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Abstract: In this paper we solve the following system of difference equations

Zn—1 Tn—1 Yn—1

) n = 3 Zn == — n e N
a"’bynzn—l Ynt a"’bznxn—l i a+ bznyn—l 0

ITnt+1 =

where parameters a,b and initial values z_1,x0,y—1,%0,2—-1,20 are nonzero real numbers, and give a representation
of its general solution in terms of a specially chosen solutions to homogeneous linear difference equation with constant

coefficients associated to the system.

Key words: System of difference equations, general solution, representation of solutions

1. Introduction
Finding closed-form formulas for solutions to difference equations and systems of difference equations has
attracted considerable interest recently (see, for example, [1, 6, 8-23, 25-30, 32-36] and the related references
therein).

The paper by Stevic [24] has considerably motivated this line of research. He gave a theoretical explana-
tion for the formula of solutions of the following difference equation

LTn—1

—l _ neN,. 1.1
1+xnﬁrn71 " 0 ( )

Tn41 =

Alogeili [2] has obtained the solutions of the difference equation

Tn—1
Tnp1 = —L peN,. (1.2)
4 — TpTn-1

Namely, Cinar [3-5] investigated the solutions of the following difference equations

Tn—1 Tp—1 aTn—1

R Tpyy = —
oo o 1+ bx,T,-1

= , n € Np. 1.3
—1+zpwn1 0 ( )

Tp+1 =
14+ ar,xpn_1

In this paper we consider the following extension of the equations in (1.1), (1.2), and (1.3)

Zn—1 Ln—1 Yn—1
T4l =~ 1=——F———, Zny1=—7——, NEN 1.4
s a+bynzn_1’ Ynt a+bzpz,_q T a+br,yn_1’ (1.4)
*Correspondence: halyacine@yahoo.fr
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where the parameters a,b and the initial values x_1,xo,y_1,%0,2_1, 20 are nonzero real numbers.
Other extensions of the equations in (1.1), (1.2), and (1.3) have been studied in two-dimensional system,

for example Elsayed in [7] obtained the form of the solutions of the following rational difference system

Tp—1 Yn—1

5 n = s € Np. 1.5
1+ YnTn—1 Yt +1+ TnYn—1 " 0 ( )

Tn1 =

The closed-form formulas of solutions are given and proven by induction.
Our objective is to show that system (1.4) is solvable by finding its closed-form formulas through an
analytical approach, and to show that all the closed-form formulas obtained in [2-5] and [24] easily follow from

the ones in our present paper.

2. Main results

Assume that {x,,, yn, 2n tn>—1 is a well-defined solution to system (1.4). Then from (1.4) we have

Gpyg = —Infnl = el =Tl eN (2.1)
n+1 ayn + by%zn_l ’ n+1 az, + bZ?Ll'n_l’ n+1 az, + b:ﬂ%yn_f 0- .
Let
Up = TnYn—1, Un = YnZn—1, Wn = 2ZpTn_1, N € Np. (22)
Then system (2.1) can be written as
Un W, Un,
U = v = w =——— n€ENp. 2.3
T a b, TN At bw, [ Y 0 (2:3)
If we use the last recurrence relation in (2.3) into the second one, we obtain
Un—1
= , neN. 2.4
Un+1 a2+ b(a+ 1)ty_y n 1 (2.4)
We replace the equation (2.4) into the first recurrence relation in (2.3), we obtain:
Up—2
= , neN,. 2.5
Un+1 a3 +b(a2 +a4+ 1)un72 n 2 ( )
Let
ulf) = uzny;, (2.6)
where n € Ny, j € {0,1,2}.
Using notation (2.6), we can write (2.5) as
)
) _ Un
u = —. n € Ny, (2 7)
i A+ Bugf)

with
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Equation (2.7) can be reduced to the equation:

1+AH, - A
Hopoy = LFAHZA (2.8)
My
by using the change of variable
. 1
uld) = 5 (Hn—4), n€No. (2.9)

Now we consider that the difference equation (2.8) with the initial value H( is nonzero real number.

Through an analytical approach, we put

Hy = , n€N. (2.10)

Then equation (2.8) becomes
kn+1 — (1 + A)kn + Akn_l = 0, n e N(). (211)

Case A # 1:

Let {ky}n>_1 be the solution to equation (2.11) such that ko and k_; are nonzero real numbers. The roots of
the characteristic polynomial P(\) = A2 — (1 + A)A+ A are A\; = A and Ay = 1. Then the general solution to

equation (2.11) can be written in the following form
kn =c1 4+ c2A™, neNy.

Using the initial values kg and k_; with some calculations we get

. ko —k_1A
1 1_A )
o A(k_1 — ko)
2 1-A
Thus, the general solution of equation (2.11) is
kn =172 [ko (1—A™') — Ak_y (1— A™)], n€N. (2.12)

From all mentioned above, we see that the following theorem holds.

Theorem 2.1 Let {H,}n>0 be a well-defined solution to the equation (2.8). Then, for n € Ny

AL — A —Ho(1 — AT
o = A(l— An=1) —Ho(1 - An)’ (2.13)

Then, from (2.9) we see that
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using

ni

Ho=A+ Buéj)

n—1
S
=0

we get that the solutions of the difference equation (2.7) is

uld) = no , (2.14)
A"+ B (Z Ai> uf)
=0

for each j € {0,1,2}.
From all mentioned above by using (2.6), we see that the following corollary holds.

=

Corollary 2.2 Let {up}n>0 be a well-defined solution to the equation (2.5). Then, for n € Ny

i
Uzp = ne1 )
Am + B (Z AZ> Ug
i=0
U1
U3n4+1 = ne1 )
A"+ B (Z A’) 1 (2.15)
i=0
g
U3n+2 n_1
A"+ B (Z Ai) us
i=0
Let {u,}n>0 be a well-defined solution to the equation in (2.5). From (2.3), we have
P Vo
LT At by
On the other hand, from Corollary (2.2), we obtain
vy
a+ b’U()
Usn+1 =
3 2 3i Yo
a’® +b(a®>+a+1 (Za > o+ bug
a’™(a + bug) + b ( (a24+a+1) (Za?”))
Thus, we get
vy
Usn+1 n—1 n
a3ntl +p ( ( + 1) (Z a3’i> + <Z a32>> Vo
=0 =0
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Moreover, from (2.3), we have

Wo

Y2 +b(a+ Dwy’

Thus, from Corollary (2.2), we get

__ W
a? + b(a + 1wy

n—1
n i %o
A +B<ZA>a2+b(a+1)w0

U3n+2

i=0
= %o .
a’(a? +b(a + wg) + b ((a(a +1)+1) (Z a3i>> wo
i=0

Thus, we get

Wo

U3n+2 = n_1
a’nt2 +p <a2 (Z a3i> (a+1) (Z a3l>>
i=0

Similarly, we can find vsy,, V341, Vsnt2, W3n, W3n41, and ws,a.

