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(zeneral Introduction

“Can the meaning of a derivative of integer order d"y/dz"™ be extended to have meaning when n
1s a fractional?”

“ Can n be any number fractional, irrational or complex?”

These questions are the original questions leading to the name of Fractional Calculus.

The history of fractional calculus goes back to the end of the 17th century, when Leibniz
invented the notation d"y/dz™. this notation prompted L’Hospital in 1695 to ask Leibniz “ What
if n be 1/27”) this question was answered affirmatively by Leibniz in his letter [1|. After this
Letter, Leibnitz wrote two letters, the first one in 28 December 1695 to Johann Bernoulli and
the second one in 28 May 1697 to John Wallis. since that time fractional calculus has drawn
the attention of many famous mathematicians, such as L. Euler (1730), J.L. Lagrange (1772),
P.S Laplace (1812), S.F. Lacroix (1819), J.B.J. Fourier(1822) [3]. But the Fractional operations
were used firstly in (1823) by N.H. Abel in the solution of an integral equation which arises in
the formulation of the tautochrone problem [4].

After almost a decade and specifically in 1832, J. Liouwville published his three large memoirs.
The first one is considered as the first major study of fractional calculus and he was successful in
applying his definition to problems in potential theory his results were presented in several more
publications between 1834 and 1873. Over and after this period many mathematicians made very
important work in fractional calculus such as G.F.B. Riemann(1847), A.K. Grunwald(1867),
A.V. Letnikove(1868), H. Laurent(1884) M. Caputo(1967), K.S. Miller, B.Ross(1993) and many
others [1, 3, 4, 2|. The interaction of all the previous works has produced many different types of

6
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fractional-order derivatives, but the three famous and most commonly used in theory of fractional
calculus are the Riemann-Liouville (RL), Grinwald-Letnikov and Caputo types.

The idea of fractional calculus is a generalization of integration and differentiation to non-
integer order fundamental operator ,Df', where a and ¢ are the terminals of the operator. The

continuous integro-differential operator is defined by

5%5 a>0
oD = I; a=0 .

t

f(dr)™*a<0

a

where o € R is the order of the operation.

As major causes the fractional derivative provide an excellent instrument for the description
of memory and hereditary properties of various materials and processes. there is no doubt that
fractional calculus has become an exciting new mathematical method to solve many problems in
diverse fields of our life. For example: in physics, chemistry, biology, viscoelasticity, engineering,
medicine and many others |5, 6, 7, 8, 9, 10].

Bifurcations and chaos theories are among the important topics that have attracted more
attention of many researchers, they have been greatly influenced in several fields of natural
sciences such as in physics [11], biology [12], chemistry [13], economics [14] and the others [15].
With the development of the fractional calculus, the bifurcations and chaos in fractional-order
systems also have received much attention in a number of areas through the works of Hartley et
al [16], Li et al [17, 18, 19|, Abdelouahab et al |71, 21, 22|. The content of this thesis is divided
into four chapters:

Chapter 1: Entitled Fractional Calculus.

In this chapter, we begin presenting the basic notations of fractional calculus that will be recur-
rently used during all this thesis, we give definitions of the special functions and some of their
properties such as Gamma, Beta and Mittag-Leffler functions. In the second part we present
the three definitions most frequently used for the general fractional differential operators with
their most important properties (Linearity, Leibniz rule and Laplace transform). In the last
one section we discuss the question of the existence and uniqueness of solutions of fractional-

order differential equations and analytical and numerical resolution of these equation are also
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considered.

Chapter 2: Fractional Order Systems.
According to the basic rule of “ the generalization and extension of meaning to fractional calculus”,
This chapter is a review of the most important tools and theory of fractional order dynamical
systems. The memory dependence property of the solution, the question of stability for the
fractional-order linear and nonlinear systems, bifurcation and chaos of the dynamical system
have been presented.

Chapter 3: Routh-Hurwitz Conditions for Fractional Order Systems.
In this chapter we extend the Routh-Hurwitz conditions to fractional systems of order a € [0, 2).
We use these results to investigate the stability properties of some population models. Numerical
simulations which support our theoretical analysis are given [23].

Chapter 4: Entitled Periodic Solutions of Fractional Order Systems.
This chapter focuses on the issues of periodicity property in fractional-order derivative. We dis-
play the absence of periodicity property in fractional-order derivatives unless the lower terminal
of the derivative is oo [24, 25, 26|, and since this property limits the applicability areas of
fractional-order systems for a wide range of periodic real phenomena we have to find practical
solutions for this problem. The proposed solution consists of fixing the memory length and

varying the lower terminal of the derivative |27, 28§|.




Chapter 1

Fractional Calculus

In this chapter we commence with some basic theory of the special functions, we give here
some informations on the Gamma function, the Beta function and the Mittag-Liffler function.
The second section contains the definitions and some properties of fractional integrals and frac-
tional derivatives of different types, and the next section is devoted to proving the existence and

uniqueness, the analytical and numerical solutions of fractional differential equations.

1.1 Basic functions

In this section we present some basic tools. Which play the most important role in the theory

of fractional calculus, more details may be found in [29, 30].

1.1.1 Gamma function

One of the basic functions of the fractional calculus is the Euler’s gamma function (or Euler’s
integral of the second kind), which generalizes the factorial to non-integer values. The gamma

function I'(2) is defined by the following integral:

['(z) = /000 e "7 ldt; R(2) > 0. (1.1)
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D
)

Figure 1.1: Graphical representation of Euler gamma function.

The fundamental property of the gamma function is the recurrence relationship which can be

easily proved by integration by parts

z z

°° 1 N I 1
I'(z) = / e dt = —t*e | +/ e ' —dt = —/ e tdt = ~T'(2 + 1),
0 < 0 z 0

So
L(z+1) =2I'(2) (1.2)

If 2 = n, where n is a positive integer, then
I'n+1)=n(n—-1)(n—2)...1 =nl.

The figure (1.1) represents the graph of the gamma function.

10



Chapter 1. Fractional Calculus

1.1.2 Beta function

The beta function is defined by the Euler integral of the first kind:

1
Blay) = [ #7007 (R(2) > 0 R(y) > 0) (13)
0
This function is connected with the gamma function by the relation

L(2)C(y)

B(x,y) = Twty)

(1.4)

The relationship between the gamma function and the beta function (1.4) can be also provided

by using the Laplace transform (1.30).

