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Abstract: In this paper we solve the following system of difference equations

xn+1 =
zn−1

a+ bynzn−1
, yn+1 =

xn−1

a+ bznxn−1
, zn+1 =

yn−1

a+ bxnyn−1
, n ∈ N0

where parameters a, b and initial values x−1, x0, y−1, y0, z−1, z0 are nonzero real numbers, and give a representation
of its general solution in terms of a specially chosen solutions to homogeneous linear difference equation with constant
coefficients associated to the system.

Key words: System of difference equations, general solution, representation of solutions

1. Introduction
Finding closed-form formulas for solutions to difference equations and systems of difference equations has
attracted considerable interest recently (see, for example, [1, 6, 8–23, 25–30, 32–36] and the related references
therein).

The paper by Stevic [24] has considerably motivated this line of research. He gave a theoretical explana-
tion for the formula of solutions of the following difference equation

xn+1 =
xn−1

1 + xnxn−1
, n ∈ N0. (1.1)

Aloqeili [2] has obtained the solutions of the difference equation

xn+1 =
xn−1

a− xnxn−1
, n ∈ N0. (1.2)

Namely, Cinar [3–5] investigated the solutions of the following difference equations

xn+1 =
xn−1

1 + axnxn−1
, xn+1 =

xn−1

−1 + xnxn−1
, xn+1 =

axn−1

1 + bxnxn−1
, n ∈ N0. (1.3)

In this paper we consider the following extension of the equations in (1.1), (1.2), and (1.3)

xn+1 =
zn−1

a+ bynzn−1
, yn+1 =

xn−1

a+ bznxn−1
, zn+1 =

yn−1

a+ bxnyn−1
, n ∈ N0 (1.4)
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where the parameters a, b and the initial values x−1, x0, y−1, y0, z−1, z0 are nonzero real numbers.
Other extensions of the equations in (1.1), (1.2), and (1.3) have been studied in two-dimensional system,

for example Elsayed in [7] obtained the form of the solutions of the following rational difference system

xn+1 =
xn−1

±1 + ynxn−1
, yn+1 =

yn−1

±1 + xnyn−1
, n ∈ N0. (1.5)

The closed-form formulas of solutions are given and proven by induction.
Our objective is to show that system (1.4) is solvable by finding its closed-form formulas through an

analytical approach, and to show that all the closed-form formulas obtained in [2–5] and [24] easily follow from
the ones in our present paper.

2. Main results
Assume that {xn, yn, zn}n≥−1 is a well-defined solution to system (1.4). Then from (1.4) we have

xn+1 =
ynzn−1

ayn + by2nzn−1
, yn+1 =

znxn−1

azn + bz2nxn−1
, zn+1 =

xnyn−1

axn + bx2
nyn−1

, n ∈ N0. (2.1)

Let
un = xnyn−1, vn = ynzn−1, wn = znxn−1, n ∈ N0. (2.2)

Then system (2.1) can be written as

un+1 =
vn

a+ bvn
, vn+1 =

wn

a+ bwn
, wn+1 =

un

a+ bun
, n ∈ N0. (2.3)

If we use the last recurrence relation in (2.3) into the second one, we obtain

vn+1 =
un−1

a2 + b(a+ 1)un−1
, n ∈ N1. (2.4)

We replace the equation (2.4) into the first recurrence relation in (2.3), we obtain:

un+1 =
un−2

a3 + b(a2 + a+ 1)un−2
, n ∈ N2. (2.5)

Let
u(j)
n = u3n+j , (2.6)

where n ∈ N0, j ∈ {0, 1, 2} .
Using notation (2.6), we can write (2.5) as

u
(j)
n+1 =

u
(j)
n

A+Bu
(j)
n

, n ∈ N0, (2.7)

with
A = a3, B = b(a2 + a+ 1).
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Equation (2.7) can be reduced to the equation:

Hn+1 =
(1 +A)Hn −A

Hn
, n ∈ N0, (2.8)

by using the change of variable

u(j)
n =

1

B
(Hn −A) , n ∈ N0. (2.9)

Now we consider that the difference equation (2.8) with the initial value H0 is nonzero real number.
Through an analytical approach, we put

Hn =
kn

kn−1
, n ∈ N0. (2.10)

Then equation (2.8) becomes
kn+1 − (1 +A)kn +Akn−1 = 0, n ∈ N0. (2.11)

Case A ̸= 1 :

Let {kn}n≥−1 be the solution to equation (2.11) such that k0 and k−1 are nonzero real numbers. The roots of
the characteristic polynomial P (λ) = λ2 − (1 +A)λ+A are λ1 = A and λ2 = 1 . Then the general solution to
equation (2.11) can be written in the following form

kn = c1 + c2A
n, n ∈ N0.

Using the initial values k0 and k−1 with some calculations we get

c1 =
k0 − k−1A

1−A
,

c2 =
A(k−1 − k0)

1−A
.

Thus, the general solution of equation (2.11) is

kn =
1

1−A

[
k0
(
1−An+1

)
−Ak−1 (1−An)

]
, n ∈ N0. (2.12)

From all mentioned above, we see that the following theorem holds.