From the above consideration, we see that the following result holds.

Theorem 2.3 Let {un, Vn, W In>0 be a well-defined solution to the system (2.3). Then, for n € Ny

Uuo

n—1 ’
a’” +b(a®+a+1) (Z a3i> Ug
i=0

Usn+1 = " )
A
i=0
Unt2 = — " )
a’"t2 4+ b <a2 <Z a3i> (a+1) (Z a31>>
i=0 =0

Vo

U3n, — )
a3 + b(a? +a+1) (Z a‘“)

=0

U3n+1 = " )
a’rtl 4+ p < ala+1) (Z a?”) <Z a?’i)) wo
1=0

V3n+2 - n—1 n )
a3t 4+ b <a2 (Z a?’i) +(a+1) <Z a?’i)) Ug
=0 =0

U3n -
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Wo

n—1 ’
a3 +b(a? +a+1) < a3i> wo
i=0

K2

W3n+1 — ni()l n 5
adtl+b <a(a +1) <Z a3i> + (Z a3i>> ug
i i=0
Wsnt2 = n—1 n :
a2 + b <a2 <Z a3i> +(a+1) (Z a?’i)) Vg

i=0 i=0

Let

Ty = un’ n € Ny, (2.16)
Yn—1
Vn

UYn = , n € Ny, (2.17)
Zn—1

o= % neN,. (2.18)
Tp—1

Using (2.18) and (2.17) in formula (2.16), after some calculations we get

U6n Wen—2V6n—4
Ten = Ten—_6, N € Np. (219)
V6n—1U6n—3Wen—5

Moreover, using equalities (2.18) and (2.16) in formula (2.17), we obtain

VenUen—2Wen—4
Yon = Yen—6, 1 € No. (2.20)
Wen—1V6n—3U6n—5

Similarly, using (2.16) and (2.17) in formula (2.18), we get

WenVen—2U6n—4
Z6n = Zén—6, N € Np. (221)
U6n—1Wen—3V6n—5

Multiplying the equalities which are obtained in (2.19), (2.20), and (2.21) from 1 to n, respectively, it follows
that

P xoﬂ(%%vezvﬁzx) neN. (2.22)

V6i—1U6i—3W6i—5

~
—

Yon = Yo (vGiu6i2w6i4 ), neN, (2.23)
i=1

Wei—1V6i—3U63—5

<

n
o = ZOH(szvezmw), neN. (2.24)

1 \U6i—1W6i—3V6i—5

<
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Using the equalities (2.22), (2.23), and (2.24) in (2.16), (2.17), and (2.18), we obtain

n
H <u6i—1w6i—3vﬁi—5)
)
WeiV6i—2UG; —
31,) i=1 6:V6i—2UGi—4
Wo

n
H <U6i1w6i37)6i5 )

WeiV6i—2U6Gi—4

=1

n
H (Uﬁi—lu6i—3w6i—5 ) .
)
p U6 We;—2V6i—4
uo

U6i1U6i3w6i5>
U6 Wei—2V6i—4

=1

~.

Wen
Ten—1 — — >
Z6n
N 1 wWo
T2 2n—1
ab* +b(a®> +a+1) Z a
i=0
SO
1
Ten—1 = T—-1 om—1
a +b(a®+a+1) ( Z a3i> 20T_1
i=0
Moreover,
Uen
Yon—1 = —
Zeon
- 1 Ug
- ;0 2n—1 5
ab" +b(a? +a+1) Z a”
i=0
hence
1 n
Yen—1 = Y-1 Y]
a6n +b(a2 +a+ 1) (Z a3i> Toy—_1 =1
i=0
Similarly,
Ven
Zén—1 = )
Yen
- 1 Vo
- % 2n—1 .
a +b(a® +a+1) ( Z a3l> Vo
i=0
SO
1
Zen—1 = Z—1
abm 4+ b(a2 +a+ 1) <Z
i=0
And
U
Tonp1 = —ontl
Yen
1 Vo

n
H (w6i—1v6i—3u6i—5

3
V6iU6;—2We;—4 )

n
H <w6i—1v6i—3uei—5>
-l 3 i1\ Ueilei—2Wei—a
a Yoz—1

Wei—1V6i—3U6Gi—5

2n—1

§ a31

=0

Yo
abntl 4+ (a(a +1) (

i
J ()"

V6iUei—2We6i—4

)

b

(2.25)

(2.26)

(2.27)
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thus, we have

1 n U o

Tonil = 21 — — H (wﬁz 1V6i—3U6;i 5) . (228)
iy 34 io1 \ Ueilei—2Wei—4

ab" 1l + b a(a+1) Z a’ | + Za YoZ_1

j i=0

Moreover,
_ Usn+1
Y6n+1 - B}
Z6n
n
_ 1 wo H UGi—1W6i—3V6i—5 \ _
20 Il n.o -1\ weivgi—2usi—a )
a1l + b | ala+1) E a® |+ g a3 Jwe T
i=0
hence,
1 ol w V)
6i—1W6i—3V6i—5
Yon+1 = T—1 Cy— o ( P—— ) (2.29)
. A - _olUgi—
a1 4+ b | ala+1) g a®t | + E a® | ] z0z_1 "
i=0 =0
Moreover,
o Wen+1
Zentl = ——,
Ten
n
_ 1 U H V6i—1U6i—3W6i—5
Zo Il n o -7\ U6iW6i—2U6i—4 ’
1=
a1l + b | ala+1) g a® ) + E a’ 0
i=0 i=0
SO

