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ON THE SOLUTIONS OF A SYSTEM OF (2p+ 1) DIFFERENCE
EQUATIONS OF HIGHER ORDER

A. KHELIFA, Y. HALIM, AND M. BERKAL
Received 17 June, 2020

Abstract. In this paper we represent the well-defined solutions of the system of the higher-order
rational difference equations
(j+1)mod(2p+1)

(]> . 1+2xn7k k N
X1 = 3+x’(1jjcl)m0d<2p+1> , mK,pEeNp
()BN0)) () ()

in terms of Fibonacci and Lucas sequences, where the initial values x o X0 and x5,
j=1,2,...,2p+1, do not equal -3. Some theoretical explanations related to the representation
for the general solution are also given.
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Keywords: Fibonacci sequence, Lucas sequence, system of difference equations, representation
of solutions

1. INTRODUCTION

The seniority, richness and the appreciable flexibility of use, have allowed dif-
ference equations to be an attractive subject in recent times among researchers and
scientists from different disciplines. Difference equations and system of difference
equations have been applied in diverse mathematical models in biology, economics,

genetics, population dynamics, medicine, and other fields (see [4, 8, 1 7]).

Solving system of difference equations in closed-form has attracted the attention
of many authors, (see, for example [1-3, 5-7,9-16, 18,21-23] and the references
therein).

It is a well-known fact that the Fibonacci sequence defined as follows

Fn+1:Fn+Fn717 I’lEN, (11)
where Fy = 0 and F; = 1. The solution of equation (1.1) is given by the formula
ot — Bn
F=— 1.2
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which is called the Binet formula of the Fibonacci numbers, where

1++/5 1-+/5

=— (the so — called golden number), B = 5 (1.3)
One can easily verify that
. Fn—',—r T
ngrilw F o, n,reN. (1.4)

Also, the Lucas sequence has the same recursive relationship as the Fibonacci se-
quence,

LrHrl :Ln—i_Ln*l? nGN, (15)
but with different initial conditions, Lo = 2 and L; = 1. The first few terms of the

recurrence sequence are 2,1,3,4,7,11,18,29,47,76,. ... The Binet’s formula for this
recurrence sequence can easily be obtained and is given by

L,=ao"+p", (1.6)
where o and [ are the two numbers mentioned in (1.3), and we have also

L
lim = =o', n,reN. (1.7)
n—teo L,

Khelifa et al. in [19] gave some theoretical explanations related to the representa-
tion for the general solution of the system of three higher-order rational difference
equations

142y, 1+2z, 1+ 2x,
ma Yn+1 = m, in+1 = m
Motivated by the paper [19], we represents the well-defined solutions of the system
of (2p+ 1) higher-order rational difference equations

. mkeNy. (1.8

Xn+1 =

- l_’_zxfl]j(l)mod(Zp—k—l)

U
ntl 3+x£lj;—|;{1)mod(2p+l) ’

nkpeNyj=12,...2p+1.  (1.9)

Clearly if take p = 1 in the system (1.9) we get the system (1.8). So our results
generalizes the results obtained in [19].
2. ON THE SYSTEM OF FIRST ORDER DIFFERENCE EQUATIONS (2.1)

In this section, to give a closed form for the well defined solutions of the system
(1.9) we consider the system of 2p 4 1 difference equations of first order

1y 1+2X£2) 2 1+2)C£l3) 2p+1) 1+2X£1) N
}’H—l_i(z)’ xn+1—7(3), ceey .xn+1 —7(1), I’l7p€ 0-
3—|—xn 3+Xn 3+xn

2.1)
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(2p+1)
2p+1) . . 2 14 2x
We replace xfl f 1 ) in the equation x,(l f ]) = #’;pﬂ)’ we get
+Xp
P+ F )
(2p) 2+ 11x, 7 >
e (=
F+FBx,
(2p)
.. (2p) . . 2p-1) 1+ 2x,
Similarly, we replace x,; in the equation x, "} ' = W
n
ep-1) L3 +L2x(1)2
R —— = %
n+1 (1)
Ly+L3x, s
By induction we get
(1)
By+Fy x,”
n = P e (2p 1),

- 1
Fopy1+ szx5122p+1

(1)
Lypi1+Lopx,
x(l)l _ P+ P*n—2p . n>2p.

1
L2p+2 + L2p+1x,(1_)2p

So, the system (2.1) can be written as the following equation
Lypi1+4Lopxn—2p
Lopio+Lopiixn—2p

Xn+1 = n>2p.

