases that need to be considered.

Case 1. When the equalities in (2.13) are satisfied, we get

x1—Yo =0 and y; —xo =0.

Therefore, by utilizing (2.25), (2.29), along with the result derived in theorem
(2.2.1) part (f), we obtain

lim Xopt1 = b1 >X1— Yo = 0 and lim Yon+1 = bz > Y1 — X = 0. (230)
From where, if we assume the equalities in (2.13) are satisfied, then we get

n—-oo

lim x3,41 =01 #x1 — Yo = 0and lim yo,41 = by # y1 — x9 = 0. (2.31)
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An expansion of the principal theorem outlined in [52]

Case 2. When the strict inequalities in (2.13) are satisfied, we get
y1—x0>0 and xl—y0>0.

Therefore, by utilizing relations (2.25), (2.29), along with the monotonicity of

{(x2n+1)} 51 and {(y24+1)},_,, We obtain

lim Xop+1 = b1 > X1 — Yo > 0 and Lim Yons1 = bz > Y1 — X > 0. (232)
Now, let’s suppose, for instance, that
X_1 = 6, Xg = 1, Y1 = 4 and Yo = 1, (233)

within system (2.6). So we obtain the graph in Fig (2.1)

2n+1 | |

2n+1

t] 5 10 15 20 25 30 35 40 45
n

Figure 2.1: Plot of system (2.6) using the initial values (2.33).

From (2.33) and system (2.6), we can see that

xl—yo=3—1=2>0andy1—xo=2—1=1>0,

so we are in the second case.
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Understanding System (2.5)

Now, from the graph in Fig (2.1), it is easy to see that

lim Xon+1 F 2= X1 — Yo and lim Yon+1 1= Y1 — Xo. (234)

From where, When the strict inequalities in (2.13) are satisfied, we get
%1_{?0 Xons1 = b1 # x1 — Yo > 0 and %1_{210 Yone1 = ba # Y1 —x0 > 0. (2.35)
Using (2.31) and (2.35), we obtain
1}1_1){)10 Xons1 # X1 — Yo and 7111_{{)10 Yon+1 #F Y1 — Xo,
under the following condition

x1— Yo =0 and y; —xp > 0.

2.3 Understanding system (2.5)

This section outlines the approach employed to streamline the analysis of the difference

equations system (2.5), that is given by

Xn—(2k+1) Yn—(2k+1)
Xps1 = , =——— n,kelN.
n+1 1+ Vit ]/n+1 1+ X, ¢ 0

Before we begin, it is important to mention that these difference equations have been

studied in existing literature.

In [49, 50] Simsek et al. studied the following equations

Xn-3

Xne1 = 1 , NE ]NOI (236)

Xn-1
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Understanding System (2.5)

Xp—

X1 = 7 +xi_2, n e N, (2.37)

Xpe1 = —27 neN,. (2.38)
1+ x,-3

Simsek et al. examined the following generalization of equations (2.36)-(2.38) in [51]

Xn—(2k+1)
Xn+1 = 1

, Tl,k S No.
Xn—k

Motivated by the above mentioned works, we are going to introduce system(2.5) and

study it.

From system (2.5), we can observe that x,.;1 can be simply represented using x,,_(ox+1)

and Yy,
(similarly: y,.; is represented using y,—or+1) and x,,_) .

Another observation is that the relation below holds

n+l-m-ky=n—-k-n-Qk+1))=k+1.

In other words, the difference between the indices of x,.; and y,_x on one hand,
and the indices of y,_x and x,_+1) on the other one,
(similarly: the difference between the indices of y,,1 and x,_, on one hand,

and the indices of x,_x and y,—k+1) on the other one) is equal to k + 1.
As a consequence, we can partition the set of indices into k + 1 distinct subsets, each

subset being defined by

S]'I{HG]N—(zkH), n:(k+1)m+j/ m2—2}, j:1'k+1‘

Thus, we can represent system (2.5) as follows

X(k+1)(m-2)+j Yiestyms = Y+ 1)(m-2)+j
s +1)m+j —

X(eslymej = , m €Ny, (2.39)

1+ Yerr)m-1)+j 1+ X 1yom-1)+
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Understanding System (2.5)

forall j=1,k+1.

Let’s put

()

Uy = X(eslym+js v,(n]) = Ygsymejy Mm=-2, j=1k+1, (2.40)

so, from system (2.39) and relation (2.40), we obtain

(i) ()
u¥)=um—'(2.), U;(nj)z Um_(z.) , m20, j=1Lk+1,
j ]
1+o 7, T+u,’,

()

from where, the sequences {(um , vg ))} ,j =1,k +1arek+1 solutions to this system
m>-2

Xm—2 Ym-2
= m = , € IN . 241
1+ Yma’ Y 1+ x,-1 m 0 (241)

Xm

Studying system (2.41) is similar to studying the system

Xn-1 yn—l
Xp1 = W, Yn+1 = 1+’ n € Ny,
n n

This system is essentially a simplified version of system (2.5) with k = 0.