1 s V6i—1U6i—3W6i—5
Font1 =Y Il 11 < Ui Wei—2Vgi—a ) (2.50)
6n+1 31 i=1
! + b ( o + 1 < Z ! > (Z ‘ >> xoy '

Using the equalities (2.28), (2.29), and (2.30) in formulas (2.16), (2.17), and (2.18), we obtain

Uen+2
Ten+2 = —
Y6én+1

2n—1 2n
a6"+1+b< (a+1) <Za )Jr(ZaSi))wo "
Wo i=0 H( We;iV6;—2U65—4 )
a—+ 1 4

T_1 Znl 3 2n 3 = Ugi—1W6i—3V6i—5
abn+2 4+ b | a2 E a” |+ ( E a”

=0

1270
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hence, we have

2n—1 2n
_ i=0 WeiV6i—2U6i—4
Ten42 = 20 Dy o H (u& T 5) . (2.31)
abn+2 4 p <a2 <Z a3z> + (a + 1) (Z a3z>> 2071 i=1
i=0

=0

Moreover,
V6n+2
Yon+2 = =,
Z6n+1
2n—1 2n
_ Uo i=0 i=0 H UeiWei—2V6i—4 '\ |
T Il n 3 L V6i—1U6i—3Wei—5 )
ab"*t2 4+ b | a? Za +(a+1) Zaz -
=0
thus

2n—1 2n

a7l L p (a(a+ 1) (Z a3i> + <za3i>> Toy-1

i= i= Ui Wei—2V6i—4

Yon-+2 = Lo T - 11 ( 002 B ) : (2.32)
3 i1 \V6i—1U6i—3Wei—5

abt2 1 p [ a2 Z a' | +(a+1) Za ToY_1

i=0 i=0

Similarly,
o Wen+2
Zen4+2 = T
Ten+1
2n—1 2n
a1+ b | ala+1) a® |+ E a® | ) v .
_ Yo i=0 i=0 ( V6iU6i—2W6i—4 )
- )
Z-1 -l n 3 = Wei—1V6i—3UBi—5
a2 4 p [ a2 E | 4+ (a+1) E a’
=0
hence

2n—1 2n
6n+1 +b ( (Z ! > + <Z agl)) yOZ_l N
Z6n+2 = Yo om—1 Z;i
abnt2 +p <a2 < a31‘> + (a + 1) (Z a3i>> Yoz1 i=
i=0 =0

( V6iUgi—2Wei—4 ) (2.33)

1 \W6i—1V6i—3U6i—5
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Using the equalities (2.31), (2.32), and (2.33) in formulas (2.16), (2.17), and (2.18), we obtain

Tonys = M’
Yen+2
2n—1
_ 1=0
- 2n 2n 2n
:L‘ <a6n+3 + b a2 + ! + 1 <Z agl) > (a6n+1 + b ( (a + 1) ( ! ) <Z a3l>> >
1=0
L Vei—1Uei—3Wei
% H ( 6i—1U6i—3 61—5) :
io1 \ U6iWei—2V6i—4
hence

2n—1
<a6n+2 4 b (a2 <Z a3i> a + 1 <Z a32>> xOyl)
Ten+3 = Y-1 N 2n—1 2n
<a6n+d+b a2+a+1 <Za Z) moy_l) <a6n+1+b( a+1 (Z ‘ ) (Z 32)) xoy_l)
=0

- V6i—1U6i—3W6i—5
—_ ). 2.34
% [[1( U6iW6i—2V6i—4 > (239
Moreover,
V6n+3
Yont+3 = ot )
Z6n+2
2n—1
Vo <a6n+2 +b <a2 <Z a32> CL+ 1 (Z a3z>> y02_1>
- i=0 i=0
- 2n 2n—1 2n
Yo <a6n+3 +b(a®+a+1) (Z a?’z) U0> <a6"+1 +b ( ala+1) (Z a ) + <Z a3’>> y0z1>
i=0 i=0
e (w v U
6i—1V6i—3U6i—5
8 H( V6ilei—2We; )’
i—1 T W61 —2W65—4
SO

2n—1
<a6n+2 +b (a2 (Z a3i> (a+1) <Za 1)) y02’1>
Yeén+3 = Z-1 L 2n—1 2n
<a‘m+3 +ba®+a+1) <Z a ’) y021> <a6”+1 +b (a(a +1) <Z a3i> + (Z agi)> yoz1>
i=0 =0

n
H Wei—1V6i—3U6i—5 (2 35)
V6iU6i—2W6i—4

=1
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Moreover,

_ Wen+3
Z6n+3 - Z )
6n—+2

20 <a6n+5 +b(a2 +a+1) (Za3’> > (a‘mﬂ +b < (a+1) <Z a > (g&)) zox_1>

n
% H <U6i1w6i3v6i5> .
i
W64 V6 —2U65—4

i=1

hence

2n—1 2n
<a6"+2 +b <a2 ( Z a3i> +(a+1) (Z a?’i)) zox1>
Zen+3 = T-1 = = 2n—1 2n
<a6"+3 +b(a?+a+1) <Za ) zox_1> <a6"+1 +0b ( (Z a ) + <Z a3i>> zox_1>
i=0

« H (Uﬁi—‘1@6i—3véi—5) ' (2.36)

i=1 We;V6i—2U6i—4

Using the equalities (2.34), (2.35), and (2.36) in formulas (2.16), (2.17), and (2.18), we obtain

Uen+4
)
Y6n+3

V0 <a6"+1 +b (a(a +1) (i a3i> + (i a‘%)) y02_1>
i=0 i=0
21 <a6"+2 +b <a2 <§: a® )+ (a+1) (i a3i>> yozl>
i=0