Let
(J)xn =XQ2p+Dntjr N € Ny
where j € {0,1,2,---,2p}.
Using notation (2.3), we can write (2.2) as

() Lopi1+ L2p(j)xn

Xp+l = —, neN
" Lopio+Lopi1Uxy,
for each j € {0,1,2,--- ,2p}.
Now consider the equation
Ly, 1+ Ly
Yn+1 = 2] T 2pin n € Ny.

Lopio+Lopiiyn
Using the change of variables
1

L2p+l

Yn (Wn - L2p+2) , neNyp

we can write (2.5) as

L L -5
Wnal = (L2p + iiﬂ)w" , neNp.
n

, we get

333

(2.2)

(2.3)

2.4)

(2.5)

(2.6)

2.7)
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In the following result, we solve in a closed form the equation (2.8) in terms of the

sequences (F,) % and (L,) ", . The obtained formula will be very useful to get the

formula of the solutions of system (1.9).
Lemma 1. Consider the linear difference equation
Znt1 —SFpi120+ 52,21 =0, n €Ny, (2.3)

with initial conditions z_1,z0 € R. Then all solutions of equation (2.8) will be written
under the form

ﬁn
= (L {\@Z—‘N(lpﬂ)n —20N©2p+1)(n+1) | 5 (2.9)
2p+1
where
n n n . 1+/5 1-/5
Neptin = (a@pﬂ) — (=1 B(ZPH) ), with o= 5 B= o

So,
N, _ \/§F(2p+1)n7 if neven,
CrEn T Lopynes  if nodd,

oo .
n—o 1S the Lucas sequence.

(2.10)

where (F,) >y is the Fibonacci sequence and (Ly,)
Proof. As it is well-known, the equation
Zn+1 *5F2p+12n+52n71 :O, ne NOa
(the homogeneous linear second order difference equation with constant coefficients),
where zg,z_1 € R, is usually solved by using the characteristic roots A; and A, of the
characteristic polynomial A2 — 5Fpi1A+5. So
Ay = 5Fypi1+V5Lapit dy = 5Fpi1—V5Lapti
2 ’ 2
and the formula of general solution is

Xn = 1IN + 2.

The characteristic roots A; and A, check the following relationships

A = Skypi1+ \@szﬂ _ 5 <L2p+l +\/§F2p+l> — 5o,

2 2

}\’2 _ 5F2p+1 —2\/§L2p+1 _ —\fS <L2p+1 _2\/§F2p+1> _ _\/§B2p+l'

Using the initial conditions zp and z_; with some calculations we get

i-1— gkl

£ (1-2n)
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V5 20
T T (?M _Z‘l)
So,
V5 n V5 (20 .
n = <_L2p+l (Z 1—*7\,1> 7\.1 + _L2p—|—1 (glz—Z—l) 7\2
\/g n n <0 n+1 n+1
S (zfl[xl—xz]—g st
_ 2p+1) 1) 2p+1)n
L2p+1< — (—1ypert ]
)"-i—l |: (2p+1)(n+1) _ ( 1)n+1B(2p+1)(n+1)]>
(\f )2
putting

Nps i = ((X(ZP-H)H B (_1)HB(2P+1)n> ,

it is obtained that the general solution of equation (2.8) is

(V)"

= — {Z_I\fSN(Zp—i— 1)n—ZON(2p+1)(n+1)} :

Lrp+i

The lemma is proved.

Through an analytical approach we put

n
M
Zn—1

Wy —

which reduces equation (2.7) to the following one

In+l = 5F2p+lzn —5Zp-1-

So, from Lemma (1) we get

\/gn
Zn = ( [\/nglN(Zerl)n _ZON(Zerl)(nJrl)]a

Lypi1
with

N(2p+1)n - { L(2p+1)na

if

where (F, ), is the Fibonacci sequence and (L),

ﬁF(sz)n, if neven,

n odd,

o 1s the Lucas sequence.
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2.11)

2.12)

(2.13)

(2.14)
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By formulas (2.12) and (2.14), it follows that the general solution of equation (2.7)
is
5F0p 110 —WoL2p+1)2n+1)
Liop1)2n—1) = WoFa2piiyn
Lopin2asrl) = SWoFa2p 1) (nr1)
SE2p41)n — WoLap+1)@2n+1)

Wop =

Won+1 =

From all above mentioned the following theorem holds.