1.1.3 Mittag-Liffler function

The Mittag-Liffler function E,(z) plays a very important role in the theory of fractional calculus,
its role is similar to that played by the exponenetial function in the theory of integer-order
differential equations.
The Mittag-Liffler function with one parameter was introduced by G.M.Mittag-Liffler and the
basic properties of this function were studied by Mittag-Liffler and Wiman. The Mittag-Liffler
function is defined by:

) 1.
Zf‘ak+1 a>0 (1.5)

When o = 1, we have

The Mittag-Liffler function with two parameters Q@ and 5 was introduced by Wiman at 1905.
This function is defined by:

[e.e]

ZFakJrﬁ a>0,3>0. (1.6)

k=0
When § =1, E, s(z) coincides with the Mittag-Leffler function (1.5).
The figure (1.2) represents the graph of the Mittag-Liffler function

11
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Ea, ;’5(2)

Figure 1.2: Graphical representation of Mittag-Liffler function with two parameters o and S.

1.2 Definitions

The most famous definitions for fractional-order derivative are the Riemann-Liouville definition,

the Caputo definition and the Griinwald-Letnikov definition.

1.2.1 Riemann-Liouville fractional derivatives

In this section we give a definition for fractional integral and differential operators D, * and

RLDe of order a ¢ N. we begin with the integral operator.

Integral of arbitrary order

The Riemann-Liouville integral operator LD, is an extension of Cauchy’s integral:
(-m)(g) — 1 t
Mt t nl d 1.7
f ( ) F(n) /a ( T) f(T) 7-7 ( )

12



Chapter 1. Fractional Calculus

and replace the integer n by a real a > 0 :

1

D0 = Fs / (t — ) f(r)dr. (18)

In (1.7) the integer n must satisfy the condition n > 1, the corresponding condition for « is

weaker, for the existence of the integral (1.8) we must have a > 0.

Example 1.1 Let consider the power function f(t) = (t — a)?, where B is a real number. We

have
I )
D0 = o [ (=71 e =)
By using the variable change T = a+ x(t — a), and then using the definition of the beta function,
we obtain
1 t a—1 8 (t—a)2tP 1 a—1,.8
o) /). (t—7)Hr—a)ldr =55 [, (1—2)* alda
_q)ots

= u F(L) ﬂ(CWB + 1)

_ @ r'(g+1)

= (t — @)+ (1.9)

If f(t) = K, then .D; °K = (t — a)*==

T(atl)"

Some properties of the Riemann-Liouville integral

1. Let f € C%Ja,b]), @ > 0. Then we have

m (oD f(t)) = f(t). (1.10)

li
a—0

So we can put ,D? = I, the identity operator.

2. Let f € C°%[a,b]), @ >0, and 8 > 0. Then

aDt_a(aDt_ﬁf(t)) ~a D;(a+ﬁ)f(t) ~a Dt_ﬁ(aDt_af(t))' (1'11)

13



Chapter 1. Fractional Calculus

Derivative of arbitrary order

Let @« € Ry and n = [a] (Ja] = min{z € Z: 2> a}). The Riemann-Liouville fractional

derivative of a function f(t) is defined by

HDIf() = mmy St =T f (),

= £(D7 TV f (). (1.12)

Tt

If « =n — 1, then we obtain a conventional integer order derivative of order n — 1 :

DPF) = D () = 70,

Example 1.2 Let consider the function f(t) = (t —a)?, forn —1 < a < n we have

BLDef(t) = & (,D; " (1)), (1.13)

— atm

Substituting the integral of order (n — ) of this function (1.9) into the formula (1.13), then

« n n—o r 1
o DYf(t) = gm((t—a) w%)-

_ _T(+1) —«

S0 = K. S0 BDEK = (1)

a 1-a)"

Some properties of the Riemann-Liouville derivative

1.
o DD f(t) = f(1). (1.15)

This property means that the Riemann-Liouville differentiation operator is a left inverse

to the Riemann-Liouville integration operator of the same order a.

—a( RL pa ~( RL Mok (t—a)**
oDy (" DEf) = f1) = ) 1D " f(t)li=a

k=1

— a>0;t > a. 1.16
F(Oé—]{+1)’ Q ) a ( )

14



Chapter 1. Fractional Calculus

3. The following properties are the generalisation of (1.15) and (1.16), for « > 5 > 0:
ZDRWD (1) = FEDETL(R). (1.17)

and

—a/ RL 3 RL ya—B ' RL ok (t—a) "
D CEDLS0) = FPDF ) = YLD Oleapg oy

k=1

(1.18)

4. Let (m—1<a<m)and (n—1<f <n), we have

- (t—a)~oF

PDECDEI0) = (D S6) = 3 DL gy (119
and
m _afﬁfk
DR EEDE () = (DI 0) = S D Oy (1.20)
k=1

From the properties (1.19) and (1.20), we deduce that the Riemann-Liouville differentiation
operators LD and ffLDf commute only if @ = 8, or f*)(a) =0forall k=1,2,...,r —1

a

such that r = max(n,m).

1.2.2 Caputo’s fractional derivative

Since Riemann-Liouville derivatives failed in the description and modeling of some complex
phenomena. Caputo derivative is considered as a solution of this problem it is proposed by M.

Caputo in 1967.

Definition 1.1 Let f € C"([a,b]), « > 0. The Caputo’s fractional derivative of the function

f(t) is defined by

o B 1 Lot (r)dr B —n—a), d"
CD8I0 = romr | = D) (1.21)

I'n—a« t — T)e—ntl

wheren —1 < a<n andt > a.

Lemma 1.1 Let o > 0 and n = [a]. Assume that f is such that both D& and BLD¢ exist.
Then

Do) = PO -3 (g gy (1.22)
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Example 1.3 Let consider the function f(t) = (t — a)?, such that 8 > n and n = [a].
We have

C nHa _ RLpa _n_l f®(a) _ N\k—a
ath<t)_ a th@) Zf(k—a+1)(t CL) )
k=0

and

f®a)=0; Yk=0,1,...,n—1,

then

aDR(t—a)’ = JEDR(t - a)’

_ LB+ e
=5 _arp "

If6=0,1,...,n—1, then
“De(t —a)’ = 0.

Lemma 1.2 Let o > 0. We have

1. If f € C(la, b)), then

2. If f € C"([a, b)), then

DG DR f(1) = f(t) —

In particular, if 0 < o <1 and f € C([a,b]) then
D (G DY f(1) = f(t) - f(a).

Some properties of the Caputo’s derivative

Letn —1<a<mnand feC"([a,b])

1. The Caputo derivative of a constant function is 0, but its Riemann-Liouville fractional

derivative is not equal to 0.