=0

2n
<a6n+3 +b(a2 +a4+ 1) < a3i> yoz_1> .,

Ten4+4 —

o —0 ( Vi Ui —2Wei—4 ) '
b
5 RLax =7 \Wei—1V6i—3U6i—5
abntd 1+ p Za’ + Zaz Vo
i=0
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hence
2n—1 2n
<a6”+1 +0b < ala+1) (Z a ) (Z a32>> yoz_1>
Tontd = Yo 2n—1 S _20
<a6”+2 +b <a2 (Z a3i> +(a+1) <Z )) y021>
i=0 =0
2n
<a6n+3 + b(a2 +a+1) <Z a3z> y02_1> .
i=0 V6iUG;—2W6i—4
X 2n+1 (w , U ) )
) - 6i—1V6i—3U6i—5
<a6n+4 +b ( a4 1 (Z a3b> + <Z O,BZ)) y0Z1> i=1
i=0
Similarly,
V6n
Yonid = M7
Z6n+3
2n—1 2n
= 2n—1 S =
T_1 <a6"+2 +b <a2 (Z a ) +(a+1) (Z a3’>> zox_1>
2n
<6”+3—|—ba +a-+1) < a3‘>z03§ 1) .
« i=0 H WeiV6i—2UGi—4 ’
2”“ -4\ Ui~ 1Wei—3V6i—5
qbnt4 +b a + 1 Z a31 + wo i=
SO

2n—1 2n
<a6n+1 + b ( o + 1 < Z ! ) + (Z a31>> Zox_1>
Yonta = 20 2n—1 < 122?1
<a6"+2 +b <a2 ( Z a > + (a+1) (Z a?’i)) zox1>
i=0

2n
(a6"+3 +b(a®>+a+1) <Z a3i> zox_1> N
i=0 H ( We43V6;—2U67—4 ) .

ntl L\ Ugi—1Wei—3V6i—5
<a6n+4 +b ( <Z a3z> <Z a?’Z)) zox1> i=1
1=0

X
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Wen+4

Ten+3 ’
2n—1

Uo (aG"“ +b (a(a +1) ( Z a3
i—0

i)*(fiagi))foyl)

0

2n—1
Y1 <a6n+2 +b <a2 (Z a3

=0

&)

2n
<a6"+3 +b(a®+a+1) <Z a3i) x0y1>

2n+1

Ui Wei—2V6i—
v

<a6"+1 +b <a(a +1) ( . ) + (i a?”)) moy1>

Zo

2n—1
<a6n+2 + b <a2 < Z ! )
1=0

2n
<a6n+3 +b(a2 +a+ 1) (Z a3i> xoy_1>
=0

<a6n+4 4 (

Using relationships in the Theorem (2.3) we obtain

Wo

o) (5

( Ui Wei—2V6i—4
V6i—1U6;—3W6i—5

EDk

W3n -

n—1 ’
a*® 4+ b(a®+a+1) <Z a3i> wo
i=0

Vo
W3n—1 = "2
a3n=1 1 p <a2 (Z a3i> _|_(
Uo

a+1
i=0

W3n—2 = n1 ;

a3n—2 +b< a+1) (Za&) + <Za3z>>

i=0

W3n—-3 = n_>o )

a3 +b(a2+a+1) (Z a3i> wo

- %}EO

Wan—-4 = n—3 n—2 ’

a*"=4 + b <a2 (Za‘%) +(a+1) (Za&)) Vo

1=0

W3n—5 =

adn=5 +b (a(a +1) (

3
o
IS}

@
N———
_l’_
A
M1 5
IS}

@
S~
N———
g

>
’
6i—1U6i—3W6i—5

)
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Moreover,

And

U3n

U3n—1

U3n—2

U3n—3

U3n—4

U3n—5

U3n

U3zn—1

U3n—2

U3zn—3

U3n—4

U3n—5

From all mentioned above and

HALIM et al./Turk J Math

Vo

a4+ b(a®+a+1) (

=0

z) |

n—2
a37l—1 + b <CL2 (Z 0,3i> +
=0 wo

)
1=0

n—1
adn—=2 1 p ( a+ 1 (Z a?n) + <Za3i
Vo

=0

n—2 ’
a3 3 +b(a2+a+1) (Z a3i> Vo

=0

U

Wo

)

0
n—3 n—2
adn=4 4 b (aQ (Z a3i> +(a+1) <
=0 =0

n—3
a3"—5—|—b< (a+1) (
=0

Uo

a’” +b(a? +a+1) (

=0
Wo

n—2
a3n71 + b <a2 <Z a3i>
=0

Vo

+(a+1) <n§: a3i>> wo
i=0

n—1
a3n2+b< a+1 (Za32> + (Zajz
U

=0

a’" 3 +b(a2+a+1) (

n—

2 9
E a31> ug
i=0

2

g
n—3 n— ’

a’n—4 4+ b <a2 <Z a3i> +(a+1) (Z a3i>> wo
i=0 i

Vo

=0

n—3
a3"5+b< (a+1) (Z

Up = ToY-1,

we see that the following result holds.
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Theorem 2.4 Let {Zn,Yn, 2n}tn>—1 be a well-defined solution to the system (1.4). Then, for n € Ng

n
. - 1 H U6i—1W6i—3V6i—5
6n—1 = T-—1 ,
2n—1 4 i1\ Weil6i—2U6i—d
a’ +b(a2+a+1) E a” | zox—1

=0

n
H Ui Wei—2V6i—4
i=1

V6i—1U6i—3W6i—5

_ 1 ﬁ Wei—1V6i—3U6i—5
Tontr = A 2n-l n . V6iU6i—2W6i—4 ’
abnt1l 4 p (a(a + 1) <Z a3z> + (Z a31>> Yoz_1 i=1

2n—1 2n
6”+1+b< (a+1) (Za )Jr(Za&))zom_l N
i=0 i=0 < WeiVei—2U6i—4 )
N -

Ten+2 = 20
n+ 2n—1 U6;—1We6i—3V6i—5
a®n 2 £ p | g2 E a® +(a+1)

2n—1
<a6n+2 s (a2 <Z a3i> (a+1) <Z a31>) moy_1>
Tonts = Y-1 2n 5 2n—1 2n
<a6"+3 +ba2+a+1) <Z a3i> ToY—1 <a6n+1 +0b ( (a+1) <Z a > + (Z a3i>> xoy1>
i=0 i=0

n
% H (U6i71U6i73w61’75 >

i1 Ui W6i—2V6i—4

2n—1 2n
(a6n+l + b ( a+ 1 <Z ! ) + (Z a3i>> y021>
Tonts = Yo 2n—1 2:22
(a6n+2 +b <a2 (Z asi) +(a+1) (Z a3i>> yoz_1>
i=0 i=0
2n ]
<a6n+3 +b(a2 +a+ 1) (Z a31> y021> .,
i=0 ( V63 U6 —2W6i—4 )