Theorem 1. Let {y,},>0 b a well-defined solution of the equation (2.5). Then, for
n=273,...,

_ Byopiin T Bpprin-1Y0

Yon = ’
F2(2p+1),,+1 +F2(2p+1)ny0 (2.15)

La@pint@p+1) T L2@p+1)nt2pY0
Lyoapi 1yt (2p+2) T Lo@p+ Dnt 2p+1)0

Yon+1 =

~+oo

where (Ly) % is the Lucas sequence and (F,)%, is the Fibonacci sequence.

n=

Proof. According to the change of variable (2.6), and using the following equalit-
ies (see [20])

Lop1F0ns1yn1 = Lop+2F22pr1)n-1 — L22pt 1)n—(2p+2)»
Lopr1Lla2pt s (2p+2) = Lop+1Lo2ps Dt 2p+1) — SF202p+1)ns
Lopr1F20p+1)n—1 = Lo@p+ 1ynt-2p+1) — Lop+2F202p+ 1)
Lopt1Lo0pi1yn—(2p+2) = SF22p+1)n — Lop+2Lo2ps 1)n—(2p+1)s
we obtain
1
Lypi1
1 ( (5F2p+1)n — Loptalo@p+1n—(2p+1)) )
7 Laan+1)n—(2n+1) = WoF22n+1)n
1 < +wo(Lop+2Fa2p+1)n — Lo@pt1)nt-(2p+1)) )
Lop i Ly 2ni1)n—@ntr1) = WoF22n4 1)n
1 <L2p+1L2(2p+l)n(2p+2) —LopriwoFaapi1yn-1 >
" Lopyi Lyopi1n—2p+1) = Wol22p+1)n

Yo = (Won —Laopy2)

(La@p+1)n—2p+2) — Lap+2Fa2ps1yn—1) — Lop+1Y0F22p 4 1)n—1
(Lops1yn—2p+1) — Lop2Boops1yn) — Lopt1Y0F22p4 1)

 —Lopr1F0pt1yn — Lapr1YoF20p41)n—1

 —Lap1Bpitynrt — Lapt1Y0Fa0p
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So

F2(2p+1)n +y0F2(2p+1)n—1

Fyopt1ynt1 +Y0F202p11)n

Yon =

Similarly
1
Lrpii
1 <5(L2(2p+l)n+(2p+l) - L2p+2F2(2p+l)n)>
 Lopii 5B 2p+1)n —WoLa2p+1)nt2p+1)
1 < “Wo(SE22p+ 1)nt-2p+1) — TLo(2p+1)n42(2p+1)) >
Lopi1 5B 2p+1)n —WoLa2p+1)n+2p+1)
_ Lopyi <5F2<2p+1>n—1 —W0L2<2p+1><n+1>—(2p+2>>
 Lopy 5B 2p4 110 — WoLo(2pt 1)nt-(2p+1)

Yol = (Want1 — Lapt2)

(5Fa2p+1)n-1 = Lap+2La2pr1)nt2p) — Lop+1¥oLo@pr1yns2p
(5Fy2p+1)n — Lop+1Lo@pt tynt 2p+1)) — Lop+1Y0Lo2ps 1)ns (2p+1)
_ —Lapia < Lyap+1ynt2p+1) T Y0Lo2p+1)ns2p >
 —Lopt .

Lyoprynt2pr2) TY0Lopt 1yt 2pr1)
So
Loap+1ynt-@2p+1) +YoLo2p+1)n+2p

Yol = .
" Lyoprynt2p+2) TY0Loopt 1ynr2p+1)
O
From Theorem (1), the solution of equation (2.4) given by
(), — Fyp+1)n +F2(2p+l)n—l(j)x0
" Bpitntt + Faprinxo’ 2.16)

() Lops s pr1) +Loepiinizp %o

n L2(2p+l)n+(2p+2) +L2(2p+1)n+(2p+1)(1)x0

By using (2.3) the following corollary is easily obtained from Theorem (1).
Corollary 1. Let {x,},>0 be a well-defined solution of (2.2). Then, for, n > 2p

_ BoprintFopiin-1X;
X2p+1)2n)+j = b

p+ D1 T Fa2p )X’

N L2(2p+l)n+(2p+]) + L2(2p+l)n+2pxj
X2p+1)(Q2n+1)+j = L,

Qp+1n+(2p+2) T Lo@pr1)nt2p+1)X)

where j € {0,1,...,2p}, (Ly); =% is the Lucas sequence and (F,), "%, is the Fibonacci
sequence.