16



Chapter 1. Fractional Calculus

2. For all ¢ € [a,b] we have
lim (§' D £(t)) = F™(),

a—n
and

lim (YDpf(t) = f" () — f"(a).

a—n—1

3. Let m € N*, we have
SDY Dy () = SDIf(1),
but
s DY QD f(6) =4 D (G DY f(t) = a Dy f(t).

The interchange of the differentiation operators is allowed under the following conditions

f(k)(a) =0fork=n,n+1,...,m.

1.2.3 Grinwald-Letnikov fractional derivative

Griinwald-Letnikov Derivative introduced by Anton Karl Grinwald in 1867, and then by Aleksey
vasilievich Letnikov in 1868. As well known the classical derivatives can be expressed as differ-
ential quotients, i.e. as limits of difference quotients. For example, the n-th order derivative of

a function f(t) € C"™([a,b]) is defined by

n

s = i Z(—D’“(Z)f(t — k), (1.23)
k=0

where

(Z) _ n(n—1)(n —z')...(n k4 1)

is the usual notation for the binomial coefficients.

The equality (1.23) may be used to define a fractional derivative of Griinwald-Letnikov by direct

replacing n by a € R,

Soif =m0 (3) e,
h —0 k=0

nh=t—a

17
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Since o € R, so the binomial coefficient is given by

(2) - k!ric(yajkll 1)

Hence,
1 - I(a+1)
CLDOf(t) = li — Y (—1)* t —kh). 1.24
PO = S ) e gy k) (1:24)
h—0 k=0
nh=t—a

Integrals of arbitrary order

Let us consider the case of @ < 0. For convenience let us replace o by —« in the expression

(1.24). Then (1.24) takes the form

D0 = S SEE - k) (1.25)

h—0 k=0

nh=t—a

The expression (1.25) is called the Griinwald-Letnikov integral of order « of the function f(t).

Link to the Riemann-Liouville and the Caputo derivatives

Under the assumption that the derivatives f*)(t), (k =1,2,...,n) are continuous in the closed
interval [a, T] and n is an integer number such that o < n, then the Griinwald-Letnikov fractional

derivative (1.24) can be written as follows:

SEDyf(t) z% P —a + v 1) T Tatn) /(t — )t (). (1.26)

a

The right hand side of the formula (1.26) can be written as

t

/ (t — r)2i=0=1 {00 (1)), (1.27)

t o —a+n+k 1
Il
dtn a+n+k+1) ['(—a +2n)

after n integrations by parts it takes the form of the Riemann-Liouville derivative

t
n

[t =rrepeyin = LD ) = B, ()

a

d”( 1
dt" ' T'(—a+n)
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Chapter 1. Fractional Calculus

Finally, under the above assumptions and according to the relationship (1.22 ) we get:

i
L

f¥(a)

« DI = SEDEI(0) = SDN WD+ ) m D

(t —a)™t" (1.29)

B
Il

0

1.3 Properties of fractional-order operators

1.3.1 Linearity

Similarly to integer order differentiation, fractional differentiation is a linear operation:
D*(Af(t) + Bg(t)) = ADf(t) + BD%g(t), for « >0, A, B € R,

where D denotes any mutation of the fractional differentiation considered in this work.

1.3.2 The Leibniz rule for fractional derivatives

The Leibniz rule for Fractional differentiation can be formulated as follow. If f(¢) is continuous
in [a,t] and ¢(t) has (n + 1) continuous derivatives in [a, t], then the fractional derivative of the
product o(t)f(t) is given by

a

DE010) = 3 () e 0,081 - R0,

k=0
where n > o + 1 and

Ri0) = e [ =1 [0 g,

with
lim R;(t) = 0.

n—oo
If f and ¢ along with all its derivatives are continuous in [a, ] then the Liebniz rule for fractional

differentiation takes the form:

DE010) = Y () e 0.0r 410
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1.3.3 Laplace transforms of fractional derivatives

The Laplace transform F(s) of a function f(t) of a real variable t € RT is defined by

F(s) = L{f(t), s} = / e f(t)dt: s € C (1.30)
0
The original f(t) can be restored from the Laplace transform F'(s) with the help of the inverse

Laplace transform

f@)=LF(s)) = /jm e F(s)ds, ¢ =R(s) > co, (1.31)

where c¢q is called the abscissa of convergence of the Laplace integral (1.30).
For the existence of the integral (1.30) the function f(¢) must be of exponential order «, which

means that there exist positive constants M and 71" such that
e f(t)|< M forallt>T

The Laplace transform of the convolution
t
f0 5 90) = [ 1t =gt (132
0
t
~ [ sttt =i
0

of two functions f(t) and g(t), which are equal to zero for all ¢ < 0, is given by

L{f(t) # g(t), s} = F(s)G(s), (1.33)

under the assumption that both F(s) and G(s) exist.

The Laplace transform of the integer-order derivative f(™(t) is given by:

LU (1), 5) = $°F(s) — 3 s 0=k 0) (1.34)
=s"F(s) — "z: s ().

In the following section on the Laplace transforms of fractional derivatives we consider the lower

terminal a = 0.
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Laplace transform of the Riemann-Liouville fractional integral

The Riemann-Liouville fractional integral (1.8) can be written as a convolution of the functions

g(t) = t*~L and f(1)

1 ! a—1 _ 04—1>i<
W/O(t—f) Flr)dr = 97" 5 f(2). (1.35)

The Laplace transform of the power function t*~! is given by

oD “f(t) =

G(s) = L{t* s} =T(a)s™™. (1.36)

Therefore, using the formula (1.33) we obtain the Laplace transform of the Riemann-Liouville

fractional integral:
L{oDr (1), 5} = s~ F(s). (1.37)
Laplace transform of the Riemann-Liouville fractional derivative

In order to evaluate the Laplace transform of the Riemann-Liouville fractional derivative, we

write (1.12) in the form

REDEf(t) = g™ (1), (1.38)
where
—\n—«a 1 ! n—o—
g(t) = ORLDt( )f(t):m/o (t—1) 1f(7')d7'; n—1<a<n. (1.39)
The use of the formula (1.34) give
n—1
LG DR f(t), s} = s"G(s) = > _ sFg"+D(0), (1.40)
k=0
such that
G(s) = s P F(s). (1.41)
From the definition of the Riemann-Liouville fractional derivative it follows that
n—k— dn—k—l —(n—«a a—k—
gt = oy oD () = D) (1.42)

Substituting (1.41) and (1.42) into (1.40) we obtain the final expression for the Laplace transform

of the Riemann-Liouville fractional derivative

n—1
L{EE DX f(t), s} = s*F(s) — Z SFEED L (D) ymo; n— 1< a<n (1.43)
k=0
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Laplace transform of the Caputo’s fractional derivative

To establish the Laplace transform of the Caputo derivative let us write the Caputo derivative

(1.21) in the form:

CDFF(t) =a D" Vg(t), gt) = F™(0), (1.44)

n—1<a<n.