6n+4 3i gk 34 io1 \W6i—1V6i—3U6i—5
a4 + b | a(a+1) Z a® | + Z a Yoz_1
i=0

n
. 1 V6i—1U6i—3Wei—5
Yon-1 = Y-1 2n—1 ll o ) J
3i ;
a” | woy—1

U6 W6i—2V6i—4
a® +b(a?+a+1) <Z

X

Wei—1V6i—3U6i—5

n
V6iU6i—2W6i—4
Yo = Yol \ o o)
i=1

=0 =0

_ 1 ﬁ U6i—1W6i—3V6i—5
Yontr = A 2n-l 2n . WeiV6i—2U6i—4 ’
abnrtl 4+ p <a(a 4 1) ( Z a31> + (Z a31>> 20T 1 i=1
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Yé6n+2

Yén+3
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ot () 4 (8

U6 Wei—2

To

zZ—-1

11

i=1

Y6n+4

Z6n—1

Z6n

Z6n+1

2n—1
abnt2 1 p <a2 <Z a3

2n H
JrenfEe))ot

2n—1
<a6n+2 +b <a2 (Z CL3
=0

=0

V6i—4
’
V6i—1U6i—3W6i—5

Jren () o)

2n 2n—1 2n
<a6n+3 + b(a2 +a+ 1) <Z a3i> yOZ—1> <a6n+1 + b ( a -+ 1 <Z a ) + (Z a?’i)> yOZ—1>
=0 =0

Wei—1V6i—3U6i—5
VeiU6i—2W6i—4

> ( 2n

34 34
E a
=0

= 2o

2
<a6”+1+b( (a+1) (Z
2n—1 )
<a6n+2 + b <a2 <Z a32
i=0

<a6"+3 +b(a®+a+1

) +(a+1) <Zn a3i>> zox1>
i=0

()
)

1
<a6n+4+b( (a+1) (Zai’” - <ZO a31>>zox1> =

WeiV6i—2U6i—4 >

Ui —1W6i—3V6i—5

= zZ_1
i=1

a’* +b(a?+a+1) (Z
_ ZOUI(

WeiV6i—2U6i—4 )

Ui —1W6i—3V6i—5

V6iU6i—2W6i—4

n
1 H Wei—1V6i—3U6i—5
2n—1 X o o )
3i i
a Yoz—-1

1 " ((V6i—1Usi—3Wei—5
= Y 2n—1 2n lj[l( UG We; —2V6i—4 )
as"+t! + b | a(a+1) Z a® ) + Za& Toy-1 '~
i=0 i=0
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2n—1 2n
a6n+1 =+ b (a(a 4 1) (Z a3i> + <Z a3i>> Yoz_1 .
=0 H ( V6iU6i—2W6i—4 )

Zén+2 = Yo 1
abnt2 +p (a2 (Z a3i> + a+ 1 (Z a32>) YoZ—1 =1

1=0
2n—1 ]
<a6"+2 +b (a2 (Z a?”) (a+1) <Z a?”)) zoxl)
i—0
2n 2n—1 2n ]
<a6"+3 +ba2+a+1 <Z a31> 20— 1) (a6”+1 +b ( a+1) (Z a ) + (Z a31>> zox_1>
i=0

n
U6i—1W6i—3V6i—5
X )

=1 WeiV6i—2U6i—4

(e (59 (5 )
() o 7))

<6”+3+ba +a+1 Za&)xoy 1> .
H ( Ui W65 —2V6i—4 >

% (
2n4l L L\ vsi—1U6i—3Wei—5
31 i=1
+ E a Toy—1
i—0

<a6"+4+b< (a+1) (Za‘%

Wei—1V6i—3U6i—5

Z6n+3 = T-1

Zén+4 = X0

Case A=1:

Then equation (2.8) becomes
kn+1 -2k, +k,.1=0, néeN. (237)

Let {k,}n>—1 be the solution to equation (2.11) such that kg and k_; are nonzero real numbers. The root

of the characteristic polynomial P(A) = (A —1)? is A; 2 = 1. Then general solution to equation (2.11) can be
written in the following form
k, =c1+con, n € Np.

Using the initial values kg and k_1, after some calculations, we get

cr = ko,

co = ko—Fk_q.
Thus, the general solution of equation (2.37) is
kn =ko(n+1) —k_in, n € Ny. (2.38)
From all mentioned above we see that the following theorem holds.
Theorem 2.5 Let {H,}n>0 be a well-defined solution to the equation (2.8). Then, for n € Ny

n—Ho(n+1)

= (n—1)—Hon

(2.39)
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Then, from (2.9) we see that

; 1
W= (H,—-1), B=3b
So the solution of the equation (2.7) is
(4)
uld) = L(')’ n € No.
1 + Bnug

where j € {0,1,2}.

From all mentioned above and ugf ) = Usn+; we see that the following result holds.

Corollary 2.6 Let {uy}n>0 be a well-defined solution to the equation (2.5). Then, for n € Ny

Ug
us =
" 14 Bnug’
uy
Ugny1 =
nt 1+ Bnu,’
U2
Unt2 = ———FH -
s 1 + Bnusg

Let {u,}n>0 be the solution to equation (2.5). From (2.3), we have

Vo
up = .
YTy bug
On the other hand, from Corollary (2.6), we obtain
Vo
_ a + bug
Un+1 = ———  qpg
1+ Bn
a + by
Thus, we get
Vo
Usppl = —————
SR b(3n + 1)vg
Moreover, from (2.3), we have
Wo
U =

a? +bla+ 1)wg’

So, from Corollary (2.6) we have

Wo
a? + bla + 1wy
U3n+2 = 1 B wWo
+ P bla+ 1)wg
So, we get
Wo
U3n+2 =

From the above consideration, we see that the following result holds.