338 A. KHELIFA, Y. HALIM, AND M. BERKAL

Corollary 2. Let {xﬁ,l),x,(f), e ,x,(fp H)} o be a well-defined solution of (2.1).
Then, forn > 2p -
(q+j)mod(2p+1)

RO _ Paepiinrj+Xo Bepin+ii-n
2Q2p+1)n+j — jymod (2p+1 ’
T Bapains(e ”(()Wz )( p:(z)F2§p+l)nH
+j)mod (2p+
(@) ~ Lopryearysitxg T Lop i@y (i-)
Yap+D)@nt)+j = (q-/)mod(2p+1) ’

Lopiny@at)+(j+1) T X0 2p+1)(2n+1)+j

with j € {0,2,...,2p}.

j)mod(2p+1
L@  Lygpinynt(jn +X(()q+]) o )L2(2p+1)n+j
22p+n+j (g+j)mod(2p+1) )
Lo2p+1yn+(j+2) T %o : .)LZ(dZ(g+l)lr3+( 1)
~+J)mo +
) _ _Foprmemnrurn x0T Foprnentye
2p+1)@2n+1)+j — j)mod (2p+1 ’
4 ’ F(2p+1)(2n+1)+(j+2) +x(()q+]) Pt )F(2p+1)(2n+1)+(j+1)

oo

with j€{1,3,....2p+1}, g€ {1,2,....2p+1}, (Ln)::() is the Lucas sequence and
(F,) =%, is the Fibonacci sequence.

Proof. Let {x,ﬁl),x£,2>, ... ,x£,2p H)} . be a well-defined solution of system (2.1),
n>

SO {xfll)},,zo is a solution of equation (2.2). Then,

(1)
F +F _1X
1 22p+1)n T £22p+1)n—1
xEZ?n+1)(2n)+j = —= . 21) ) (2.17)
Byptvynt1 T Fa2p s 1)nX;
1
(1) _ Loptiyen+ +L(2p+1)(2n+1)71x5' ) 518
x(2p+l)(2n+])+j - 1)’ ( . )
Lop+1y@nt)+1 +Lapti)ent1)X;
n>2p,je{0,1,...,2p}.
On the other hand, if j is even, we have
F.+F:._ 1 (1+))
x('l) — J+ j—1 %o (219)

Fi —|—Fj1x(()1+j)

From (2.17) we get

1
(1) _ Foptin +F2(2p+1)n—1x§' )

Xopr1)@n)+j = .
oGt F2(2p+1)n+1 +F2(2p+1)nx§‘1)

Using (2.19) and the equalities
Fyp=Fj1Fnj+FiFy_(jt1), Jje€2NmeN, (2.20)
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we obtain
1+j 1+j
KU ~ (Fin +ij(() ]))Fz(zp+1)n+(Fj+Fj_1x(() ’))FQ(ZPH)H_]
202p+1)nt+j e

o
(Fj1 + Fia +]))F2(2p+l)n+l + (Fj+ Fj—1x, ))F2(2p+1)n

1+)
Fyopiiynt +x(() J)F2(2p+l)n+(j*1)

1+
F2(2p+1)n+(j+1)+x(() j)F2(2p+1)n+j
Similarly, from (2.17) we have

1)

2p+1)(2n+1)—j —

e Lip+n)@n+1) +L(2P+1)(2n+1)—]x§
( o
Lop+1)@n+1)+1 +L(2p+l)(2n+l)x§ )

Using (2.19) and the (2.20) we obtain

1+j 1+
1) ~ (Fin + Fx) "Lty @ury + (F 4+ Froxd ) L)1

2p+1)2n+1)+j — ; 5
PRI (Fj+1+ij(()1+]))L(2p+1)(2n+l)+1+(Fj+Fj—lx(()l+]))L(2P+l)(2n+l)

(
ol

L
Lopiy@nt1)+j +X(() +J)L(2p+l)(2n+l)+(j—l)

—
Lopiny@n)+(j+1) +x(() +])L(2p+1)(2n+1)+j

If j is odd, we have
()
F,+F;_
O - leé) 2.21)
Fi +ij1]

From (2.17) we have

1
(1) Fopiin T F2(2p+1)n—1x§' )

X( Ok
F2(2p+1)n+1 + F2(2p+1)nxj

2p+1)(2n)+j —

From (2.20) and (2.21), we get

(1) ~ (F+ ijgj))Fz(sz)n + (Fj+ Fj—lxgj))Fz(sz)n_l
(Fj+1+ ijgj))FZ(Zp-l-l)n-&-l + (Fj+ Fj_gx)) VB2 (2p+1)n

Xoeptintj =

Fyopiiyntj +XEJ)F2(2P+1)”+(J'*1)

Fopitnt (i) +XEJ)F2(2p+1)n+j

So,
1
x(l) Lopi1yent1) +Lopiyeart)-1 )