Theorem 2.1 Let {Hn}n≥0 be a well-defined solution to the equation (2.8). Then, for n ∈ N0

Hn =
A(1−An)−H0(1−An+1)

A(1−An−1)−H0(1−An)
. (2.13)

Then, from (2.9) we see that

u(j)
n =

1

B
(Hn −A)

=
(A− 1)u

(j)
0

An(A− 1)−B(1−An)u
(j)
0

,
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using
n−1∑
i=0

Ai =
An − 1

A− 1
, H0 = A+Bu

(j)
0

we get that the solutions of the difference equation (2.7) is

u(j)
n =

u
(j)
0

An +B

(
n−1∑
i=0

Ai

)
u
(j)
0

, (2.14)

for each j ∈ {0, 1, 2}.
From all mentioned above by using (2.6), we see that the following corollary holds.

Corollary 2.2 Let {un}n≥0 be a well-defined solution to the equation (2.5). Then, for n ∈ N0

u3n =
u0

An +B

(
n−1∑
i=0

Ai

)
u0

,

u3n+1 =
u1

An +B

(
n−1∑
i=0

Ai

)
u1

,

u3n+2 =
u2

An +B

(
n−1∑
i=0

Ai

)
u2

.

(2.15)

Let {un}n≥0 be a well-defined solution to the equation in (2.5). From (2.3), we have

u1 =
v0

a+ bv0
.

On the other hand, from Corollary (2.2), we obtain

u3n+1 =

v0
a+ bv0

a3n + b(a2 + a+ 1)

(
n−1∑
i=0

a3i

)
v0

a+ bv0

=
v0

a3n(a+ bv0) + b

(
(a2 + a+ 1)

(
n−1∑
i=0

a3i

))
v0

.

Thus, we get

u3n+1 =
v0

a3n+1 + b

(
a(a+ 1)

(
n−1∑
i=0

a3i

)
+

(
n∑

i=0

a3i

))
v0

.
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Moreover, from (2.3), we have

u2 =
w0

a2 + b(a+ 1)w0
.

Thus, from Corollary (2.2), we get

u3n+2 =

w0

a2 + b(a+ 1)w0

An +B

(
n−1∑
i=0

Ai

)
w0

a2 + b(a+ 1)w0

=
w0

a3n(a2 + b(a+ 1)w0) + b

(
(a(a+ 1) + 1)

(
n−1∑
i=0

a3i

))
w0

.

Thus, we get

u3n+2 =
w0

a3n+2 + b

(
a2

(
n−1∑
i=0

a3i

)
+ (a+ 1)

(
n∑

i=0

a3i

))
w0

.

Similarly, we can find v3n, v3n+1, v3n+2, w3n, w3n+1 , and w3n+2.

From the above consideration, we see that the following result holds.

Theorem 2.3 Let {un, vn, wn}n≥0 be a well-defined solution to the system (2.3). Then, for n ∈ N0



u3n =
u0

a3n + b(a2 + a+ 1)

(
n−1∑
i=0

a3i

)
u0

,

u3n+1 =
v0

a3n+1 + b

(
a(a+ 1)

(
n−1∑
i=0

a3i

)
+

(
n∑

i=0

a3i

))
v0

,

u3n+2 =
w0

a3n+2 + b

(
a2

(
n−1∑
i=0

a3i

)
+ (a+ 1)

(
n∑

i=0

a3i

))
w0

,



v3n =
v0

a3n + b(a2 + a+ 1)

(
n−1∑
i=0

a3i

)
v0

,

v3n+1 =
w0

a3n+1 + b

(
a(a+ 1)

(
n−1∑
i=0

a3i

)
+

(
n∑

i=0

a3i

))
w0

,

v3n+2 =
u0

a3n+2 + b

(
a2

(
n−1∑
i=0

a3i

)
+ (a+ 1)

(
n∑

i=0

a3i

))
u0

,
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w3n =
w0

a3n + b(a2 + a+ 1)

(
n−1∑
i=0

a3i

)
w0

,

w3n+1 =
u0

a3n+1 + b

(
a(a+ 1)

(
n−1∑
i=0

a3i

)
+

(
n∑

i=0

a3i

))
u0

,

w3n+2 =
v0

a3n+2 + b

(
a2

(
n−1∑
i=0

a3i

)
+ (a+ 1)

(
n∑

i=0

a3i

))
v0

.

Let

xn =
un

yn−1
, n ∈ N0, (2.16)

yn =
vn

zn−1
, n ∈ N0, (2.17)

zn =
wn

xn−1
, n ∈ N0. (2.18)

Using (2.18) and (2.17) in formula (2.16), after some calculations we get

x6n =
u6nw6n−2v6n−4

v6n−1u6n−3w6n−5
x6n−6, n ∈ N0. (2.19)

Moreover, using equalities (2.18) and (2.16) in formula (2.17), we obtain

y6n =
v6nu6n−2w6n−4

w6n−1v6n−3u6n−5
y6n−6, n ∈ N0. (2.20)

Similarly, using (2.16) and (2.17) in formula (2.18), we get

z6n =
w6nv6n−2u6n−4

u6n−1w6n−3v6n−5
z6n−6, n ∈ N0. (2.21)

Multiplying the equalities which are obtained in (2.19), (2.20), and (2.21) from 1 to n , respectively, it follows
that

x6n = x0

n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
, n ∈ N, (2.22)

y6n = y0

n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
, n ∈ N, (2.23)

z6n = z0

n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
, n ∈ N. (2.24)
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Using the equalities (2.22), (2.23), and (2.24) in (2.16), (2.17), and (2.18), we obtain

x6n−1 =
w6n

z6n
,

=
1

z0

w0

a6n + b(a2 + a+ 1)