The method employed demonstrates that the systems derived from system (2.5)

withk =4,5,6,7,8,9, 10, respectively, are classified within the same problem category

a1 = #2_4 Yot = %}:_4 n €N, (2.42)
X = 1x+—y“5 = T nEN, (2.43)
Xps1 = 1?—;?_6 Yns1 = 1%:;5_6, n € N, (2.44)
Xps1 = 196:—;?_7 Yna1 = 1%:;;5_7, n € N, (2.45)
Xps1 = 196:—;17_81 Yns1 = 1%;{1:_8, n € Ny, (2.46)
Xps1 = 196:—;:_9 Yna1 = 12";;_9, n € Ny, (2.47)



Numerical examples

e B L T (2.48)

Xn4l = 7
1+ yn-10 1+x,-10

2.4 Numerical examples

Throughout this section, we are going to look at different concrete examples to better
understand our theoretical outcomes. In particular, the examples cover various solutions’
types that can emerge within the general system (2.6), such as periodic patterns and

convergence. MATLAB is used to generate the plots in this section.

Example 2.4.1 Let’s examine system (2.6) with the following initial values
X_1= 2, Xo = 5, Y= 4, Yo = 3. (249)

This gives us the graph in Fig (2.2).

| %
45 | ¥ b
:

Figure 2.2: Plot of system (2.6) using the initial values (2.49).
Example 2.4.2 Let’s examine system (2.6) with the following initial values
X_1 = 15, Xo = 10, Y= 50, Yo = 15. (250)

This gives us the graphs in Fig (2.3). These plots illustrate the monotonic behavior of
{20, Yon)}m0 A1 {(X2n41, Yons1)},5_1, a8 per the findings of Theorem (2.2.1)(b).
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Figure 2.3: Plot of {(x24, Y21)},,5 and {(X2u+1, Y21+1)},,5_; using the initial values (2.50).

Example 2.4.3 Let’s examine system (2.6) with the following initial values

x(_ll) =2, xf)l) =0, y(_ll) =4, yél) =0, (2.51)
=0, 2P=0 y?=5 yP=3, (2.52)
=2 1=5 4@ =0 4y =0, (2.53)
=0 =5 y¥=0and y =3. (2.54)

This gives us the graphs in Fig (2.4). These plots illustrate the periodic nature of the solution

for system (2.6) with the initial values (2.51), (2.52), (2.53) and (2.54) respectively, as per the
findings of Theorem (2.2.1)(c).
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Figure 2.4: Plots of system (2.6) using the initial values (2.51), (2.52), (2.53) and (2.54)

respectively.

Example 2.4.4 Let’s examine system (2.6) with the following initial values

x1=7, x=1, y1=3, yo=2.

This gives us the graphs in Fig (2.5).

(2.55)

These plots show the limits of {(X2n, Y2n)},so and

{(x2041, y2”+1)}n2—1 under the condition (2.13), as per the findings of Theorem (1)(f).

62



Numerical examples

| 24
| Xy | Kone
i Yo 221 Y one
|
16} L
| 20
145 il ||
12 l = [
& | S16F |
> >
5 T\l £ |l
4 | ci14 4
0.8 || <" III Illl
| | |
| 1.2 1 \
I
o8| ". \
1 1 il
04t ]
'|::. \.
02 % 1 uar (o
. . ) | |
0 10 20 30 40 0 10 20 30 40

Figure 2.5: Plot of {(x21, Y21)},150 and {(X2u+1, Y2n+1)},,5_; using the initial values (2.55).
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Chapter 3

Dynamical behavior of a possible

discrete community model

3.1 Introduction

In recent years, numerous biological subjects have been represented through the use
of difference equations. This approach has subsequently facilitated the examination of

population dynamics and the influence of biotic factors on a significant scale.

Biotic factors encompass all the actions that living organisms directly exert on each

other. These interactions are termed coactions and can be categorized into two distinct

types:
e Homotypic (or intraspecific), when they occur between individuals of the same
species.
e Heterotypic (or interspecific), when they occur between individuals of different
species.
Heterotypic coactions type changes according to the scheme (3.1).

The Lotka-Volterra models in discrete-time, formulated by difference equations,
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Species A Species B
Mutualism
Beneficial (+) o

Without ef fect (0) @

competition

Harmful () o ® Harmful (-)

Figure 3.1: Heterotypic coactions types.

stand as one of the most celebrated models for population dynamics that study

predation, which is one of the heterotypic coactions types (see [3, 8,9, 13,42, 44, 54, 63]).

One of the most interesting Lotka-Volterra predator-prey models is presented in
[48] with an important study of the the solution’s qualitative behavior to the following
difference equations system

X —PXnYn OYnt+ex, Yy,

Xp+1 = Tyxn' Yns1 = 1+ Y

’ ne INO/ (3].)
the parameters a, 8, , 6, €, 1 and the initial values x; and y, are positive real numbers.