(

g
2p+1)(2n+1)+j '
p+1)(2n+1)+] Lopi1)@ntiyin +L(2p+1)(2n+l)x§1)
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From (2.21), we have

L (Fit1+ ijgj))L(sz)(an) + (Fj +Fj—lxgj))L(sz)(an)q
( (Fjp1+ ijgj))L(sz)(an)H + (Fj+ F/flxgj))L(sz)(an)

2p+1)(2n+1)+j

Ly sty T30 Lip i1y +(j-1)

Lopin@eat1)+(j+1) +x§J)L(2p+1)(2n+l)+j

So
F e -
WD) e = L2t T2 Fopinrtin
P ! F2(2p+l)n+(j+1)+xlj B0pt1)ntj (2.22)
L +xL . ’
(1) _ E@p+)2ntD)+j T AL B2p+1)(2n+1D)+(j-1)
Xop+1)(2n+1)—j = :

Lips1)an1)+(41) T30 Liopi1)aus )+

Since we have

g Lty

Xy = —— (2.23)
! 3+x(()]+1)

we get
1+2x(j+1)
F ; — 2 | E i
x(l) B 202p+)n+j T < 347D 22p+1)n+(j—1)
2@2p+ntj 112 ’
Bxopstntany +\ S0 ) Fapr e
S
1+2x
Lopinyen)+j+ <3+);(’)'“) >L(2p+1)(2n+1)+(j1)
N0 _ 0
2p+1)(2n+1)—j 1+2x(()jﬂ)
Lops1y@n1)+(j+1) PR Lopt1)@nt1)+j
\
So

+1
(- (1) o (31’*"2(2,;+1>n+j-4-Fz(zp+1)n+(,,>1))‘i‘xéj_+ )(F2(2p+l)n+j+2F2(2p+I)n+(j7]))

X, L=
2(2p+1)n+j (3F,

1 )
(2p+1>n+(j+1)+Fz(2p+1>n+j)+x((f )(Fz<2p+1)n+(j+1)+2Fz(2p+1)n+j)

o)
2p+1)(2n+1)+j
j+1
_ (3Lizp 1) us 1)1 Hp s @rs 4 G-1)H5 ) QLp1 1) @0t 1)) Hozpe 1))

j+1
(3L(2p+1)(2n+1)+(j+1)+L(2p+1)(2n+1)+j)+x5)1+ )(ZL(2p+])(2n+])+j+L(2p+l)(2n+1)+(_/+l))
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Finally we get

xgl()2p+l)n+j: Lz(zp+1)n+<j+1)+(;€é]:)Lz(zp+1)n+j 7
Lopti)nt(j+2) T L2(2p(;1r)]n)+<j+1)
xEéL+l)(2n+l)+j: F(2p+1)(2n+1)+(j+1)+(3i€21) Faprn@nine
Fopinyent+(+2) TX5  Foprn@at)+(j+1)
Hence
xg]()zpﬂ)nﬂ _ By opiynsj —i—xél +jlejgp+l)n+(jl) 7
Byoptint(i+1) +X0 T Fapttyntj
(1) ~ Lopinentn)+j +x(()l+j Lop+1y@nr1)+(j-1)
Xop+1)(@nt1)+j — g

o
Lopiny@ns)+(j+1) +x(() +J)L(2p+1)(zn+1)+j
with j € {0,2,...,2p}.

i+1
KO  Loppinyns(jn) +X(()]+ )L2(2p+l)n+j
22p+1)ntj 1 ;
’ " L (42) +x(()]+ )L2(2p—0'—1)1n+(j+1)
+
(1) B F(2p+l)(2n+l)+(j+l)+xoj Fopin@nr)+)
Xop+1)@nt1)+j = 11) ’

F(2p+l)(2n+1)+(j+2)+x(()J F(2p+1)(2n+1)+(j+1)
with j € {1,3,...,2p~|—1}.