1280

(2.40)

(2.41)



HALIM et al./Turk J Math

Theorem 2.7 Let {un, U, W n>0 be a well-defined solution to the system (2.3). Then, for n € Ny

Uo Vo
U = — v = — w.,
sn 1+ 3brlz)u0 ’ T4 3bm}ow sn
Bl T TG+ Do’ MY T 11 0B+ Dwy et
w U
U3n4-2 0 U3n42 = 0 W3n42 =

T 14630+ 2)w’ 1+b(3n+ 2)uy’
Using (2.18) and (2.17) in formula (2.16), after some calculations we have

UenWen—2V6n—4
n € N.

Ten = T6n—6,

V6n—1U6n—3Wen—5
Moreover, using equalities (2.18) and (2.16) in formula (2.17), we obtain

VenUen—2Wen—4

Yon = Yon—6, N € N.
Wen—1V6n—3U6n—5
Similarly using (2.16) and (2.17) in (2.18), we get
Z6n = 6 Ton —26n 4 26n—6, M € N.

Uen—1Wen—3V6n—>5

Wo

1 + 3bnw&’
0

]. —|— b(3n + 1)'LL(] ’
Vo

14+b(3n+2)vy

(2.42)

(2.43)

(2.44)

(2.45)

Multiplying the equalities which are obtained form (2.43), (2.20), and (2.45) from 1 to n, respectively, it follows

that

n
o U6 Wei—2V6i—4
mon = [ (EVe2Vice

i=1 V6i—1U6i—3W6i—5

n
( V6iU6;—2Wei—4
. Wei—1V6i—3U6Gi—5

Yen = Yo
i=1
n
o We;Vei—2U6i—4
o =z ((SLeitei2tei

i1 \UBi—1W6i—3V6i—5

)7 ’I’LGN(L
)u neNO?

>, n € Np.

Using the equalities (2.46), (2.47), and (2.48) in formulas (2.16), (2.17), and (2.18), we obtain

_ Wen
Ten—1 =
Z6n

_ i wo ﬁ UGi—1We6i—3V6i—5
zo 1 + 6bnwy

We;V6i—2UGT—4

).

i=1
SO
n
. . 1 (Uﬁi—lwﬁz‘—?,%i—s)
bn—1=T—177 (7 S —— I
(1+ 6bnzoz_1) i1\ W6iV6i—2U6i—4
Moreover,
o Uen
Yen—1 -
Ten

_ 1w ﬁ V6i—1U6i—3Wei—5
xgp 1 4 6bnug

. U6 Wei—2V6i—4
i=1

)

(2.46)

(2.47)

(2.48)

(2.49)
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hence,

Similarly,

SO

Moreover,

thus

Moreover,

hence

Similarly,

SO

1282

HALIM et al./Turk J Math

Yoo =y [ (%—1“6—3“}6—5>
n- T (1 4+ 6bnaey_1) - Ui Wei—2V6i—4

=1

o Ven,
Zen—1 = y
6n
n
1 U Wei—1V6i—3U6i—5
= iz abm 1 ’
Yo 1 +06bnvo =5\ VeiUsi—2Wei—a
n
s _, 1 H (wﬁi—lv6i—3uﬁz’—5>
6n—1 — e S - °
(L4 6bnyoz—1) -5\ Veiligi—2Wei—s
UGn+1
Ten+1 — 7y
6n
n
_ 1 H (wﬁi—lvﬁi—suﬁi—5> )
—_— )
yo 1+ b( Gn + v 027 \ V6iUei—2Wei—4

Wei—1V6i—3U6i—5

Tont1 = 2-1 (1+ b(6n + 1)yoz—1) H ( V6iUGi—2Wei—4 ) '

i=1
V6n+1
Yon+1 = 2
6n
n
- 1 H U6 —1We6i—3V6i—5 \
= )
20 1+ b( 6n + 1w 037 \ Weilei—2Upi—a
n
y . H (U6i1w6i3716i5>
6n+1 — :
o b(6n +1)z02-1) -5\ Weivei—2tgi—4
_ Wen+1
26n+1 = I
6n
n
1 U H (U6i—1uﬁi—3w6i—5)
= —_— )
2o L4 b(6n + L)ug -7\ eiwei—2V6i—4

B _— ﬁ Ugi—1Upi—3W6i—5
Gnt1 (1 + b(6n + Daxoy—_1) Ui Wei—2V6i—4 )

i=1

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)



Using the equalities (2.5

hence

Also,

SO

Similarly,

hence

Using the equalities (2.55

SO

Ten4-2

Yon+-2

Z6n42

Ten+3

T6én+3

2)

= y71

);
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, (2.53), and (2.54) in (2.16), (2.17) and (2.18), we obtain

Uen4-2

Yon+1

1 wo (1 +b(6n+ 1)zow—y ﬁ ( WeV6i—2U6i—4 )

z_1 14 b(6n + 2)wo i1 \U6i—1Wei—3V6i—5

+b 1)z - 1V6i—2Uei—
x6n+2:ZOE (6n+ 1) H( O )

b(6n+2 121 U6i—1W6i—3V6i—5
Ven+2
Z6n+1
L ug (1 +b(6n + )zoy—1 ﬁ ( Ui Wei—2V6i—4 )
y—1 1+ b(6n + 2)ug i1 \U6i—1U6i—3W6i—5 )
(I+0b(6n+ 1)z - ( Ui Wei—2V6i—4 )
n = .
Yoz "(1+b(6n +2)x E V6i—1U6i—3W6i—5
Wen+2
Ten+1
1 Vo (1+b(6n+1 Yoz -1 ﬁ VeiUGi—2Wei—4 |
z—1 1+ b(6n + 2)vg Wei—1V6i—3U6i—5

i=1

Z6n+2 =

(1 + b(6n + 1)y, ﬁ ( V6ilei—2Wei—4 )

(1 +b(6n + 2)yoz-1) ;-7 \ Wei—1v6i—3Usi—5

(2.56), and (2.57) in (2.16), (2.17), and (2.18), we obtain

UBn+3
Yen+2

1 ug (1+b(6n+2)zoy—1) ﬁ <U6ilu6i3w6i5>
2o 1+ b(6n + 3)uo (1 +b(6n + 1)zoy—1) Ui W6 —2V6i—4

i=1

(14 b(6n + 1)xoy—1)(1 + b(6n + 3)zoy—1) We;—2V6;

i=1

(1 +b(6n 4+ 2)x0y—1) ﬁ (v 1U6i3w6i5>
Uei

(2.55)