We distinguish between negative interactions that are harmful to the growth of
individuals of the first species and positive interactions that promote the growth of

individuals of the second species.
The signs + and — in system (3.1) clarify if the growth is favorable or unfavorable.

In this chapter, we are going to revisit and expand upon our research previously

published in [7], titled "'Dynamical behavior of a possible discrete community model’.
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Justifying the choice of positive initial conditions

So, we are going to generalize system (3.1) to the following community model

Xy — A2XnYn _ AaYy + A5YnZy _ A7zy + agz,x,

1= 1= nelN 3.2
14+azx, =~ 7" 1+agy, =~ 1+asz, 0 (3-2)

Xn+1 =

the parameters a;, i = 1,9 and the initial values xo, Yo and z, are positive real numbers.

System (3.2) presents interactions between individuals of three different species.
Individuals of the second species inhibit the development of individuals of the first
species, this interaction is called amensalism. Individuals of the second species benefit
from individuals of the third species without harming them. Similarly, individuals of
the third species benefit from individuals of the first species without harming them,

this interaction is called commensalism.

Remark 3.1.1 If we put a; = a4, ag = as, a9 = a¢ and zy = Yo, system (3.2) reduces to

system (3.1).

3.2 Justifying the choice of positive initial conditions

Consider system (3.2). Suppose that the parameters a;, i = 1,9 are positive and the

initial values xo, ¥y and zy are non-negative real numbers.

Note that

e If xp =0,s0x, =0 for all n € IN,.
e If yp=0,s0y, =0 forall n € IN,.

e Ifzyp=0,s0z, =0 forall n € INj.
We distinguish the following cases

1. If xo = yo = zp = 0, so system (3.2) reduces to

Xy = Yn =2, =0, forall n € Ny. (3.3)
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Justifying the choice of positive initial conditions

2. If xo = yo = 0, 29 € ]0, +o0[, so system (3.2) reduces to

a7Zy

Zn+l = 1 s neINO/

+ a9z,
which is a Riccati equation, its solution and behavior are well-known.
3. If xo =29 =0, yy € ]0, +o0[, so system (3.2) reduces to

a4yn
1+ asy,’

Yns1 = € Ny,

which is a Riccati equation.
4. If yo = zo = 0, xy € ]0, +00[, so system (3.2) reduces to

a1 Xy
1+ aszx,’

(S No,

Xn+1 =

which is a Riccati equation.
5. If xo =0, yo,20 € ]0, +o0[, so x,, = 0 for all n € INy and system (3.2) reduces to

AsYn + AsYnZn . _ arzzZy
- . . +1 —
1+asy, =" 1+ asz,’

Yny1 = n € INo.

As o,z > 0, it follows that y,,z, > 0, for all n € INj.

System (3.7) has only one equilibrium point (7, Z) in (]0, +c0[)?, such that

as(a; — 1) +ag9(as — 1
y = 5 (87 La99(4 ), as (a7 — 1) +ag (as — 1) > 0,
6

07—1
= , az > 1.
a9

I\]

Consider these two continuously differentiable functions

f1:10, +00[ X ]O, +00[ — ]O, +o0[

_ asy +asyz
(2= fily2) == o=
f2 110, +00[ X ]O, +00o[ — ]O, +o0[
_ arz
W2 o fy2) =1~
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Justifying the choice of positive initial conditions

So, the Jacobian matrix of the linearized system of (3.7) around (7, Z) is given by

o . fi
0z

dg as(as(as — 1) + as(ay — 1))
A4a9 + as(a; — 1) a¢(asay + %5(‘17 -1))

0 _
az

Additionally, the eigenvalues of the Jacobian matrix around (#,Z) are given by
g

= <1,
! asa9 + as (a; — 1)
1
Ag = —< 1,
az

a5(a7—1)+a9(a4—1) a7—1

hence, (7,2) = ( ) is locally asymptotically stable.

Aellg dg

6. If yo =0, xp,20 € ]0,+0[, so y, = 0 for all n € Ny and system (3.2) reduces to

mx, a7z, + A8z, Xy

— Zy41 = , n € INp. 3.8
1+ asx, Fnl 1+ agzn e o (38)

Xn+1 =

As xg,zo > 0, it follows that x,,,z,, > 0, for all n € IN,.

System (3.8) has only one equilibrium point (¥, Z) in (]0, +00[)?, such that

ﬂl—l
= /al>1/

as
-1 -1
5 = az (ay — 1) + ag (1 )’ as(a; — 1) +ag(a; — 1) > 0.
asdoy

Consider these two continuously differentiable functions

g1 :]0, +00[ X ]0, +0o[ = ]0, +o0[

_ ax
(x,2) = g1 (x,2) = Tran
{72 : ]01 +OO[ X ]0/ +OO[ - ]0/ +OO[
_ azz + agzx
(x,2) = g2 (x,2) = Trmr
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Justifying the choice of positive initial conditions

So, the Jacobian matrix of the linearized system of (3.8) around (%, Z) is given by