(
2n−1∑
i=0

a3i

)
w0

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
,

so

x6n−1 = x−1
1

a6n + b(a2 + a+ 1)

(
2n−1∑
i=0

a3i

)
z0x−1

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
. (2.25)

Moreover,

y6n−1 =
u6n

x6n
,

=
1

x0

u0

a6n + b(a2 + a+ 1)

(
2n−1∑
i=0

a3i

)
u0

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
;

hence

y6n−1 = y−1
1

a6n + b(a2 + a+ 1)

(
2n−1∑
i=0

a3i

)
x0y−1

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
. (2.26)

Similarly,

z6n−1 =
v6n
y6n

,

=
1

y0

v0

a6n + b(a2 + a+ 1)

(
2n−1∑
i=0

a3i

)
v0

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
,

so

z6n−1 = z−1
1

a6n + b(a2 + a+ 1)

(
2n−1∑
i=0

a3i

)
y0z−1

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
. (2.27)

And

x6n+1 =
u6n+1

y6n
,

=
1

y0

v0

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
v0

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
;
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thus, we have

x6n+1 = z−1
1

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
y0z−1

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
. (2.28)

Moreover,

y6n+1 =
v6n+1

z6n
,

=
1

z0

w0

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
w0

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
;

hence,

y6n+1 = x−1
1

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
z0x−1

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
. (2.29)

Moreover,

z6n+1 =
w6n+1

x6n
,

=
1

x0

u0

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
u0

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
,

so

z6n+1 = y−1
1

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
x0y−1

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
. (2.30)

Using the equalities (2.28), (2.29), and (2.30) in formulas (2.16), (2.17), and (2.18), we obtain

x6n+2 =
u6n+2

y6n+1
,

=
w0

x−1

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
w0

a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
w0

n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
;

1270



HALIM et al./Turk J Math

hence, we have

x6n+2 = z0

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
z0x−1

a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
z0x−1

n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
. (2.31)

Moreover,

y6n+2 =
v6n+2

z6n+1
,

=
u0

y−1

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
u0

a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
u0

n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
;

thus

y6n+2 = x0

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
x0y−1

a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
x0y−1

n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
. (2.32)

Similarly,

z6n+2 =
w6n+2

x6n+1
,

=
v0
z−1

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
v0

a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
v0

n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
;

hence

z6n+2 = y0

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
y0z−1

a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
y0z−1

n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
. (2.33)
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Using the equalities (2.31), (2.32), and (2.33) in formulas (2.16), (2.17), and (2.18), we obtain

x6n+3 =
u6n+3

y6n+2
,

=

u0

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
u0

)

x0

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
u0

)(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
u0

)

×
n∏

i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
;

hence

x6n+3 = y−1

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
x0y−1

)
(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
x0y−1

)(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
x0y−1

)

×
n∏

i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
. (2.34)

Moreover,

y6n+3 =
v6n+3

z6n+2
,

=

v0

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
y0z−1

)

y0

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
v0

)(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
y0z−1

)

×
n∏

i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
,

so

y6n+3 = z−1

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
y0z−1

)
(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
y0z−1

)(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
y0z−1

)

×
n∏

i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
. (2.35)
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Moreover,

z6n+3 =
w6n+3

x6n+2
,

=

w0

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
z0x−1

)

z0

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
w0

)(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
z0x−1

)

×
n∏

i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
;

hence

z6n+3 = x−1

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
z0x−1

)
(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
z0x−1

)(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
z0x−1

)

×
n∏

i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
. (2.36)

Using the equalities (2.34), (2.35), and (2.36) in formulas (2.16), (2.17), and (2.18), we obtain

x6n+4 =
u6n+4

y6n+3
,

=

v0

(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
y0z−1

)

z−1

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
y0z−1

)

×

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
y0z−1

)
(
a6n+4 + b

(
a(a+ 1)

(
2n∑
i=0

a3i

)
+

(
2n+1∑
i=0

a3i

))
v0

) n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
;
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hence

x6n+4 = y0

(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
y0z−1

)
(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
y0z−1

)

×

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
y0z−1

)
(
a6n+4 + b

(
a(a+ 1)

(
2n∑
i=0

a3i

)
+

(
2n+1∑
i=0

a3i

))
y0z−1

) n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
,

Similarly,

y6n+4 =
v6n+4

z6n+3
,

=

w0

(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
z0x−1

)

x−1

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
z0x−1

)

×

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
z0x−1

)
(
a6n+4 + b

(
a(a+ 1)

(
2n∑
i=0

a3i

)
+

(
2n+1∑
i=0

a3i

))
w0

) n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
,

so

y6n+4 = z0

(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
z0x−1

)
(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
z0x−1

)

×

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
z0x−1

)
(
a6n+4 + b

(
a(a+ 1)

(
2n∑
i=0

a3i

)
+

(
2n+1∑
i=0

a3i

))
z0x−1

) n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
.
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Moreover,

z6n+4 =
w6n+4

x6n+3
,

=

u0

(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
x0y−1

)

y−1

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
x0y−1

)

×

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
x0y−1

)
(
a6n+4 + b

(
a(a+ 1)

(
2n∑
i=0

a3i

)
+

(
2n+1∑
i=0

a3i

))
x0y−1

) n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
;

thus

z6n+4 = x0

(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
x0y−1

)
(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
x0y−1

)

×

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
x0y−1

)
(
a6n+4 + b

(
a(a+ 1)

(
2n∑
i=0

a3i

)
+

(
2n+1∑
i=0

a3i

))
x0y−1

) n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
.