In the same way, after some calculations and using the fact that

(1) (i+1)
142 N S
e T B N 78
3—}—xn_1 3+xn—l
we obtain
jymod (2p+1
) _ Bgprennes t % " By o)
202p+ntj = Nmod (2p+1 ’
g ’ B2 p+1)nt(j+1) “((’qﬂz + )( p;r(z)?ﬁpﬂ)nﬂ
X ) ant 1) = Lopnensnsi 30 Lopry@at G-
2p+1)(2n+1)+j jYmod (2p+1 ’
g ! Lop1)@nt1)+(j+1) +X(()q+]) Crt )L(2p+l)(2n+1)+j
with j € {0,2,...,2p}.
j)mod(2p+1
(@)  Lagpeneren H30 " L
Y202p )t T L (g-+/)mod 2p-+1) ’
22p+1)n+(j+2) T X0 (qﬂ)mﬁﬁf(’iﬁ)ln)w“)
xgq) P Fopi1)@n+)+(j+1) X Fopi1)n+i)+j
2p+1)(2n+1)+j jYmod (2p+1 ’
g ! Fopinenin+(j+2) +x(()q+]) ot )F(2p+1)(2n+1)+(j+1)

with j € {1,3,....2p+1}. O
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3. ON THE SYSTEM OF HIGHER ORDER DIFFERENCE EQUATIONS (1.9)

In this section, we discuss the form of system (1.9) which generalizes (2.1) in a
graceful way. We establish the solution of the system (1.9) by using an appropriate
transformation reducing this system to the system of first-order difference equations
(2.1).

3.1. Analysis of the form of system (1.9)

The initial values with the smallest indexes are x(_llz,x(_zlz, - ,x(_zlf ) and x(_z;f H). By
using (1.9) with n = 0, we obtain the values of xgl),xgz), s ,x?p ) and x§2p 1 as fol-
lows

1 3 1
(1) . 1+2x(_12 (2) . 1+2X(_12 (2p+1) . 1—|—2x(_,2
S (R T N O
3+x1; 34+x7 3+x2;
After known the values ofxgl) ,xiz), e 7x§2p) and x&zPH), by using (1.9) withn=k+1
we get the values of x,({1+)2,x,(<2+)2, . ,x,(ipz) and x,({zf;l). We have
1 3 1
RO 1—{—2)62 ) @ _ 1+2x5 ) e l—|—2x$ )
S T T N S
The values of xl(cﬂzz,x,(ﬁz, e ,x,(jfz) and x,((%grl), by using (1.9) with n = 2k + 2, leads
us to obtain the values of xg&yxgi)w e ,xgi’& and xgifgl). We have
(1) (3) (1)
FON 14+2x. L2 I+2070, L2t 1+2x5.0
2k+3 = v A3 T IR B) R :
R R R
N _ D
(k+1)m+1 3+x(k3+1)m—k
x(z) = %)“)m*’"
(k+1)m+1 3K (3.1)
e
(ke-)m+1 30 i
In the same way, it is shown that the initial values x(,lr),x(,zr), .. ’ng ) and x(,zrp H), for
a fixed r € {0,1,...,k}, determine all the values of the sequences (xglil)(mH)_r)m,
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(2) (2p) (2p+1)
Xk 1) 1) Jms - (x(kil)(m—&-l)—r)m and (x(kf-l)(m-&-l)—r)m‘ Also we have

(1)
L2005y

(1)
3 +'x(k+1)m7r

(3)
U250

(3) ’
3 +x(k+1)m7r (3.2)

(1)
L 42x0 s

(1)
( 3 X0 s

3.2. A representation of the general solution to system (1.9)

Now we are going to apply the previous analysis. Let

D = X 1urs (3.3)

where r € {0,1,...,k}.and g € {1,2,...,(2p+1)}.
Using notation (3.3), we can write (1.9) as

o _ 142000 ) o 14200 ) oy 142000
S RN SRR FHENOR o 3400
(3.4)
foreach r € {0, 1,...,k}.
o ) (D) r),(2) r) . (2p)

It signifies that the sequences (")x, )neNO, (o )nENO’ oy (M )neNO and
((’)xSZZPH))HGNO, r=0,k, are (2p+1)(k+ 1) solutions to system (2.1) with the initial
values (" )x(()l), (r )x(()z), NG )x(()ZP ) and )x(()zp H), r = 0,k, respectively.

Using Corollary (2) to the sequences ((’)x,(f))n Ny’ ((’)x,(f))n T ((r)xf,z’7 ))n Ny

and ((’ )xSZZP +1)) r= ﬂ, we show that the following representation holds

neNy’
)2 () 4 ylatimed(2p+1) o .
(r)x(zlf)z sy = 2(2p+1)ntj 0 PETe 2§p+1)n+(171)’
! " F 22p+1)nt(j+1) T (r)xqu(mO /) p:lL(ZFz%p-i-l)n-l-j
r +j)mo —+
(r) @) _ Lopnyninj+x P Lpet)@nt1)4+(-1)
(2p+D)(2n+1)+j — )

+ (r)x(()q+j)m0d(2p+1)L

Liapi1)ent)+(j+1) @p+1)(2nt1)+j
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with j € {0,2,...,2p}.