(2.56)

(2.57)

(2.58)
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Also,
_ V6n+3
Yonts = Z6mn4-2
1 Vg (14 b(6n + 2)y ﬁ Wei—1V6i—3UGi—5 \ |
yo 1+ b(6n + 3)vy (1 + b(6n + 1)y ) -\ Vsillsi—2Wei—4 7
thus
(1 +b(6n + 2)yoz—1) T ((Wei—1Vsi—3Usi—s
a3 = Z_ . 2.59
Yonts ! (1+b(6n + 1)yoz—1)(1 + b(6n + 3)yoz-1) };[1 V6 Ugi—2W6i—4 (2:59)
Also,
Zenas = Wen+3
mt Ten+2
_ i wo (1 + b(6n + 2)20.73_1) ﬁ Ue;—1Wei—3V6i—5
2o L4 b(6n + 3)wo (1 +b(6n + 1)zz—1) -+ \ Weivei—2Ugi—4 7
SO
(1+b(6n+2)z0x—1) - <u6i1w6i3v6i5>
26n43 = T— . 2.60
bn+3 ! (1 + b(6n + 1)2031‘,1)(1 + b(6'n + 3 Zol‘ 1 ]':[1 We;iVei—2UGi—4 ( )
Using the equalities (2.58), (2.59), and (2.60) in (2.16), (2.17), and (2.18), we obtain
Uen+4
Ten = —
ontd Y6n+3
_ L Vo O+ﬁ@n+1Mw_ﬂO+b@n+3yM 1f1 UgiUgi—2Wei—4 |
Z_1 1+ b(6n + 4)1)0 (]. + b(GTL + Q)y()Z 1 i1 Wei—1V6i—3UGi—5
hence
. _y(1+bmn+1MMLﬂ( b®n+3 fi( %mmﬁwwq). (2.61)
6n+4 = Yo ; .
+ (]. + b(67’l + 2)y02’,1)( b(6n + 4 z:l Wei—1V6i—3UGi—5
hence
Ven
Yén+da = ont
Z6n+3
_ L wo (1 + b(6n + 1)2037,1)(1 + b(6n + 3 Z().’E 1 L We;Vgi—2UGi—4 )
z_1 14 b(6n+ 4)wy (14 b(6n+2)zpz_1) p11W4w&4%F57
hence
. (14 b(6n 4 1)z02z—1)(1 4 b(6n + 3)z ﬁ We; V6 —2UGi—4 (2.62)
Yon-+4 0 (]. + b(6n + 2)201’_1)( b(GTL + 4 121 UG;—1Wei;—3V6i—5 ' '
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Also,
Wen
Zonpa = —ntt
Len+3
_ 1 Ug (1+0(6n + Dzoy—1)(1 + b(6n + 3)Toy—1 ﬁ Ui Wei—2V6i—4
Y—1 1+ b(6n + 4)u0 (1 + b(6n + 2)1301/ 1 i1 Vei—1Upi—3Wei—5 ’
S0
(14 b(6n + 1)xoy—1)(1 4 b(6n + 3)z e ( UgiWei—2V6i—4 )
Z6ntd = T . 2.63
Gnta 0 (]. + b(GTL + Q)Zoy_l)( b(671 + 4 ]‘;[1 V6i—1U6;—3We65—5 ( )
From Theorem (2) we conclude that
Uo Yo Wo
U3sn = T o UV3n = T— 57> n —
3 1+ 3bnu0 3 1+ Sbnvou 3 1+ Sban
p— f— fr— O
Yan—1 =977 b(3n “Duwy T 1 b(3n — T)uo’ Wan-1= 97 b(3n — Dvo’
— — - = 0
Yan=2 =T b(3n “ vy PhTPT 14 b(3n “ 2wy’ T2 1100630 — 2)ug
u = L v = UO w = wO
g3 1+b6Bn—3)uy” " 1+b(Bn—3)y’ 3 T T 1 b(3n — 3w
wWo Ug Vo
Usp—a4 = o, Ugp_4 = n—t = T,
n—d 14+ b(3n — 4)wy’ Ty b(3n — 4)ug’ Wan—a = b(3n — 4)vg
v = U—O v = L w — Uo
S T B —5)ue. T 1+4bBn—5wy T 1+ b(3n - 5)uo

From all mentioned above and
Up = ToY-1, Vo =Yoz-1, Wo = 20T-1,

we see that the following result holds.

Theorem 2.8 Let {zyn,Yn,2n}n>—1 be a well-defned solution to the system (1.4) and a = 1 . Then, for

n e NO
. T_1 ﬁ( (1 4 6bizoz—1)(1 + b(6i — 2)20x—1)(1 + b(6i — 4)z0z_1) )
ot (1+6bnzoz_1) 3+ \ (1 +b(6i — 1)zoz_1)(1 + (6 — 3)z0z_1)(1 + (60 — 5)z0z_1)
. _ H ( (1+b(61 — 1)zoy— 1)(1+b(6i—3):1:0y_1)(1+b(6i—5)x0y_1))
on 0 (1 + 6bizoy—1)(1 + b(6i — 2)zoy—_1)(1 + b(6i — Dzoy_1) /)’
. _ Z_1 ﬁ( (1 4 b6iyoz—1)(1 4 b(6i — 2)yoz—1)(1 + b(67 — 4)yoz—1) )
ot (1+b(6n + )yoz—1) 3= \ (1 + b(6i — 1)yoz—1)(1 + b(6i — 3)yoz—1)(1 + b(6i — 5)yoz—1)
. _ 20(1+b(6n+ 1)zox—1) ~ ((1+b(6i7 1)z0:1:_1)(1+b(6i73)zox_1)(1+b(6i75)z0:1:_1))
2T (A4 b(6n + 2)z02—1) 1\ (1 +6bizoz_1)(1+ b(6i — 2)z0w—1)(1+ b(6i — d)zox_1) )’
. _ y,1(1+b(6n+2)xoy 1 ﬁ ( 1+6bi$0y 1)(1+b(6172)$0y,1)(1+b(6’i74)$0y,1) )
O T (W4 b(6n + Daoy—1) (1 + b(6n + 3)woy—1) 1+ \ (1 + b(6i — D)zoy—1)(L + b(6i — 3)zoy—1)(1 + b(6i — 5)zoy—1)
- _ yo(14+b(6n + 1)yoz—1)(1 4+ b(6n + 3)yoz—1 ﬁ ( (14+b(6i — 1)yoz— 1)(1+b(6i73)yoz,1)(1+b(6i75)yoz,1))
ot T T b(6n + 2)yoz—1)(1 + b(6n + )yoz_1) (1 + 6biyoz—1)(1 + b(6i — 2)yoz—1)(1 + b(6i — 4)yoz_1)