Using relationships in the Theorem (2.3) we obtain

w3n =
w0

a3n + b(a2 + a+ 1)

(
n−1∑
i=0

a3i

)
w0

,

w3n−1 =
v0

a3n−1 + b

(
a2

(
n−2∑
i=0

a3i

)
+ (a+ 1)

(
n−1∑
i=0

a3i

))
v0

,

w3n−2 =
u0

a3n−2 + b

(
a(a+ 1)

(
n−2∑
i=0

a3i

)
+

(
n−1∑
i=0

a3i

))
u0

,

w3n−3 =
w0

a3n−3 + b(a2 + a+ 1)

(
n−2∑
i=0

a3i

)
w0

,

w3n−4 =
v0

a3n−4 + b

(
a2

(
n−3∑
i=0

a3i

)
+ (a+ 1)

(
n−2∑
i=0

a3i

))
v0

,

w3n−5 =
u0

a3n−5 + b

(
a(a+ 1)

(
n−3∑
i=0

a3i

)
+

(
n−2∑
i=0

a3i

))
u0

.
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Moreover, 

v3n =
v0

a3n + b(a2 + a+ 1)

(
n−1∑
i=0

a3i

)
v0

,

v3n−1 =
u0

a3n−1 + b

(
a2

(
n−2∑
i=0

a3i

)
+ (a+ 1)

(
n−1∑
i=0

a3i

))
u0

,

v3n−2 =
w0

a3n−2 + b

(
a(a+ 1)

(
n−2∑
i=0

a3i

)
+

(
n−1∑
i=0

a3i

))
w0

,

v3n−3 =
v0

a3n−3 + b(a2 + a+ 1)

(
n−2∑
i=0

a3i

)
v0

,

v3n−4 =
u0

a3n−4 + b

(
a2

(
n−3∑
i=0

a3i

)
+ (a+ 1)

(
n−2∑
i=0

a3i

))
u0

,

v3n−5 =
w0

a3n−5 + b

(
a(a+ 1)

(
n−3∑
i=0

a3i

)
+

(
n−2∑
i=0

a3i

))
w0

.

And 

u3n =
u0

a3n + b(a2 + a+ 1)

(
n−1∑
i=0

a3i

)
u0

,

u3n−1 =
w0

a3n−1 + b

(
a2

(
n−2∑
i=0

a3i

)
+ (a+ 1)

(
n−1∑
i=0

a3i

))
w0

,

u3n−2 =
v0

a3n−2 + b

(
a(a+ 1)

(
n−2∑
i=0

a3i

)
+

(
n−1∑
i=0

a3i

))
v0

,

u3n−3 =
u0

a3n−3 + b(a2 + a+ 1)

(
n−2∑
i=0

a3i

)
u0

,

u3n−4 =
w0

a3n−4 + b

(
a2

(
n−3∑
i=0

a3i

)
+ (a+ 1)

(
n−2∑
i=0

a3i

))
w0

,

u3n−5 =
v0

a3n−5 + b

(
a(a+ 1)

(
n−3∑
i=0

a3i

)
+

(
n−2∑
i=0

a3i

))
v0

.

From all mentioned above and

u0 = x0y−1, v0 = y0z−1, w0 = z0x−1,

we see that the following result holds.
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Theorem 2.4 Let {xn, yn, zn}n≥−1 be a well-defined solution to the system (1.4). Then, for n ∈ N0

x6n−1 = x−1
1

a6n + b(a2 + a+ 1)

(
2n−1∑
i=0

a3i

)
z0x−1

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
,

x6n = x0

n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
,

x6n+1 = z−1
1

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
y0z−1

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
,

x6n+2 = z0

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
z0x−1

a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
z0x−1

n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
,

x6n+3 = y−1

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
x0y−1

)
(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
x0y−1

)(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
x0y−1

)

×
n∏

i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)

x6n+4 = y0

(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
y0z−1

)
(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
y0z−1

)

×

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
y0z−1

)
(
a6n+4 + b

(
a(a+ 1)

(
2n∑
i=0

a3i

)
+

(
2n+1∑
i=0

a3i

))
y0z−1

) n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)

y6n−1 = y−1
1

a6n + b(a2 + a+ 1)

(
2n−1∑
i=0

a3i

)
x0y−1

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
,

y6n = y0

n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
,

y6n+1 = x−1
1

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
z0x−1

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
,
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y6n+2 = x0

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
x0y−1

a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
x0y−1

n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
,

y6n+3 = z−1

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
y0z−1

)
(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
y0z−1

)(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
y0z−1

)

×
n∏

i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)

y6n+4 = z0

(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
z0x−1

)
(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
z0x−1

)

×

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
z0x−1

)
(
a6n+4 + b

(
a(a+ 1)

(
2n∑
i=0

a3i

)
+

(
2n+1∑
i=0

a3i

))
z0x−1

) n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
.

z6n−1 = z−1
1

a6n + b(a2 + a+ 1)