1
— 0
a
ag(as(a; — 1) +ag(a; — 1)) as
aq(asay + ag(a; — 1)) azay + ag(a; — 1)

Additionally, the eigenvalues of the Jacobian matrix around (%, Z) are given by
1

Al = —< 1,
5]
as
Ay = 1
T v as@ -1

-1 -1 -1

hence, (¥,2) = (ﬂla , a3 (17 )a-:las @ )) is locally asymptotically stable.
3 349

7. If zo = 0, x0, Yo € ]0, +00[, so z, = 0 for all n € Ny and system (3.2) reduces to

a1 Xy — a2xnyn _ 114%1
- 4 +1 —
1+asx, Yn 1+asy,

n € Ny, (39)

Xn+1 =

Here, additional conditions must be imposed.

We have

X (a1 — azyo)xo

1 = -
1+ asXxy

If a1 — a0 = 0, so x; = 0 which imply x,, = 0 for all n € [N, in this case, system

(3.9) reduces to equation (3.5) (case.3).

. - — a
So, we must impose a condition on y,, which is yy < — to ensure that x; > 0.
az

On the other hand, we have

4Yn a4
O<y1fl+l< __/nENOI
6Yn e
that is
a4
]/1/ ]/2, . <—.
ag



Justifying the choice of positive initial conditions

. ag M
So, to ensure that a; —ay, > 0 and therefore x,, > 0, we must also impose — < —.
dg 175

We can conclude that (3.9) can be studied under these two conditions

ag  dy a,
0< Yo<—, —<—,
as dg a2

xg > 0.

Note that in this case

X _ a1xX, — azxnyn < a1xy, < ai1xXy _ ai (x y S 0)
+1 — -
" 1+ asx, 1+asx, ax, a3 = 7"

. a a a a
that is, for y, € ]0, —4[, (—4 < —1), and xy) > 0, wehave 0 < y, < —4, VYn € Ny and
dg g 1753 e

ay
O<x,<—, Yn=1,2,...
as

andifxoe]O,a—l[: 0<xn<a—l.

as as
System (3.9) has only one equilibrium point (%, 7) in ]0, %[ X ]0, %[, such that
3 6

~1)- -1

o= Ba-h-ak ), ae (11 —1) —ap (s — 1) > 0,
asdg
y = a4a_ , ag > 1.
6

Consider these two continuously differentiable functions

I :]o,”—l[ x]o,”—‘*[ = ]0,”—1[

az ag as
a1 X — axy
h =
(x, y) > h(x,y) o
hZ:]O,a—l[x]O,a—‘L[a X]O,a—4l
az ag g
_ 4y
(xy) > ha(xy) = 5 ey

So, the Jacobian matrix of the linearized system of (3.9) around (%, 7) is given by

ohy ,_ . Jh,_ _
g(x/]/) a_y(x’y)
%(9? 7) %(x )
ox Y ady



Dynamical behavior of system (3.2)

e _12(a6(a1 — 1) —az(ay — 1))
aae — ax(ag — 1) az(a1a¢ —1612(114 - 1))
0 il
ay

Additionally, the eigenvalues of the Jacobian matrix around (%, i) are given by

_ 43
A= aae — a (ay — 1) <l
Az = l < 1,
a4
hence, (%, ) = o (@ 111_;2 (@ = 1) , a4a— 1) is locally asymptotically stable.
36 6

Thus, given the previous cases, the choice of conditions xy, v, zo > 0 in the study of

system (3.2) is justified.

Throughout the following, we are going to study system (3.2) with xy,yo,z0 €
10, +oof.

Note also that additional conditions will be imposed on xy, vo, zp and the parameters.

3.3 Dynamical behavior of system (3.2)

This section will closely investigate how the solution to system (3.2) changes and

behaves over time.

The following theorem ensures that the solution of system (3.2) is bounded.

Theorem 3.3.1 Suppose that

a
0<x<—, (3.10)
as
a
0<yo<—, (3.11)
aj
a aga
0<zg< <+, (3.12)
A9  dol3
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Dynamical behavior of system (3.2)

and
ag  dsd7  dsdgdy ay
—+—+ < —.

s delg  Adeldodz 3

Then, for every solution {(X, Yn, Zn)},5( to system (3.2), we get

xneI:]O,a—l[,
as

ynejz]o,”—l[, n € Np.
ap
zneK:]O,@+M[,

g  dod3

i.e: the solution is bounded.