Using the formula (1.37) and (1.34) we obtain the Laplace transform of the Caputo fractional

derivative:
n—1

LDy f(t), s} = s°F(s) = Y _s* 1 f®(0); n—1<a<n (1.45)
k=0

Laplace transform of the Griinwald-Letnikov fractional derivative

First case 0 < a < 1 : The Griinwald-Letnikov fractional derivative (1.26) can be written as

follows .

Ifc((f))j_:) T 1_ ) /(t — 1) f (r)dr. (1.46)

Using the Laplace transforms (1.36), (1.33) and (1.34) we obtain the Laplace transform of the

GrDrf(t) =

Griinwald-Letnikov fractional derivative of order 0 < o < 1
L{SE DI (), 5} = s () (1.47)

If @ > 1 : In this case the Laplace transform of the Griinwald-Letnikov fractional derivative does
not exist in the classical sense, because in such a case we have non integrable function in the

sum in the formula (1.26).

1.4 Fractional differential equations

1.4.1 Existence and uniqueness results

In this part we will be focused on equations with Riemann-Liouville differential operators and
Caputo derivatives. We assume in this result and in the ensuing developments that the fractional

derivatives are developed at the point 0.
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Existence and uniqueness results for Riemann—Liouville fractional differential equa-

tions

The initial value problem (Cauchy problem) with Riemann—Liouville differential is given by:

FEDy(t) = f(t,y(1),

RLDaky(0) = by,  k=1,2,...,n— 1, (1.48)
S
Zlila D y(2) = by.

Such that a > 0, « ¢ N and n = [«].

Theorem 1.1 Let « > 0, « ¢ N and n = [a]. Moreover let K >0, h* >0 and by, ... ,b, € R.

Define

G:={ty) eR*:0<t<h* yeR fort=0 and [t" *y — Zbkt”’k/F(a —k+1)| < K else,}
k=1

and assume that the function f : G — R s continuous and bounded in G and that it fulfils a

Lipschitz condition with respect to the second variable, i.e. there exist a constant L > 0 such

that, for all (t,y1) and (t,y2) € G, we have

|f(t,y1) — f(t,y2)| < Llyr — yal.

Then the problem (1.48) has a uniquely defined continuous solution y € C(0, h] where

P(a+1)K
—r )

3=

h = min{h*, h, ( }

with M = sup, e | f(t, 2)| and h begin an arbitrary positive number satisfying the constraint

< I'2a—n+1) y
TM(a—n+1)L)=
This result is very similar to the known classical results for first-order equations.
Specifically, we shall first transform the initial value problem (1.48) into an equivalent Volterra
integral equation (Lemma 1.3), and then we prove the existence and uniquenss of the solution
of this integral equation by a Picard type iteration process (i,e, by using a variant of Banach’s
fixed point theorem in a suitably chosen complete metric space), (Lemma 1.4). Theorem 1.1 is

thus an immediate consequence of these two lemmas.
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Lemma 1.3 Assume the hypotheses of Theorem 1.1 and let h > 0. The function y € C(0, h] is

a solution of the problem (1.48), if and only if it is a solution of the Volterra integral equation

t

—l— F(la) /(t — 1) (7, y(T))dr. (1.49)

0

bktak
I‘a—k+

Lemma 1.4 Under the assumptions of Theorem 1.1. The Volterra equation (1.49) possesses a

uniquely determined solution y € C(0, h.

For a detailed proof of Theorem 1.1, Lemma 1.3 and Lemma 1.4 one can refer to [31, 32|.

Existence and uniqueness results for Caputo fractional differential equations

For the fractional differential equation of Caputo type we can obtain a similar results of Riemann-
Liouville differential equation.

Let « € R* and n = [«], we consider the Cauchy problem with Caputo’s fractional derivatives :

“Dy(t) = f(t,y(1)),

) " (1.50)
Dfy(0) =y, '; k=0,1,...,n—1.

Theorem 1.2 Let a > 0, a ¢ N and n = [a]. Moreover let y(()o), - ,y(()n_l) eR, K >0 and
h* > 0. Define
G = (0,17 x [y — K., yy" + K],

and let the function f : G — R be continuous. Then, there exists some h > 0 and a function

y € C[0, h| solving the problem (1.50). For the case o € (0,1) the parameter h is given by

h :=min{h*, (KT (a + 1)/M)é}, with M = sup |f(t, 2)|
(t,2)eG

If furthermore f fulfils a Lipschitz condition with respect to the second variable, i.e.
|f(t7y1) - f(t7y2)| < L’yl - yQ"
With some constant L > 0 independent of t,y, and ya, the function y € C|0,h| is unique.

This result is also similar to their counterparts in the classical case of first order equations, this
means that we will not prove this theorem directly, but rather show that (1.50) can be formulated

as Volterra integral equation (Lemma 1.5 and Lemma 1.6).
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Lemma 1.5 Under the assumptions of Theorem 1.2. The function y € C(0,h] is a solution of
the problem (1.48), if and only if it is a solution of the Volterra integral equation

n—lk t
"

_ - k) L o a—1
I g (S (NI (151)
k=0 0
Lemma 1.6 Under the assumptions of Theorem 1.2. The Volterra equation (1.51) possesses a
uniquely determined solution y € C(0, h.

For the proofs of Theorem 1.2, Lemma 1.5 and Lemma 1.6 one can refer to [32].

1.4.2 Analytical solution of linear fractional differential equations

One dimensional case

Theorem 1.3 [31]

Let « >0, n = [a]| and X\ € R. The solution of the initial value problem

“Dy(t) = My(t) + q(t),

(1.52)
y(k)(O):yék); =0,1,...,n—1.
where q € C|0, h] is a given function, can be expressed in the form
n—1
y() =Dy () + (1) (153)
k=0
with
~ Dq(t) ifA=0
gt =9 | . , . :
1 [y at —Tug(r)dr  if X#0
where ug(t) == D7*(eq(t)), k= 0,1,....,n — 1 and ey(t) == Eo(\t%).
Example 1.4 Let consider the problem
Doy(t) = —y(t) + 1,
y(®) = (0 .

y(0) =0; y'(0)=0.
we have: A = —1 and ¢(t) = 1.
So;
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such that

and
S uun(t) = y(0) Ba(—t%) + 4/ (0) /0 B (—7)dr = 0.