(
2n−1∑
i=0

a3i

)
y0z−1

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
,

z6n = z0

n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
,

z6n+1 = y−1
1

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
x0y−1

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
,
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z6n+2 = y0

a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
y0z−1

a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
y0z−1

n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
,

z6n+3 = x−1

(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
z0x−1

)
(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
z0x−1

)(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
z0x−1

)

×
n∏

i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
,

z6n+4 = x0

(
a6n+1 + b

(
a(a+ 1)

(
2n−1∑
i=0

a3i

)
+

(
2n∑
i=0

a3i

))
x0y−1

)
(
a6n+2 + b

(
a2

(
2n−1∑
i=0

a3i

)
+ (a+ 1)

(
2n∑
i=0

a3i

))
x0y−1

)

×

(
a6n+3 + b(a2 + a+ 1)

(
2n∑
i=0

a3i

)
x0y−1

)
(
a6n+4 + b

(
a(a+ 1)

(
2n∑
i=0

a3i

)
+

(
2n+1∑
i=0

a3i

))
x0y−1

) n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
.

Case A = 1 :

Then equation (2.8) becomes
kn+1 − 2kn + kn−1 = 0, n ∈ N0. (2.37)

Let {kn}n≥−1 be the solution to equation (2.11) such that k0 and k−1 are nonzero real numbers. The root
of the characteristic polynomial P (λ) = (λ− 1)2 is λ1,2 = 1 . Then general solution to equation (2.11) can be
written in the following form

kn = c1 + c2n, n ∈ N0.

Using the initial values k0 and k−1 , after some calculations, we get

c1 = k0,

c2 = k0 − k−1.

Thus, the general solution of equation (2.37) is

kn = k0(n+ 1)− k−1n, n ∈ N0. (2.38)

From all mentioned above we see that the following theorem holds.

Theorem 2.5 Let {Hn}n≥0 be a well-defined solution to the equation (2.8). Then, for n ∈ N0

Hn =
n−H0(n+ 1)

(n− 1)−H0n
. (2.39)

1279



HALIM et al./Turk J Math

Then, from (2.9) we see that

u(j)
n =

1

B
(Hn − 1) , B = 3b.

So the solution of the equation (2.7) is

u(j)
n =

u
(j)
0

1 +Bnu
(j)
0

, n ∈ N0. (2.40)

where j ∈ {0, 1, 2}.

From all mentioned above and u
(j)
n = u3n+j we see that the following result holds.

Corollary 2.6 Let {un}n≥0 be a well-defined solution to the equation (2.5). Then, for n ∈ N0
u3n =

u0

1 +Bnu0
,

u3n+1 =
u1

1 +Bnu1
,

u3n+2 =
u2

1 +Bnu2
.

(2.41)

Let {un}n≥0 be the solution to equation (2.5). From (2.3), we have

u1 =
v0

a+ bv0
.

On the other hand, from Corollary (2.6), we obtain

u3n+1 =

v0
a+ bv0

1 +Bn
v0

a+ bv0

,

Thus, we get

u3n+1 =
v0

1 + b(3n+ 1)v0

Moreover, from (2.3), we have

u2 =
w0

a2 + b(a+ 1)w0
.

So, from Corollary (2.6) we have

u3n+2 =

w0

a2 + b(a+ 1)w0

1 +Bn
w0

a2 + b(a+ 1)w0

.

So, we get

u3n+2 =
w0

1 + b(3n+ 2)w0
.

From the above consideration, we see that the following result holds.
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Theorem 2.7 Let {un, vn, wn}n≥0 be a well-defined solution to the system (2.3). Then, for n ∈ N0
u3n =

u0

1 + 3bnu0
, v3n =

v0
1 + 3bnv0

w3n =
w0

1 + 3bnw0
,

u3n+1 =
v0

1 + b(3n+ 1)v0
, v3n+1 =

w0

1 + b(3n+ 1)w0
, w3n+1 =

u0

1 + b(3n+ 1)u0
,

u3n+2 =
w0

1 + b(3n+ 2)w0
, v3n+2 =

u0

1 + b(3n+ 2)u0
, w3n+2 =

v0
1 + b(3n+ 2)v0

.

(2.42)

Using (2.18) and (2.17) in formula (2.16), after some calculations we have

x6n =
u6nw6n−2v6n−4

v6n−1u6n−3w6n−5
x6n−6, n ∈ N. (2.43)

Moreover, using equalities (2.18) and (2.16) in formula (2.17), we obtain

y6n =
v6nu6n−2w6n−4

w6n−1v6n−3u6n−5
y6n−6, n ∈ N. (2.44)

Similarly using (2.16) and (2.17) in (2.18), we get

z6n =
w6nv6n−2u6n−4

u6n−1w6n−3v6n−5
z6n−6, n ∈ N. (2.45)

Multiplying the equalities which are obtained form (2.43), (2.20), and (2.45) from 1 to n , respectively, it follows
that

x6n = x0

n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
, n ∈ N0, (2.46)

y6n = y0

n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
, n ∈ N0, (2.47)

z6n = z0

n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
, n ∈ N0. (2.48)

Using the equalities (2.46), (2.47), and (2.48) in formulas (2.16), (2.17), and (2.18), we obtain

x6n−1 =
w6n

z6n

=
1

z0

w0

1 + 6bnw0

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
,

so

x6n−1 = x−1
1

(1 + 6bnz0x−1)