(3.13)

(3.14)

Proof.
e n=1
we have
(1 — azyo)xo (1 — azyo)xo a1 — @Yo @M
0<x; = < = < —,
1 + aszxg asXo as as
SO
a
0<x < —.
as
Likewise

_ @a+asz0)yo (s +asZ0)yo _ ay+asz0 _ s

0<
h 1+ AsYo asYo dg

using (3.12), we obtain

ag ds (a7 dgdy ag  dsdz
(— + ==+ ="+
dg Agl3

]/1 < — 4+ —
as  dg s Aelg

using (3.13), we get

SO

ag

asagy
Aelgls ’

as
—2Zo,
Qe



Dynamical behavior of system (3.2)

Likewise

azy + agXp)z ay + agXo)z
0<21:(7 80)0<(7 80)0

ay + agXy a; dg
= = — + —Xp,
1+ agz a9Z g adg dog
using (3.10), we obtain
azy  dgd
1< —+—
g dgdz
SO
az  dg
O<zi1 < —+—.
g dodz

So (3.14) is verified for n = 1.

e Suppose that (3.14) is verified at the order 1, namely

M
ne = 01_ s
Y ] ] llz[
zneK:]O,al %[
dg Agl3

e We are going to prove its validity at the order n + 1.

we have
(1 — ayn)x, (a1 —aYyu)x, 41— @Y, @
0<x41 = Y < Y = 4 < —,
1+ asx, asXx, as as
SO
a
0<xp41 < —.
az
Likewise
0 < o = (s +a5z,)Yn (s +0520)Yn a4 +052, 4 as
n+l — = = — —Zu,
1+asy, a6Yn ag g g
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using (3.12), we obtain

ayg as (ay agaq ayg asdy asagaq
yn+1<—+—(—+— =—4+ —+ —,
g de \d9 093 e dellg  Aelold3
using (3.13), we get
a
yn+1 <—,
a
SO
ay
O < yn+1 < —
a
Likewise

_ (a7 + agx,)z, - (a7 +a8Xn)Zn _ a7 + Xy _ a7

0 < Z +1 —_
! 1 + aqz, A9z, dg dg
using (3.10), we obtain
a;  asi
Zpy1 < —+ —,
g  A9d3
SO
a;  asi
O<zp < —+—.
g  A9d3

ag
—Ans

g

So (3.14) is verified at the order n + 1, which implying its validity foralln > 0. m

3.3.1 Local stability

Here, we are going to investigate the local stability of the equilibrium point of system

(3.2).

Consider three functions, f, g, and , all of which are continuously differentiable,

such that
fiIX]XxK—I,

g:IX]XK—],
h:IX]xK-—K,
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Local stability

I= ]o,“—l[,]z ]o,“i[,andK = ]o,”l + @[
as a, g  dol3

Let’s examine the following difference equations system

Xn+1 = f(xn/ Yns Zn)/
Y1 = G (X, Y Zn) (3.15)

Zp+l = h (xn/ Yur Zn) ’

with n € Ny and (xo, Yo, 20) € I X ] X K.

An equilibrium point (%, 7, Z) for system (3.15), is characterized as a solution of the

following system

x=f(x%y2),
7=9(x792), (3.16)
z=h(x7,2).

From where, if (%, 7, Z) constitutes an equilibrium point in system (3.2), it satisfies

_ a|x — [12.72?

X = ——
1+ asx

_ El4y + ﬂ5y2

¥y = 1+ aéy ’

_ a7Z + agzx

z = —.
1+ aqz

The lemma below outlines the equilibrium point of system (3.2).

Lemma 3.3.1 Let P = (E, M, N) , such that
5§ S
L = asag(a;—1)—ax(ag(ag— 1) +as(a; — 1)),
M = asa9(ag—1)+as(as(a; —1) +ag(a — 1)),
N = asa(a; - 1) +ag(ag (a1 — 1) —ax(ag — 1)),
and
S = (yasdg + azdgdo.
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If

~-1)+ -1 -1
Gels > ay (ag (ay — 1) +as (ay )), w>1 a1 1> 1, ag> az (as )’
01—1 al_1

(3.17)

is verified, so, P is the unique equilibrium point of system (3.2).

L MN
e Note that condition (3.17) ensures that P = (—, —, —) ] o [ ] [ ]0 4 280 [
S°S’S dg dgls

The theorem below asserts the local stability of the equilibrium of system (3.2).

Theorem 3.3.2 Suppose that the statement (3.17) is held.

then, P is locally asymptotically stable if
< (S +a3L)* (S + agM)* (S + agN)>. (3.18)

Where

¥ = S3(@S+a,M)(asS + asN) (ayS + agl)
$?[(@sS + asN) (@S + asL) (S + asL)’ + (@S + a2M) (a7S + asL) (S + agM)’
(@1S + a;M) (a4S + asN) (S + agN)z] +S [(mS + aM) (S + agM)? (S + agN)?
(a4S + asN) (S + asL)* (S + agN)? + (a7 + agL) (S + azL)* (S + aﬁM)z]
aasasLMN (S + a3L) (S + agM) (S + agN) .