L2(2p+l)n+(j+2)+(r)x0q ’ . Zﬂ)ﬁigz(gﬁ)]n)ﬂjﬂ)
(r)x827+1)(2n+1)+j: Fopt1)@n+1)+(j+1) T (Xg.)mad(z . Fopryentn)+j 7
Fopin@ariys(j+2) +Oxg P Faps) ana 1) +(j4+1)

with j € {1,3,...,2p+1}.

For each g € {1,2,...,2p+ 1}, r € {1,2,...,k}, (L)' is the Lucas sequence
and (F,)," is the Fibonacci sequence.

Coming back to the original notation, from (3.3), it follows that the following
result holds.

Corollary 3. Let {x,gl),xﬁ,z),...,xfp H)} - be a solution of (1.9). Then, for
n=273,..., -

(g+j)mod(2p+1)

x(q) _ Bepripritay _ Fyopinynt(j-1)
(k+1)22p+1)n+j)—r F2(2p+1)n+(j+l)+x(—qr+])m0d(2p+l)F2(2p+1),,+j )
jymod(2p+1
x(q) _ L(2p+l)(2n+l)+j+x@;r]) er )L(2p+l)(2n+l)+(j71)
Ny — j)mod (2p+1 9
(ke 1)(2p+1) 2t 1) +])=r L s yans )

Lopiyy@nt1)+(j+1) %

with j € {0,2,...,2p}.

) - L2<2p+1>n+u+1>+X(—q¢+ D Ly
(k+1)2@2p+1)n+j)—r L2(2p+I)n+(_i+2)""x(:[rﬂ)"md(zpﬂ>Lz(2p+1)n+(j+1) )

x(q) R F(2p+l)(2n+l)+(j+l)+x<—q:—j)m{1d(2p+l)F(2p+l)(2n+l)+j
(k+1)((2p+1)2n+1)+j)—r (quJ)”u)d(ZPJrl)F(Zer|)(2n+1)+(_/+|) )

Fopri)@nr)+(j+2) 22,
where j € {1,3,....2p+ 1}, g € {1,2,....2p+ 1}, r € {1,2,... .k}, (Ln);=5 is the

Lucas sequence and (Fn)+°°0 is the Fibonacci sequence.

n—=
4. GLOBAL STABILITY OF POSITIVE SOLUTIONS OF (1.9)

In this section we study the global stability character of the solutions of system
(1.9). It is easy to show that (1.9) has a unique real positive equilibrium point given
by

E=(x03, . 3Cr) = (~B,~B,..., ),
where B is the number defined in (1.3).
Let 1;(0, +e0) and consider the functions

gkl gkt k+1 .
fi 77 x Xo.oxh, o — I

defined by
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f"(”61)7“51)7-w”/((]),uéz),ugz),...,u,(f),...,u(()z”“),ugzﬁl),m7M]((2p+1))
B 1_|_2M]((i+l)m0d(2p+1)
3+ul(<i+1)m<)d(2p+1) )

withie {1,2,....2p+1}.
Theorem 2. The equilibrium point E is locally asymptotically stable.

Proof. The linearized system about the equilibrium point

E=(—B,....—B,=B,...,—B) e ' x L' x ... x|,
is given by
Xnt1 =AXy, 4.1)
1) (1 1 2) (2 2 2p+1)  (2p+1 2p+1)\!
X, = (xE, A, a2 @ B D (e @)
4.2)
and
5
0 O 0 0 0 Gopr 0 0 0
1 0 0 0
0 1
0 0 0 0 0 0 0
1 0
1 0
A= 0 0 0 5
(3-B)?
0 1 0
5
0 0 5%z 0 0 0
0 0 0 0 0
: : : - 0
o 0 ... 0 0 0 R 0 1 0

So, after some elementary calculations, we get




346 A. KHELIFA, Y. HALIM, AND M. BERKAL

Now, consider the two functions defined by

o(A) :X(2p+l)(k+1)7 () = <(3_5[3)2)2p+1.