So, the general solution of (1.54) is

Multidimensional case

Let us consider the fractional differential equation
Dy(t) = Ay(t) + q(t), (1.55)
with 0 < a < 1, A € M,(R), a given function ¢ : [0,h] — R” and an unknown solution

y:[0,h] = R™

As usual we start with the homogeneous problem corresponding to (1.55)
D%y(t) = Ay(t), (1.56)

We know that in the classical situation ov = 1, the general solution of (1.56) is y(t) = wexp(At)
with a suitable vector u. Since we found that the Mittag-Liffler function E, (t*) takes the role of
exp(t) in the one-dimensional case, it is natural to seek a solution that is a linear combination
of expressions of the form

y(t) = uE, (A7), (1.57)

with suitable vectors u € C" and scalars A € C that need to be determined. Inserting (1.57) into

the homogeneous equation (1.56) we obtain
UNE L (AEY) = AuE, (A7), (1.58)

Since E,(At*) # 0, this implies
Au = Au,
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it means that A\ must be an eigenvalue of the matrix A, and u must be a corresponding eigenvector.
Now, if all k-fold eigenvalues of A have k eigenvectors, then the set of all these eigenvectors is

linearly independent and it forms a basis of C". Hence, the following result holds

Theorem 1.4 [33] Let A\, Ag, ..., A\, be the eigenvalues of A and uy,us,...,u, be the corre-

sponding eigenvectors. Then, the general solution of (1.56) has the form

y(t) = cuE.(\t®), (1.59)

with certain constants ¢; € C. The unique solution of this differential equation subject to the

initial condition y(0) = yo is characterized by the linear system

Yo = (U1, s, ..., up)(cr,cay . >Cn)T'

If the matrix A has a repeated eigenvalue A of multiplicity &, then we have two possibilities:
either there are k linearly independent eigenvectors corresponding to the eigenvalue A, in this case
y1 = wEL(AtY), ... yr = upEL(AtY) are k linearly independent solutions of the system (1.56).
However, if there are m linearly independent eigenvectors corresponding to an eigenvalue \ of

multiplicity k, where m < k then the following
(
N = ulEOz()\ta)a

o = ut® B (ML) + ua Ba(AL9),

Y = ugt=m=) BT gy gy ppatkmm=2) pkm=2) (ypay Ly B (M),

\

are k —m linearly independent solutions of the system (1.56), where E,gl)(t) = LS FE,(1).

Remark 1.1 Let [yi(t), y2(t), ..., yn(t)]T be the solution of the initial value problem consisting
of the fractional order linear system (1.56) and the initial condition y(0) = yo. Then the initial
value problem for the nonhomogeneous fractional order system (1.55) and the initial condition
y(0) = yo has the solution [Yy(t),Ya(t), ..., Y, (t)]T, such that [33]

t

Yilt) = wilt) + / yi(r — t)gi(r)dr. (1.60)
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1.4.3 Numerical solution of fractional differential equations

For most fractional differential equations we cannot provide methods to compute the exact
solutions analytically. Therefore it is necessary to revert to numerical methods. There are
lot of methods used to solve fractional differential equations. An efficient method for solving
fractional differential equations in term of Caputo type fractional derivative, is the predictor-
corrector scheme or more precisely, PECE (Predict, Evaluate, Correct, Evaluate) [31, 34], which

represents a generalization of Adams-Bashforth-Moulton algorithm.

Classical formulation

We first recall the idea behind the classical Adams-Bashforth-Moulton algorithm for the first-

order equations:

y(t) = f(t.y(0)),
y(0) = vo.

(1.61)

We assume the function f to be such that a unique solution exists on some interval [0, T], and
we are working on a uniform grid ¢; = jh: j =0,1,...,n with some integer The basic idea is,
assume that we have already calculated approximations y; ~ y(¢;)(j = 1,2,..., k), that we try
to obtain the approximation y;,1 by means of the equation

lkt1

y(tsr) = y(te) + / F(r () . (1.62)

tg

This equation follows upon integration of (1.61) on the interval [ty,tx.1]. The integral on the

right-hand side of (1.62) is then replaced by two point trapezoidal quadrature formula

b—a
[ ottt =" (gl + 900 (163
thus giving an equation for the unknown approximation yy1; it begin

Ykt1 = Yk + @(f(tkay(tk)) + f(thr1, Y(tes1))), (1.64)
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where again we have to replace y(tx) and y(t41) by their approximations y, and 1 respectively.

This yield the equation for the implicit one-step Adams-Moulton method, which is

t —t
Ykt1 = Yk + %(f(tk, Uk) + f(tes1, Yer1))- (1.65)

The problem with this equation is that the unknown quantity y,.; appears on both sides, and
due to the nonlinear nature of the function f, we cannot solve it for y,,; directly in general.
Therefore, we may use (1.65) in an iterative process, inserting a preliminary approximation for
Yr+1 in the right-hand side in order to determine a better approximation that we can then use.
The preliminary approximation yi’ 41, the so-called predictor, is obtained in a very similar way,
only replacing the trapezoidal quadrature formula by the rectangle rule

b

/ (D)t ~ (b — a)g(a). (1.66)

a

giving the explicit( one-step Adams-Bashforth ) method

Yeer = U + B (te, yi).- (1.67)

It is well known that the process defined by(1.67) and

h
yl]:+1 =Yk + §(f(tk, Yr) + f(tk+17ylf+l))7 (1.68)

known as the one-step Adams-Bashforth-Moulton technique, it is said to be the PECE (Predict,

Evaluate, Correct, Evaluate) type.

Fractional formulation

We now try to carry over the essential ideas to the fractional-order problem with unavoidable
modifications, for that we need to derive an equation similar to (1.62). Fortunately, such an
equation is available, namely (1.51). This equation looks somewhat different from (1.62), be-
cause the range of integration now starts at 0 instead of ¢;. This is a consequence of the non-local
structure of the fractional-order differential operators. This however does not cause major prob-
lems in our attempts to generalize the Adams method. What we do is simply use the product

trapezoibal quadrature formula to replace the integral, ie. we use the nodes (j=0,1,..., k+1) and
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1

interpret function (tx.; — .)* ' as a weight function for the integral. In other words, we apply

the approximation

tk+1 tk+1
/ (tps1 — T)O‘_lg(T)dT ~ / (trs1 — T)a_1§k+1(7')d7', (1.69)
0 0

where gi41 is the piecewise linear interpolate for g with nodes and knots chosen at the ¢,

j=0,1,...,k+ 1. We can write the integral on the right-hand side of (1.69) as

thg k+1
/ka—Tw*memT=§j%WHmwx (1.70)
0 =0
where
tet1
Ajjr1 = / (tepr — 1) P o (T)dr, (1.71)
0
and
t::tTjjill if tj,1 <7< tj
Giptr(T) = § FE il <T <t - (1.72)
0 else