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
. (2.49)

Moreover,

y6n−1 =
u6n

x6n

=
1

x0

u0

1 + 6bnu0

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
;
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hence,

y6n−1 = y−1
1

(1 + 6bnx0y−1)

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
. (2.50)

Similarly,

z6n−1 =
v6n
y6n

=
1

y0

v0
1 + 6bnv0

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
,

so

z6n−1 = z−1
1

(1 + 6bny0z−1)

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
. (2.51)

Moreover,

x6n+1 =
u6n+1

y6n

=
1

y0

v0
1 + b(6n+ 1)v0

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
;

thus

x6n+1 = z−1
1

(1 + b(6n+ 1)y0z−1)

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
. (2.52)

Moreover,

y6n+1 =
v6n+1

z6n

=
1

z0

w0

1 + b(6n+ 1)w0

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
;

hence

y6n+1 = x−1
1

(1 + b(6n+ 1)z0x−1)

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
. (2.53)

Similarly,

z6n+1 =
w6n+1

x6n

=
1

x0

u0

1 + b(6n+ 1)u0

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
,

so

z6n+1 = y−1
1

(1 + b(6n+ 1)x0y−1)

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
. (2.54)
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Using the equalities (2.52), (2.53), and (2.54) in (2.16), (2.17) and (2.18), we obtain

x6n+2 =
u6n+2

y6n+1

=
1

x−1

w0

1 + b(6n+ 2)w0

(1 + b(6n+ 1)z0x−1)

1

n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
,

hence

x6n+2 = z0
(1 + b(6n+ 1)z0x−1)

(1 + b(6n+ 2)z0x−1)

n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
. (2.55)

Also,

y6n+2 =
v6n+2

z6n+1

=
1

y−1

u0

1 + b(6n+ 2)u0

(1 + b(6n+ 1)x0y−1)

1

n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
,

so

y6n+2 = x0
(1 + b(6n+ 1)x0y−1)

(1 + b(6n+ 2)x0y−1)

n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
. (2.56)

Similarly,

z6n+2 =
w6n+2

x6n+1

=
1

z−1

v0
1 + b(6n+ 2)v0

(1 + b(6n+ 1)y0z−1)

1

n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
;

hence

z6n+2 = y0
(1 + b(6n+ 1)y0z−1)

(1 + b(6n+ 2)y0z−1)

n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
. (2.57)

Using the equalities (2.55), (2.56), and (2.57) in (2.16), (2.17), and (2.18), we obtain

x6n+3 =
u6n+3

y6n+2

=
1

x0

u0

1 + b(6n+ 3)u0

(1 + b(6n+ 2)x0y−1)

(1 + b(6n+ 1)x0y−1)

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
,

so

x6n+3 = y−1
(1 + b(6n+ 2)x0y−1)

(1 + b(6n+ 1)x0y−1)(1 + b(6n+ 3)x0y−1)

n∏
i=1

(
v6i−1u6i−3w6i−5

u6iw6i−2v6i−4

)
. (2.58)

1283



HALIM et al./Turk J Math

Also,

y6n+3 =
v6n+3

z6n+2

=
1

y0

v0
1 + b(6n+ 3)v0

(1 + b(6n+ 2)y0z−1)

(1 + b(6n+ 1)y0z−1)

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
;

thus

y6n+3 = z−1
(1 + b(6n+ 2)y0z−1)

(1 + b(6n+ 1)y0z−1)(1 + b(6n+ 3)y0z−1)

n∏
i=1

(
w6i−1v6i−3u6i−5

v6iu6i−2w6i−4

)
. (2.59)

Also,

z6n+3 =
w6n+3

x6n+2

=
1

z0

w0

1 + b(6n+ 3)w0

(1 + b(6n+ 2)z0x−1)

(1 + b(6n+ 1)z0x−1)

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
,

so

z6n+3 = x−1
(1 + b(6n+ 2)z0x−1)

(1 + b(6n+ 1)z0x−1)(1 + b(6n+ 3)z0x−1)

n∏
i=1

(
u6i−1w6i−3v6i−5

w6iv6i−2u6i−4

)
. (2.60)

Using the equalities (2.58), (2.59), and (2.60) in (2.16), (2.17), and (2.18), we obtain

x6n+4 =
u6n+4

y6n+3

=
1

z−1

v0
1 + b(6n+ 4)v0

(1 + b(6n+ 1)y0z−1)(1 + b(6n+ 3)y0z−1)

(1 + b(6n+ 2)y0z−1)

n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
;

hence

x6n+4 = y0
(1 + b(6n+ 1)y0z−1)(1 + b(6n+ 3)y0z−1)

(1 + b(6n+ 2)y0z−1)(1 + b(6n+ 4)y0z−1)

n∏
i=1

(
v6iu6i−2w6i−4

w6i−1v6i−3u6i−5

)
; (2.61)

hence

y6n+4 =
v6n+4

z6n+3

=
1

x−1

w0

1 + b(6n+ 4)w0

(1 + b(6n+ 1)z0x−1)(1 + b(6n+ 3)z0x−1)

(1 + b(6n+ 2)z0x−1)

n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
;

hence

y6n+4 = z0
(1 + b(6n+ 1)z0x−1)(1 + b(6n+ 3)z0x−1)