+ o+ o+ o+

Proof. Assume the statement (3.17) is held.

nlZ

L
The characteristic polynomial of the Jacobian matrix around P = (g, %,
by

) is given

T(/\):—/\3+/\2(A1—A2+A3+A4)—/\(A5—A6 +A7—A8 +A9)+A10—A11—A12,

where

a,5? a,MS S (a4S + asN) S (a7S + agl)
= Y 2 = 57 A3 = P A4 = 2
(S + a3L) (S + El3L) (S + 116M) (S + 119N)
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A 61153 (EI4S + EI5N)
’ (S + asL)* (S + agM)*’
A _ CZQMSZ (a4S + a5N)
° (S + a3L)* (S + agM)*’
A _ 11153 (1175 + llgL)
’ (S + asL)* (S + aoN)*’
A _ EleSZ (075 + ElgL)
° (S + asL)* (S + agN)*’
A _ s? (1145 + (Z5N) (El7S + ElgL)
’ (S + agM)2 (S + agN)?
A _ ﬂ184 (Ll4S + Q5N) (6175 + ngL)
0 (S + asL)? (S + agM)2 (S + asN)?’
_ a;MS? (a4S + a5N) (a7S + asL)
(S + agL) (S + 116M) (S + agN)
and
A _ 112115L18LMN
12 (S + asL) (S + agM) (S + agN)’
Let’s put
R(A) = -A3,
and

T(/\): —/\Z(Al—A2+A3+A4)+A(A5—A6 +A7—A8+A9)—A10+A11 +A12.

Assume that

W < (S + asL)* (S + agM)* (S + agN)?,

then, for |A| =1, we get

12

T < Y A
) i=1 W
(S +a30) (S +agM)? (S + agN)>
< 1=|RW)|.

Then, according to Rouche’s theorem, R (1) and R (1) — T (1) have the same number

of zeroes within the open unit disk |A| < 1. Hence, P is locally asymptotically stable. m
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3.3.2 Global stability

Here, we are going to examine the global stability of the equilibrium point of system

(3.2).

The following theorem presents the convergence of the positive solution {(x,,, ¥, 1)},

of system (3.2) to the equilibrium point.

Theorem 3.3.3 Assume that (3.17) holds and azaecas — axasas > 0, then the equilibrium point

P of system (3.2) is a global attractor.

Proof. Consider system (3.2) with the initial values (xo, 1o, 20) € [ X ] X K,

Let’s put
fiIX]xK—>1I
_a1x—a2xy
(x,y,z) > f(x,y,2) = Trax
g:IX]XK—]
_a4y+a5yz
(x,y,Z)Hg(x,y,Z)——H%y ,
h:IxX]xK—K
_ 072 + agZX
(x’y’Z)Hh(x’y’Z)_—1+agz ,

where ], ] and K are three positive real intervals respectively given by ]O, ;E[ , ]O, a—l[,
3

aj

az  dgdy

and ]O, -+ —.
dg Agl3

We know that (x,),50, (¥1),50 and (z,),5 are bounded, so there exist m, My, mz, My,

ms and M3, such that

my; = liminfx,, M; = lim supx,,
n—oo

n—-oo

my = liminfy,, M, = limsupy,, (3.19)

n—oo

msz = lim infz,, Mj = lim supz,.

n—-oo n—oo
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Using the definition of lim inf and lim sup, we obtain

V€1 € ]0,1711[,3711 S No,VTl >np:m—€2x, < M1 + €1,
Ve € 10,my[, dny € No, V2 ny i my — €, <y, < Mp + €3, (3.20)

Ves € ]0,7”13[,3113 € No,Vn >nz:mz—e3 <z, < Ms + é€s.

Let put € = min (€1, €2, €3) and ny = max (1, 1, 13) .

It is easy to see that f is increasing in x and z and decreasing in vy, so

f(mi—€,Yn,z0) < f(Xn, Yn,20) < fF (M1 +€,Yn,20),
f(ml _€/M2 +€/ZI’I) < f(xn/]/nzzn) < f(Ml + €,y _EIZVI)/
fm —eMy+ems—€) < f(Xn,Yn zn) < f(M1+€,m—€,M;+e),

f(m —eMy+emg—e€)<m <M < f(My+e€m—€,Ms+e),

by passing to the limit when € — 0 (take in consideration that f is continuous), we
obtain

f (my, My, m3) <my < My < f (My,my, M3). (3.21)

From (3.21), we get

f(my, My, m3) <my & f(my, My, mz)—my; <0
aimy — a2m1M2

1+ azm,;
a1 _QZMZ

-1<0
1+ aznmy

—ﬂﬁSO

that is to say
a—aM, <1+ asmi. (322)
We get also from (3.21)

M < f(My,my,M3) © My — f (M, my, M3) <0
111M1 - alemz

e M, - <0,
! 1+ asM;
a1 — adrmy
©l-—"-—"7<
1+asM; —
that is to say
army — a1 < -1- ﬂ3M1. (323)
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From (3.22) and (3.23), we get

az (My —my) < a, (My —my).

Likewise, using the fact that g is increasing in all arguments, we get

g (my, my, ms) <my < My < g(My, My, M3).

From (3.25), we get

g(my,my,mz) <my & g(my,my,mz)—mny <0
a4y + AsNioNis

1+ agmy
as + asnis

1+ agm;

—m2SO

1<0

that is to say

ag +asmz < 1+ agms,.