An easy explicit calculation yields that for an arbitrary choice of the ¢;, (1.71) and (1.72) produce
(trpr — )T+t oty 4+t — )

_ 1.73
Gok+1 ala+ 1)t ’ (1.73)
if1<j<k
(e =) (e — ) [a(ty—1 + ) + 1 — ]
Qjr+1 =
ala+1)(t; —tj-1)
L (e = tie) T — (Gern — )ty + 1) — a1 + ey
Oé(Oé -+ 1)(tj+1 — tj) ’
and
tey1 — )
Ak+1,k+1 = (aJ(ra—le) (1.74)
In the case of equispaced nodes (t; = jh), these relations reduce to
atocry (K = (k= @) (k1)) =0
Qs (7) = 9 ol (b = G+ 20 4 (k — ) — 2(k — j 4 1)) if1<j<k .
ey = k41
(1.75)

30



Chapter 1. Fractional Calculus

This then gives us corrector formula ( the fractional variant of the one-step Adams-Moulton

mathod), which is

m—1 ,j k

t ; 1
Yk+1 = Z 1;1 y((f) + (o) (Z @ f (5, Y5) + arer e f (B, Yiyy))- (1.76)

j=0 7=0

The remaining problem is the determination of the predictor formula that we require to calculate
the value y;_ . That idea we use to generalize the one-step Adams-Bashforth method is the same
as the one described above for the Adams-Moulton technique: We replace the integral on the
right-hand side of (1.51) by the product rectangle rule

tot1

[t = 7 g & 3 gt (ke

where now
tj1
t —t)* — (¢ —tii1)”
(tk+1 o T)afldT — ( k+1 .7) ( k+1 ]+1) ) (178)
o

bjk+1 =
2
In the equispaced case, we have the simpler expression

«Q

((F+1—=5)"=(k—=5)%) (1.79)

bj,k+1 =
(0%

Thus, the predictor y;_, is determined by the fractional Adams-Bashforth method
m—1 tj 1 k
, ‘
yi_H = Z j_+|1y[()j) + W Z bj,kJrlf(tja y]) (180)
j=0 7 =0

In the basic algorithm, the fractional Adams-Bashforth-Moulton (ABM) method, is therefore
completely described now by (1.80) and (1.76) with the weights a; ;41 and b; 41 being defined
according to (1.75) and (1.78), respectively.
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Fractional Order Systems

This part is a review of the most important subjects in dynamical systems. The memory de-
pendence property of the solution in fractional order systems and the question of stability for
the fractional-order linear and nonlinear systems have been discussed in the first section. In the
second section we present some important concepts like bifurcation and chaos of the dynamical

system.

2.1 Fractional order dynamical systems

2.1.1 Memory dependency of solutions

One of the basic differences between the integer-order systems and the fractional-order systems
is the dependence of the solution at time ¢ on its memory from the starting time to ¢, this result

is stated in the following theorem [26].

Theorem 2.1 Let f(t) satisfy the Lipschitz condition, then the solutions of the following fractional-

order system are memory dependent.

aDiw = f(z)

z(a) = x,4
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It means that solution of (2.1) which is denoted by ¢(t,x,), and the solution of

iDfy = f(y)
y(b) = Up = (b(b? .73,1)

which is denoted by ¥(t,y,), do not coincide fort > b.

b>a (2.2)

According to the theorem (2.1), the solution of fractional-order system does not satisfy the

semigroup property.

2.1.2 Stability of fractional order systems

In this section we study the question of stability of solutions of fractional differential equations.
The stability theory of fractional differential equations is of main interest in physical systems.
Moreover, some stability results have been found [33, 35, 36, 37, 38, 39, 40]. First we consider
the stability results of linear fractional differential equations, then we give these results for a
general fractional differential equations.

Let us consider the following differential equation:

Dy(t) = f(t,y(t)), (2.3)
where a € (0,1), y(t) € RY with N € N and f is defined on a suitable subset of RV 1.

For existing of the solutions y of (2.3) on [0, 00), we consider the following assumptions:

i) The first of these assumptions is that f is defined on a set G := [0,00) x w € RY : |Jw|| < W
with some 0 < W < oo. The norm in this definition of G may be an arbitrary norm on

RY.

ii) The second assumption is that f is continuous on its domain of definition and that it satisfies
a Lipschitz condition there. This asserts that the initial value problem consisting of (2.3)
and the initial condition y(0) = yo has a unique solution on the interval [0,b) with some

b < oo if [Jyo|| < W.
iii) And last one assumption is that

f(t,0) =0 for all t > 0.
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This condition implies that the function y(¢) = 0 is a solution of (2.3).

Definition 2.1 a) The zero solution y(t) = 0 of the differential equation (2.3), is called stable
if, for any € > 0 there exists some d > 0 such that the solution of the initial value problem
consisting of the differential equation (2.3) and the initial condition y(0) = yo satisfies
lly()|| < € for all t > 0 whenever ||yo| < 6.

b) The solution y(t) = 0 of the differential equation (2.3), is called asymptotically stable if it is

stable and there exists some v > 0 such that ||y(t)|| = 0 as t = +o00 whenever ||yo|| < 7.

Stability of fractional order linear systems

A necessary and sufficient condition on asymptotic stability of linear fractional differential system
with order 0 < o < 1 was first given in 1996 Matignon [36]. Then, some literatures on the
stability of linear fractional differential systems with order 0 < a < 1 have been appeared
[31, 37, 38, 39, 40|. In our work we begin the analysis of stability by a very simple special case,

the homogeneous linear differential equation with constant coefficients.

Theorem 2.2 [/1/
Autonomous system:

D%x(t) = Ax(t) with z(ty) = xo, (2.4)
15 asymptotically stable if and only if

am
Jarg(spee(A)] > O, (2.5)
where a € [0, 1), arg(.) is the principal argument of a given complex number and spec(A) is the

spectrum (set of all eigenvalues) of A.

But not all the fractional differential systems have fractional orders in (0,1). There exist
fractional models which have fractional orders lying in (1,2), for example, super-diffusion [42].
Hence, the stability of linear fractional differential systems with order 1 < o < 2 has also been

studied in [35, 43].
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Figure 2.1: Stability and instability regions for fractional-order systems .