(1 + b(6n+ 2)z0x−1)(1 + b(6n+ 4)z0x−1)

n∏
i=1

(
w6iv6i−2u6i−4

u6i−1w6i−3v6i−5

)
. (2.62)
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Also,

z6n+4 =
w6n+4

x6n+3

=
1

y−1

u0

1 + b(6n+ 4)u0

(1 + b(6n+ 1)x0y−1)(1 + b(6n+ 3)x0y−1)

(1 + b(6n+ 2)x0y−1)

n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
,

so

z6n+4 = x0
(1 + b(6n+ 1)x0y−1)(1 + b(6n+ 3)x0y−1)

(1 + b(6n+ 2)x0y−1)(1 + b(6n+ 4)x0y−1)

n∏
i=1

(
u6iw6i−2v6i−4

v6i−1u6i−3w6i−5

)
. (2.63)

From Theorem (2) we conclude that



u3n =
u0

1 + 3bnu0
, v3n =

v0
1 + 3bnv0

, w3n =
w0

1 + 3bnw0
,

u3n−1 =
w0

1 + b(3n− 1)w0
, v3n−1 =

u0

1 + b(3n− 1)u0
, w3n−1 =

v0
1 + b(3n− 1)v0

,

u3n−2 =
v0

1 + b(3n− 2)v0
, v3n−2 =

w0

1 + b(3n− 2)w0
, w3n−2 =

u0

1 + b(3n− 2)u0
,

u3n−3 =
u0

1 + b(3n− 3)u0
, v3n−3 =

v0
1 + b(3n− 3)v0

, w3n−3 =
w0

1 + b(3n− 3)w0
,

u3n−4 =
w0

1 + b(3n− 4)w0
, v3n−4 =

u0

1 + b(3n− 4)u0
, w3n−4 =

v0
1 + b(3n− 4)v0

,

v3n−5 =
v0

1 + b(3n− 5)v0
, v3n−5 =

w0

1 + b(3n− 5)w0
, w3n−5 =

u0

1 + b(3n− 5)u0
.

From all mentioned above and

u0 = x0y−1, v0 = y0z−1, w0 = z0x−1,

we see that the following result holds.

Theorem 2.8 Let {xn, yn, zn}n≥−1 be a well-defned solution to the system (1.4) and a = 1 . Then, for
n ∈ N0

x6n−1 =
x−1

(1 + 6bnz0x−1)

n∏
i=1

(
(1 + 6biz0x−1)(1 + b(6i− 2)z0x−1)(1 + b(6i− 4)z0x−1)

(1 + b(6i− 1)z0x−1)(1 + (6i− 3)z0x−1)(1 + (6i− 5)z0x−1)

)
,

x6n = x0

n∏
i=1

(
(1 + b(6i− 1)x0y−1)(1 + b(6i− 3)x0y−1)(1 + b(6i− 5)x0y−1)

(1 + 6bix0y−1)(1 + b(6i− 2)x0y−1)(1 + b(6i− 4)x0y−1)

)
,

x6n+1 =
z−1

(1 + b(6n+ 1)y0z−1)

n∏
i=1

(
(1 + b6iy0z−1)(1 + b(6i− 2)y0z−1)(1 + b(6i− 4)y0z−1)

(1 + b(6i− 1)y0z−1)(1 + b(6i− 3)y0z−1)(1 + b(6i− 5)y0z−1)

)
,

x6n+2 =
z0(1 + b(6n+ 1)z0x−1)

(1 + b(6n+ 2)z0x−1)

n∏
i=1

(
(1 + b(6i− 1)z0x−1)(1 + b(6i− 3)z0x−1)(1 + b(6i− 5)z0x−1)

(1 + 6biz0x−1)(1 + b(6i− 2)z0x−1)(1 + b(6i− 4)z0x−1)

)
,

x6n+3 =
y−1(1 + b(6n+ 2)x0y−1)

(1 + b(6n+ 1)x0y−1)(1 + b(6n+ 3)x0y−1)

n∏
i=1

(
(1 + 6bix0y−1)(1 + b(6i− 2)x0y−1)(1 + b(6i− 4)x0y−1)

(1 + b(6i− 1)x0y−1)(1 + b(6i− 3)x0y−1)(1 + b(6i− 5)x0y−1)

)
,

x6n+4 =
y0(1 + b(6n+ 1)y0z−1)(1 + b(6n+ 3)y0z−1)

(1 + b(6n+ 2)y0z−1)(1 + b(6n+ 4)y0z−1)

n∏
i=1

(
(1 + b(6i− 1)y0z−1)(1 + b(6i− 3)y0z−1)(1 + b(6i− 5)y0z−1)

(1 + 6biy0z−1)(1 + b(6i− 2)y0z−1)(1 + b(6i− 4)y0z−1)

)
,
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y6n−1 =
y−1

(1 + 6bnx0y−1)

n∏
i=1

(
(1 + 6bix0y−1)(1 + b(6i− 2)x0y−1)(1 + b(6i− 4)x0y−1)

(1 + b(6i− 1)x0y−1)(1 + b(6i− 3)x0y−1)(1 + b(6i− 5)x0y−1)

)
,

y6n = y0

n∏
i=1

(
(1 + b(6i− 1)y0z−1)(1 + b(6i− 3)y0z−1)(1 + b(6i− 5)y0z−1)