We have

O] <[e(A)],VA: A =1
So, according to Rouche’s Theorem ¢ and P = ¢+ ¢ have the same number of zeros in
the unit disc |A| < 1, and since @ admits as root A = 0 of multiplicity (2p+1)(k+1),
then all the roots of P are in the disc |A| < 1. Thus, the equilibrium point is locally

asymptotically stable. O
Theorem 3. For every well defined solution of system (1.9), we have
. (@ _
= b

foreachq e {1,2,....2p+1}.
Proof. From Corollary (3), we have

. (9)
Jm sy

L
— lim F2(2p+l)n+2(2p+l)+j+x(:lr J)F2(2p+l)n+2(2p+l)+(jfl)
n—y—+oo F2

(a+))
CprDnt2@pr)+ (D) —r T X2 B prnt22p i)+
1+x(q+j) Fyopiynr20pi1)+(i-1)
- hm -r F2(2p+l)n+2(2]7+1)+j
n—foo P22pr1nt22prn)+(jtl) (q+i) -~
Byaptn20pt1)+j -r

Using the limit (1.4), we get

1+ x(_q+j) L

nEmeEZL)(2(2p+1)n+2(2p+1)+1)*r o W'
Hence
nEmeEZl1)(2(2p+1)n+2(2p+1>+/>*’ =b
Also,
lim x'?

q
n—stoo (k+1)((2p+1)(2n+1)+j)—r

L
— lim L2(2p+1)n+(2p+1)+j+x(:lr J)L2(2p+l)n+(2p+l)+(jfl)
n—r+-oo L2

@p+ D)t pr1)+(j+1) +x(:]rﬂ)Lz(2p+1)n+(2p+1)+j

1_|_x(q+j) Logp+1)nt@p+1)+(i-1)
-r Logp+1ynt-@pt1)+j
P P J

= lim —.
n—s+oo Lo@print@pri+(itn) + Kt
Lyoaprtynt@pri)+j -r
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Using the limit (1.7), we get

(a+i) 1
lim x(q) L, g
nsea” FD)(2p+1)2nt1)+j)—r — (x+x<q+])
Hence @
. q _
nglfmx(k+l)((2p+1)(2n+1)+j)fr =-B.
Similarly, we find
lim x? = lim »? =-B
N300 (k+1)2Q2p+1)n+2(2p+1)+j)—r [Farerl (k+1)(2p+1)2n+1)+j)—r '
So, we have
lim x = —B.
n—r4-o0

The following result is a direct consequence of Theorems (2) and (3).
Corollary 4. The equilibrium point E is globally asymptotically stable.
4.1. Numerical confirmation

In order to verify our theoretical results we consider several interesting numerical
examples in this section. These examples represent different types of qualitative
behaviour of solutions of the system (1.9). All plots in this section are drawn with
Matlab.

Example 1. Let k=1 and p = 2 in system (1.9), then we obtain the system

(1) 14262 @) 1424, (3) 142
ntl = 3 ) b1 T 3 () Y1 = 34 43
@ e NO) ) neN @3

Assume ng =1, x(()l) =17, x@ =1.3, x(()z) =0.3, x(jl) =3, x(()B) =1.5, x(j% = 14,

M =2, %% =3 and x{") =0.1. (See Figure (1)).

Example 2. Let k=3 and p = 3 in system (1.9), then we obtain the system

N I IR I

34x "(Ef 3+xn(7>3 3+xn(7)3 34x, 5 (44)
L L e

3+xn 3 3+xn 3 3+x n— 3

Assume x) = 1,3 = 022" = 6,2 =7, =13,:3 =55 =074 =
9,6 =0.1,x%) =35 =6, = 155 =72 =035 =53 =53,
Eg_zzxﬂ_ A =1434Y =081 =334 =648 =89 =109,

x(jg =4,x_ (7) 2,x (71) 1.6 and x(() = 8. ( See Figure (2)).
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X(W)(n)
X®(n)
X®n)
25¢ i
X(4)(n)
X(5)(n)
2t ]
15f ]
1t )
05 : : : : :
0 5 10 15 20 25 30
n
FIGURE 1. The plot of system (4.3)
3
XO(n)
’ X(Z)(n)
I X(S)(n)
25F | g
X(4)(n)
X®)n)
X®)n)
2r XD 1
15f ]
1t )
05 : : : : :
0 5 10 15 20 25 30

FIGURE 2. The plot of system (4.4)

5. CONCLUSIONS

In the paper, we represented the well-defined solutions of the system (1.9) com-
posed by 2p + 1 rational difference equations. More exactly, We gave general solu-
tions of system (1.9) in terms of Fibonacci and Lucas sequences. Also, we presented
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some results about the general behavior of solutions of system (1.9) and some numer-
ical examples are carried out to support the analysis results. Our system generalized
the systems studied in [18] and [19].

The results in this paper can be extended to the following system of difference
equations

j d
Gy Lms2 +Lm+1xfl(_1k+l)mo e)) .
Xpr1 = ((j+1mod(p))’ nvmapvkeNOa]_ 17pa

L3+ Lm+2xn_k

where (L), is the Lucas sequence.
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