Now, we consider the N-dimensional fractional differential equation system (2.4) such that 1 <

« < 2, under the initial conditions
y*(0) =y (k=0,1). (2.6)
The stability result of this case is presented in the following theorem

Theorem 2.3 [}3/
The autonomous fractional differential system (2.4) with the initial conditions (2.6) is asymp-
totically stable iff |arg(spec(A))| > <. Moreover, the system (2.4) is stable iff either it is

asymptotically stable, or those critical eigenvalues which satisfy |arg(spec(A))| = S have the

same algebraic and geometric multiplicities.

Proof This theorem was proved in [43]. =

The figure (2.1) represents stability and instability regions of the complex plane, for a € (0, 2).

Stability of fractional order nonlinear systems

In this subsection we introduce some necessary definitions, before we give the linearization and
the stability theorems of fractional dynamical system.

Let consider the autonomous nonlinear differential system given as follows:
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where y(t) € RV, y(0) = yo and f(y) is continuous.

Definition 2.2 [/4] Suppose that E is an equilibrium point of system (2.7), and that all the
eigenvalues X of the linearized matrix Df(FE) at the equilibrium point E satisfy: |A| # 0 and

|arg(\)| # %F, then we call E an hyperbolic equilibrium point.

Suppose f(t) and g(t) are continuous vector fields (defined on U, V' C RY), and they generate
flows ¢rp: U = U, ¢rg:V = V.

Definition 2.3 [}4] If there is an homeomorphism h : U — V', satisfying: hoo ¢(y) = ¢rg0h(y),
y € 3(yo,7) C U, yo € U then f(y) and g(y) are locally topologically equivalent. If the above
relation holds in the whole space U, then they are globally topologically equivalent.

Let the equilibrium point F be the origin.

Theorem 2.4 [}4/
If the origin O is an hyperbolic equilibrium point of (2.7), then vector field f(y) is topologically
equivalent with its linearization vector field D f(O)y in the neighborhood §(O) of the origin O.

It follows from theorem 2.3 and theorem 2.4 that the equilibrium point £ of the system (2.7)
is locally asymptotically stable if all eigenvalues A of the Jacobian matrix D f(F) evaluated at
the equilibrium point satisfy [45]:

ar

A —.
Jarg(V)| > &

As well known that in integer-order derivative, the stability of any hyperbolic equilibrium
point of any dynamical system is determined by the signs of the real parts of the eigenvalues of
its jacobian matrix. This result is equivalent to the algebraic procedure Routh-Hurwitz criterion.
The Routh-Hurwitz criterion is well known for determining the stability of linear systems without
involving root solving. In the chapter 3 we generalize this criterion to fractional-order systems

of order o € [0,2).
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2.2 Bifurcation and Chaos theories

In this section we present some important concepts like bifurcation and chaos of the dynamical

system
dy
A . 2.8
) 28)
or the general form
d“y
— = flyp); aeRY, (2.9)

where y € Q C R™ and p € R", with the initial condition yo = y(to).

2.2.1 Bifurcation theory

In the theory of dynamical systems a bifurcation is a change of the topological type of the system
as its parameters pass through a bifurcation value (critical value), in this part we discuss the

most important classes of bifurcations.

a) Saddle-node bifurcation

The saddle-node bifurcation is the basic mechanism by which fixed points are created and de-
stroyed. As a parameter is varied, two fixed points move toward each other, collide, and mutually
annihilate.

The prototypical example of a saddle-node bifurcation is given by the first order equation

Wy (2.10)
where p is a real control parameter, and y € R.

When p > 0, there are two fixed points given by y3 = +,/u one stable and another one unstable,
but for u = 0, the fixed points coalesce into a half-stable fixed point at y* = 0, and there are no

fixed points for u < 0, as illustrated in fig(2.2).

b) Transcritical bifurcation

The normal form of the transcritical bifurcation is

dy 2
AV 92.11
il (VA (2.11)
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Figure 2.2: Saddle-node bifurcation diagram.
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Figure 2.3: Transcritical bifurcation diagram.

where p is a real bifurcation parameter, and y € R.

The two fixed points of (2.11) are y5 = 0 and y; = p. For p > 0 there is a stable fixed point at
y; = p and an unstable fixed point at y5 = 0, as p increases, the unstable fixed point approaches
the origin, and coalesces with it when p = 0, but for 4 < 0 the fixed points yj and yj switch
their stability, as illustrated in fig(2.3).

c) Pitchfork bifurcation

There are two types of Pitchfork bifurcation, the supercritical and subcritical pitchfork bifurca-
tions. The normal forms of the supercritical and the subcritical Pitchfork bifurcations are given

respectively by:

dy 3
A 2.12
o =Y (2.12)

and
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Figure 2.4: Supercritical Pitchfork Bifurcation Diagram

dy N
9 _ 2.1
il VRS (2.13)

where y € R, and p is a real bifurcation parameter.
The equilibrium points of (2.12) are y5 = 0 if x < 0, this equilibrium point is stable for p < 0,
but if ;o = 0 the linearization vanishes. When g > 0, (2.12) has three equilibrium points y§ = 0
which is unstable, and 3% = £,/x which are stable, as illustrated in fig(2.4).

d) Hopf bifurcation

A Hopf bifurcation occurs when an equilibrium point of the system (2.8) changes its stability
property and the system starts to expand oscillating.

Assume that (y*, u*) € R” x R is an equilibrium point of (2.8), the conditions of Hopf bifurcation
are [46]:
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C1) The Jacobian matrix D f(y*, u*) has algebraically simple eigenvalues +iw(p*) # 0 and no

other eigenvalues are lying on the imaginary axis.

C2) 0'(p7) # 0,

where 0(u) +iw(p) are an eigenvalues of D f(y*, u*). The two conditions C1 and C2 are satisfied

meaning that there exists a unique branch of periodic orbits of the system (2.8) bifurcating from

(", 1*).

2.2.2 Hopf bifurcation in fractional order systems

Let consider the system (2.8), such that y € R3. As well known that the equilibrium point y* of
(2.8) is asymptotically stable if the real parts of all eigenvalues of the Jacobian matrix D f(y*)
are negative, and it is unstable if there exist an eigenvalues such that it’s real part positive. The
conditions of system (2.8) to undergo a Hopf bifurcation at the equilibrium point y* when u = p*

are:

*

D(P,-(1*)) < 0 ( it means that the Jacobian matrix of (2.8) have one real eigenvalues A (1)
and two complex conjugate Ay 3 = 0(u) £ iw(w)).

x O(pu*) =0 and \(p*) #0.
* w(p”) # 0.
* %’;Fu* 7# 0.

But in the case of fractional differential system (2.9), the stability of y* is determined by the
sign of

QT .
m;(a, p) = o5 larg(Ai(p))], ©=1,2,3.