(1 + 6biy0z−1)(1 + b(6i− 2)y0z−1)(1 + b(6i− 4)y0z−1)

)
,

y6n+1 =
x−1

(1 + b(6n+ 1)z0x−1)

n∏
i=1

(
(1 + 6biz0x−1)(1 + b(6i− 2)z0x−1)(1 + b(6i− 4)z0x−1)

(1 + b(6i− 1)z0x−1)(1 + b(6i− 3)z0x−1)(1 + b(6i− 5)z0x−1)

)
,

y6n+2 =
x0(1 + b(6n+ 1)x0y−1)

(1 + b(6n+ 2)x0y−1)

n∏
i=1

(
(1 + b(6i− 1)x0y−1)(1 + b(6i− 3)x0y−1)(1 + b(6i− 5)x0y−1)

(1 + 6bix0y−1)(1 + b(6i− 2)x0y−1)(1 + b(6i− 4)x0y−1)

)
,

y6n+3 =
z−1(1 + b(6n+ 2)y0z−1)

(1 + b(6n+ 1)y0z−1)(1 + b(6n+ 3)y0z−1)

n∏
i=1

(
(1 + 6biy0z−1)(1 + b(6i− 2)y0z−1)(1 + b(6i− 4)y0z−1)

(1 + b(6i− 1)y0z−1)(1 + b(6i− 3)y0z−1)(1 + b(6i− 5)y0z−1)

)
,

y6n+4 =
z0(1 + b(6n+ 1)z0x−1)(1 + b(6n+ 3)z0x−1)

(1 + b(6n+ 2)z0x−1)(1 + b(6n+ 4)z0x−1)

n∏
i=1

(
(1 + b(6i− 1)z0x−1)(1 + b(6i− 3)z0x−1)(1 + b(6i− 5)z0x−1)

(1 + 6biz0x−1)(1 + b(6i− 2)z0x−1)(1 + b(6i− 4)z0x−1)

)
,

z6n−1 =
z−1

(1 + 6bny0z−1)

n∏
i=1

(
(1 + 6biy0z−1)(1 + b(6i− 2)y0z−1)(1 + b(6i− 4)y0z−1)

(1 + b(6i− 1)y0z−1)(1 + b(6i− 3)y0z−1)(1 + b(6i− 5)y0z−1)

)
,

z6n = z0

n∏
i=1

(
(1 + b(6i− 1)z0x−1)(1 + b(6i− 3)z0x−1)(1 + b(6i− 5)z0x−1)

(1 + 6biz0x−1)(1 + b(6i− 2)z0x−1)(1 + b(6i− 4)z0x−1)

)
,

z6n+1 =
y−1

(1 + b(6n+ 1)x0y−1)

n∏
i=1

(
(1 + 6bix0y−1)(1 + b(6i− 2)x0y−1)(1 + b(6i− 4)x0y−1)

(1 + b(6i− 1)x0y−1)(1 + b(6i− 3)x0y−1)(1 + b(6i− 5)x0y−1)

)
,

z6n+2 =
y0(1 + b(6n+ 1)y0z−1)

(1 + b(6n+ 2)y0z−1)

n∏
i=1

(
(1 + b(6i− 1)y0z−1)(1 + b(6i− 3)y0z−1)(1 + b(6i− 5)y0z−1)

(1 + 6biy0z−1)(1 + b(6i− 2)y0z−1)(1 + b(6i− 4)y0z−1)

)
,

z6n+3 =
x−1(1 + b(6n+ 2)z0x−1)

(1 + b(6n+ 1)z0x−1)(1 + b(6n+ 3)z0x−1)

n∏
i=1

(
(1 + 6biz0x−1)(1 + b(6i− 2)z0x−1)(1 + b(6i− 4)z0x−1)

(1 + b(6i− 1)z0x−1)(1 + b(6i− 3)z0x−1)(1 + b(6i− 5)z0x−1)

)
,

z6n+4 =
x0(1 + b(6n+ 1)x0y−1)(1 + b(6n+ 3)x0y−1)

(1 + b(6n+ 2)x0y−1)(1 + b(6n+ 4)x0y−1)

n∏
i=1

(
(1 + b(6i− 1)x0y−1)(1 + b(6i− 3)x0y−1)(1 + b(6i− 5)x0y−1)

(1 + 6bix0y−1)(1 + b(6i− 2)x0y−1)(1 + b(6i− 4)x0y−1)

)
,

3. Summary and recommendations
In this work, we have successfully established in a constructive way the closed-form solution of system of rational
difference equations

xn+1 =
zn−1

a+ bynzn−1
, yn+1 =

xn−1

a+ bznxn−1
, zn+1 =

yn−1

a+ bxnyn−1
, n ∈ N0

where parameters a, b and initial values x−1, x0, y−1, y0, z−1 and z0 are real numbers.
The results in this paper can be extended to the following system of difference equations

x
(1)
n+1 =

x
(3)
n−1

a+ bx
(2)
n x

(3)
n−1

, x
(2)
n+1 =

x
(4)
n−1

a+ bx
(3)
n x

(4)
n−1

, . . . , x
(p)
n+1 =

x
(p−1)
n−1

a+ bx
(1)
n x

(p−1)
n−1

, n, p ∈ N0

where the parameters a, b and the initial values x
(j)
−1 and x

(j)
0 , j = 0, p are nonzero real numbers.
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