=1
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_ Y_1 ~ ( (1 + 6bizoy—1)(1 + b(6i — 2)zoy—1)(1 + b(6i — 4)z0y—_1) )
Yon—1 (1 + 6bnaoy—1) 4 \ (1 +b(6i — Daoy—1)(1+ b(6i — 3)zoy—1)(1 + b(6i — 5)zoy_1)
o H ( +b(6¢i — 1)yoz—1)(1 + b(6i — 3)yoz— 1)(1+b(6i—5)y0271))
Yon = 40 1+ 6bigoz—1)(L + b(67 — 2)goz—1)(1 + b(6i — 4)yoz_1)
B T_1 ﬁ( (1 4 6bizox—1)(1 + b(6i — 2)z0z—1)(1 4 b(6i — 4)z0—1) )
Yot = W b(6n + Dzoe—1) 12 N1+ (60 — 1)z0z—1)(1 + b(6i — 8)z0—1)(L + b(6i — 5)z0_1)
_ zo(1 4 b(6n + 1)zoy— 1) 1—[ ( (14 0b(6t — )zoy—1)(1 4 b(67 — 3)zoy—1)(1 + b(6: — 5):1:0y_1))
Yon-+2 (1+0b(6n +2)zoy_1) 11 1+ 6bizoy—_1)(1 + b(6i — 2)z0y_1)(1 + b(6i — Dzoy_1) /)’
_ z_1(1+b(6n +2)yoz—1) ﬁ ( (1 4+ 6biyoz—1)(1 4+ b(6i — 2)yoz—1)(1 + b(6¢ — 4)yoz_1) )
Yonts (1+0(6n + )yoz—1)(1 +b(6n + 3)yoz—1) = \ (1 +b(6i — D)yoz—1)(1 + b(6i — 3)yoz—1)(L + b(6i — 5)yoz—_1)
_ 20(1+b(6n + 1)z02—1)(1 + b(6n + 3)207—1) . ((1 4+ b(6t — 1)zox—1)(1 + b(67 — 3)z0z—1)(1 + b(6¢ — 5)z0x_1))
Yortt T T b(6n + 2)z0w—1)(1 + b(6n + 4)zow_1) 1A\ (14 6bizoz_1)(1+ b(6i — 2)z0a_1)(L+ b(6i — H)zox_1) )’
. _ z_1 ﬁ( (1 4 6biyoz—1)(1 4+ b(6i — 2)yoz—1)(1 + b(67 — 4)yoz—1) )
ot (1+6bnyoz—1) ;- \ (1 +b(6¢ — 1)yoz—1)(1 + b(6i — 3)yoz—1)(1 + b(6i — 5)yoz—1)
; _ H ( 1+ b(61 — 1)zpz— 1)(1+b(6i—3)z0:r;_1)(1+b(6i—5)zox_1)>
on = A0 (1 + 6bizoz—1)(1 + b(6i — 2)z0z_1)(1 + b(6i — 4)z0z_1) /)’
P _ H ( 1 + 6bizoy— 1)(1+b(6i72)330y_1)(1 +b(6i74)330y_1) )
ot 1+ b(6n T 1 )zoy—1) 1+ \ (1+ b(6i — woy—1)(1 + b(6i — 3)z0y—1)(1 + b(6i — 5)zoy—1)
. _ y0(1+b(6n+ l)yoz_l) ﬁ ((1+b(6i7 l)yoz_l)(l+b(6i73)y0z_1)(1+b(6i75)y0z_1))
ont2 (1+0(6n +2)yoz—1) += \ " (1+ 6biyoz—1)(1 + b(6i — 2)yoz—1)(1 + b(6i — 4)yoz—1) )’
Z _ z_1(1+b(6n + 2)zoz_1) ﬁ( (14 6bizoz—1)(1 + b(6i — 2)20w—_1)(1 + b(6i — 4)z02_1) )
T (T b(6n+ Dzoz—1)(1+ b(6n + 3)z07—1) 13 \ (1 +b(6i — 1)zow—_1)(1 + b(6i — 3)z0—1)(1 + b(6i — 5)z0_1)
. _ xo(1+b(6n + 1)zoy—1)(1 + b(6n + 3)z0y—1) ﬁ ((l—l—b(ﬁi— 1)x0y,1)(1+b(6i—3)x0y,1)(1+b(6i—5)w0y,1))
fnta (1+b(6n + 2)zoy—1)(1 + b(6n + A)zoy—1) 15\ (1+6bizoy—_1)(1+ b(6i — 2)woy—1)(1 + b(6i — 4)zoy—1)

3. Summary and recommendations

In this work, we have successfully established in a constructive way the closed-form solution of system of rational

difference equations

Zn—1 Tp—1 Yn—1

e = , & =), nEc N
a+ bynznfl Yl a—+ bZn.’En,1 s a—+ bl’nynfl 0

Tn+1 =

where parameters a,b and initial values x_1,x9,y_1,%0,2_1 and zg are real numbers.

The results in this paper can be extended to the following system of difference equations

) 93(3)1 @ x(4)1 ) 2P 11)
Tyl = = .., oz’ S N n,p € Ny
e a-+ bx(2) (3) 21 i a+ bsr:%g)ng_)l e a+ bx(l) glp 11)
where the parameters a,b and the initial values x(] ) and x(()j ), j = 0,p are nonzero real numbers.
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