We get also from (3.25)

M, < g(M;,My,M3) © M, —g(M;,M;,M3) <0
asM, + EI5M2M3 <

o M, - <0,
2 1]\-2616M2
as + asiVis
©1-————<0
1+asM, —

that is to say

1+ asM, < ay + asM;.

From (3.26) and (3.27), we get

ae (M — my) < a5 (Mz — ms3).

Now, using the fact that & is increasing in all arguments, we get

h (my, my, mz) < my < Ms < h(My, My, M3).
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Global stability

From (3.29), we get

h(my,my,m3) <ms & h(my,my,mz) —mz <0
ayms + agnizniq
1+ agmy
ay + agniq
——-1<0
1+ agm;

—m3§0

that is to say

a; +agmy; <1+ agms.

We get also from (3.29)

M MM
M; < h (M, M, M3) @M3$a7 3 A8V sV

1+ agM.
Ll7M3 + LIZM:;Ml <

M; — 0,
<M 1A-ZQ9M3 -
ay + agivlq
1- 22820 <
° 1+aoM; —

that is to say

a; +asM; <1+ agMs.

From (3.30) and (3.31), we get

ag (Ms — mj3) < ag (M —my).

Multiplying (3.32) by a3, we get

azag (Ms — m3) < azag (My —my).

Using (3.24), we obtain

azag (Mz — m3) < asa, (M, — my),

multiplying by a¢, we get

asa3a9 (M3 — m3) < aegasar (My — msy).
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Using (3.28), we obtain
agazdy (Ms — ms3) < aragas (Ms — ms),
SO
(a6a3a9 — a2asa5) (M3 — m3) < 0.
Since azagig — arasag > 0, so Mz — m3 < 0, from where m3 = M.
Theorem 3.3.4 Suppose that (3.17) and (3.18) hold. If azasay — asasag > 0, Then, P is globally
asymptotically stable.

Proof. The proof is derived from theorem (3.3.2) and theorem (3.3.3). =

To validate these theoretical findings, we are going to consider the following

numerical example.

Example 3.3.1 eleta; =2,a,=2,a3=6,a, =2,a5 =3,a, =4,a;, =2,a3 = 1 and
aq = 6 in system (3.2), so we obtain the following system with the previous parameters

that comply with (3.17) and (3.18), and that verify asasaq — axasag > 0

2Xy — 2XpYn 2Yy, + 3Ynzn 27, + Zu Xy,
= Y1 =~ Zp1 = — 3.33
T T e, M T T x4y, T T1re, (3:33)
Suppose that
1
Xo = 7 Yo = 3 and zgy = 3 (3.34)

1191
25”50 75
stable, and we get the graph in Fig (3.2).

so, the equilibrium point P = ( ) of system (3.33) is globally asymptotically

3.3.3 Rate of convergence

In this section, we are going to delve into exploring the rate of convergence of any

of system (3.2).

solution that converges to the equilibrium point P = (g, A—S/I, %)
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0.45

x(n)
0.4} y(n)|
z(n) | |

0.35 K .

0 1 1 1 1 1 1 1 | 1
0 10 20 30 40 50 60 70 80 90 100

n

Figure 3.2: Plot of the solution to system (3.33) with the initial values (3.34).

Consider {(x, Yu, zu)},5 s a solution of system (3.2), such that

lim x, = %, hm 0 Yy = 7 and limz, =%,

n—-oo n—0o00

where
5.5,2) =

To find the error terms, we get from system (3.2)

a1 Xy — A2XpYn ax — azfy

Xps1 — X = 1 (+ a3xy, ) 1+ asx
a1 — A2Yn .
(1+ﬂ3xn)(1+a3x)(” %) - 1+11x(y" 7)),
o WaYn tO5YnZn sy +a5YZ
Yani—Y = 1 -(f- AsYn ) 1+ 616]/ .
as + sz, ~ asiy .
n + —(z,—-2),
Trag drag) "~ Toag @~
and
z L —F = A7Zy + (gZnXn  A7Z + A3ZX
n+l - 1 (—I— A9Zy, ) 1+a9Z
a7 + agxn _ aSZ B
(1 + agzn) (1 + 092_') (Zn Z) 1 + a0z (xn x) .
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Forn > 0, we put

then, the previous equalities can be written as follow

1 _ 1 R 3 3 _ .3 1
€,.1 = ane, + bye,, e, =cue, +due, and e, | =s.e, + 1.6,
where
(a1 — a2y,) %
a, = =

T (Itas) T+as0) T 1+asx

o= (a5 +asz) _ 05y
! (1 + aéyn) (1 + 6l6g)’ " 1+ 116]7’

(a7 +agx,) _ asZ
T (1+a9z,) (1+a92)” " 14aez

Sn

So, we can write

a,=a+a, b,=b+p,
Ch=C+Yn dy=d+0,,

Sy =S+0u Th=T7+pn

such that
g = (a1 — a2%) __ aXx
(1 + az%)* 1+ as%’
= (a4 + asZ2) _ G5y
(1 +agy)” 1+ a6y’
_ (ﬂ7 + ngf) _ asz
(1 + a0z)* 1+ayz’
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and
o —maz (X, — X) — ay (Yn — §) + a2as (X, 7 — Xyy) B =0
! (1 + azx,) (1 + a3%)° T
_ —a4a6 (Yn — ) + a5 (24 — 2) — asae (YuZ — §2a) 5 =0
(1 + agyy) (1 + ag ) ' '
o, = —ay09 (2, — Z) + ag (X, — %) — ﬂ839 (z,X — an), oy = 0.
(1 + agz,) (1 + asz)
Since
limx, =% limy,=7% and limz, =2,
then

lim @, = lim §, = lim y,, = lim 6, = lim ¢, = lim p, = 0.
n—-o0 n—00 n—00 n—-o0 n—00

n—-oo

The error system is given by

el . a b 0 & PBn O el
A 1=l 0 ¢ d|+| 0 yu 6 e |,
e r 0 s on 0 oy, e
that is
Xn+1:(A+Bn)Xn/ n € Ny,
where

T
(1 2 3
X, = (en, en,en) ,

the constant matrix A is of the form
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a; — ay a,x
2 - 0
(1 + a3x) 1+a5x
a4 + asz 615:?
- (1+ a6]7)2 1+asy |
asz ar + agx
1+a9z (1 + ae2)*
and
a, Pn O

with ||B,|| = 0 when n — oo.

Using propositions (1.1.1) and (1.1.2), we obtain the following result.

Theorem 3.3.5 Suppose {(Xy, Yn,Zn)},50 1S a positive solution of system (3.2), that satisfies

limx, =% limy,=7 and limz, =%,
n—oo n—00

n—oo0

where
(%, 7,z)=P.

T
So, the error vector e, = (e,ll, e, eﬁ) of every solution of system (3.2) meets both of the asymptotic

relations below

: 1 o lley1ll o
lim (|le,]])” = |/\1,2,3]P (X, y,Z) [, lim T = |/\1,2,3]P (X, y,Z) |,
n—00 n—co ||ey||

with Ay 23]F (X, 7, 2) is a characteristic root of the Jacobian matrix Jr (X, 7,Z) .
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General conclusion and outlook

This thesis is a detailed summary of various research studies that looked at the form
of solutions and how these solutions behave in specific systems of nonlinear difference
equations. By carefully analyzing and investigating these systems, it aims to explain
the complex patterns and changes seen in the solutions, providing valuable information

about their traits and properties.

In the first chapter, we gave the solutions to the following k—dimensional close-to-

cyclic nonlinear difference equations system

(i+1) (. (i+1)\Pi+1
@ _ Tiln () *+bi

yn+1 = i i 4
(i) Pi
(y n—k+1)
(i+k) (@) ) ()

where v, = v, Pisk = Pi, Girk = i, bivk = bi, i = 1,_k, the initial values y(_lk, Yierr o yg)

nelN

and the parameters 4; and b;, i = ﬁ are positive real numbers and p;, i = ﬁ, are real
numbers. We also examined the asymptotic behavior of the the equilibrium point in

special cases.

In the second chapter, we studied the following symmetric higher-order difference

equations system

Xn—(2k+1) Yn—(2k+1)
Xyl = —, =——— n,kelNy,
n+l1 1+ Yk Yne1 1+ X1 0
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the initial values x_(k+1), X-2k, - - - , X0, Y—2k+1), Y2k, - - -, Yo are non-negative real numbers.

We also combined its properties into a very important theorem.

In the near future, we will try to generalize the previous system to the following

close-to-symmetric one

Xn—(2k+1) _ Yn—(k+1)

; Yn+1 = —, 1,k € Ny,
a+ Yuk ,B + Xp—k

Xn+l =

the initial values x_(ox+1), X—2k, - - - , X0, Y—(2k+1), Y2k, - - - » Yo, and the parameters @ and f§ are

positive real numbers.

In the third chapter, we studied this nonlinear difference equations system

Xy — A2 XnYn _ AgYy + A5YnZy _ O7Zy + agz,x,

1= Zn+l = HENQ
1+ azx, 7 Ynr T+agy, =~ 1+ayz, ' ’

Xn+l =
where the parameters a;, i = 1,9 and the initial values xo, Yo and z, are positive real
numbers. We also investigated the local stability of its equilibrium point, and studied

the asymptotic behavior of this equilibrium.

In the near future, we will try to generalize the previous system to the following

P—dimensional one

0 aix? + pxDx D)
nel 6 ;o nelN,
1+ cix,,
where ¥ = ¥ 4., =4, bip = b;and cyp = ¢;, i = 1, P, the initial val ®
W = X, Ai+p = i, Uiyp = b; and cirp = ¢, 1 = 1, P, the 1nitial values x and

the parameters a; and ¢;, i = 1,P present positive real numbers and the parameters b;,

i = 1, P are nonzero real numbers.
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