If m;(a, ) < 0foralli=1,2,3, then y* is locally asymptotically stable. If there exist ¢ such that
m;(a, ) > 0, then y* is unstable. So, the function m;(a, 1) has a similar effect as the real part
of eigenvalue in integer systems, therefore, the Hopf bifurcation conditions have been extended

to the fractional systems by replacing Re(\;(u)) with m;(a, p) as follows [21, 22
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* Dfye(p) <0
* mos(a, p*) =0 and Ay (p*) # 0.

* (Z_Zl’u:u* 7é 0.

2.2.3 Chaos theory

Chaos theory is one of the main themes of dynamical system theory, there are many possible

definitions of chaos in dynamical system. We begin by presenting the following definitions [47]:

Definition 2.4 f : J — J is said to be topologically transitive if for any pair of open sets
U,V C J there exists k > 0 such that f*(U)NV # 0.

Definition 2.5 f : J — J has sensitive dependence on initial conditions if there exists o > 0

such that, for any x € J and any neighborhood N of x, there exists y € N and n > 0 such that
/" (@) = f"(y)| > 6.

Definition 2.6 A subsetY of X is called dense in X ; if any point in X can be "well-approzimated”
by points in 'Y in the sense that any point in X s either an element or a limit point of Y. Equiv-

alently, the closure of a subset'Y in X is X itself.

Definition 2.7 Let V be a set. f:V — V is said to be chaotic on V if
- f 1s topologically transitive.

- f has sensitive dependence on initial conditions.

- Periodic points are dense in V.

But in general there is no widely accepted definition of chaos, because this phenomenon is
more a philosophical notion than a scientific notion. We can observe the phenomenon of chaos
in several areas, but how to formalize it? The answer is negative because until now, there is
no general theory that gives an explanation or a final characterization of this phenomenon. All
that can be said is that there are several physical criteria by which to confirm that a system is

chaotic.
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Note that there are some definitions of chaos, but they remain restrictive, the most effective
from a practical point of view is that given in [48]: Chaos can be defined as bounded steady-state

behavior that is not an equilibrium point, not periodic, and not quasi-periodic.

2.2.4 Chaos quantification tools

It is not always easy to use the definition only to check for chaos. It is therefore essential to
come up with other tests that are easier to use. In this section, we will consider two tests, the
Lyapunov Exponent test and the 0 — 1 test, which can both be used to determine the dynamics

of a system.

Lyapunov exponents

Lyapunov exponents are of interest in the study of dynamical systems, which provide a qualitative
and quantitative characterization of dynamical behavior, they are related to the exponentially
fast divergence or convergence of nearby orbits in phase space. The signs of the Lyapunov expo-
nents provide a qualitative picture of a system’s dynamics. For example in a three-dimensional
continuous dissipative dynamical system the only possible spectra, and the attractors they de-
scribe, are as follows: (4,0, —) a strange attractor, (0,0, —) a tow-torus, (0, —, —) a limit cycle
and (—,—,—) a fixed point. So, a system with one or more positive Lyapunov exponents is
defined to be chaotic. The Lyapunov exponents have been studied widely in many papers such
as [49, 50, 51, 52, 53, 54].

Let consider a dynamical system with evolution equation
in an N —dimensional phase space.

The Lyapunov exponents describe the behavior of vectors in the tangent space of the phase space

and are defined from the Jacobian matrix

dfi(x(t))

Jy = T
J dﬂf]’

this Jacobian defines the evolution of the tangent vectors, given by the matrix Y, via the equation

Y = JY,
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The matrix Y describes how a small change at the point 2(0) propagates to the final point z(t).
The Lyapunov exponents are defined by the eigenvalues of the matrix 2% log(YTY)

{Ai(t)} = {eigenvalues of (log(YT(t)Y(t))%)}. (2.14)

The conditions for the convergence of log(YT (¢)Y (t))2 as t — oo are given by the Oseledets
theorem [49]. So, The Lyapunov exponents L; are defined by

There are many algorithms for calculating Lyapunov exponents, one of the famous algorithms
is the algorithm of Wolf [51], this algorithm allow the estimation of non-negative Lyapunov
exponent from an experimental time series.

The steps of this algorithm are as follows:
1. Change of control parameter.
2. Random selection of an initial condition.

3. Creation of a new trajectory from the current trajectory to which we add a small distur-

bance.

4. Evolution in the attractor of these two neighboring trajectories and calculation of the

average of the renormalized divergence between these two trajectories.

5. Readjustment of the deviation, thus allowing at each time step of the evolution of the

previous point the calculation of an average of the divergence.
6. Return to step 4 performed according to a given number.
7. Return to step 1.

8. Representation of the largest Lyapunov exponent as a function of the given control param-

eter.
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Lyapuov exponents of fractional-order systems

In this part we present the Benttin-Wolf algorithm to find all Lyapunov exponents for a class
of fractional order systems. The existence of the variational equations which are necessary to
determine those LEs which is ensures in the theorem (2.5), also this algorithm requires the
numerical integration of differential equations of integer or fractional order, these numerical
integrations are performed for example with the Adams-Bashforth-Moulton (ABM) method.

Let us consider the autonomous fractional-order system (2.7)

Theorem 2.5 [55] System (2.7) has the following variational equations which define the LEs

D¢(t) = Dy f(y)¢(t), ¢(0) =1, (2.16)

where ¢ is the matriz solution of the system (2.7), D, is the Jacobian of f and I is the identity

matrizx.
The main steps of the algorithm to determine numerically all the Lyapunov exponents LEs are:

1. Numerical integration of the fractional-order system (2.7) together with the variational
system (2.16), these numerical integrations are performed for example with the Adams-

Bashforth-Moulton (ABM) method.

2. Gram-Schmidt procedure and picking up the exponents during the renormalization proce-

dure.

3. The LEs begin determined as the average of the logarithm of the stretching factor of each

perturbation.
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These steps are presented in the following algorithm [56]
Input:
- ne (number of equations)
- y_start (initial conditions of (2.7))
- t_start,t_end (time span)
- h_norm(Normalisation step-size)
- n_it + (t_end — t_start)/h_norm (iterations number)
for i < ne+1 to ne(ne+ 1) do
y(i) = 1 (initial conditiond of (2.16))
end
t < t_start
for i < 1 to n_it do
y < integration of fractional order systems (2.7)-(2.16))
t < t+ h_norm
zn(1), ..., zn(ne) <= Gram-Schmidt procedure
for k < 1 to ne do
s(k)
s(k)
LE(k) < s(k)/(t —t_start) (LEs)

0
— s(k) + log(zn(k)) (vector magnitudes)

end
end

Output: LE

The 0-1 test for validating chaos

Additional to the Lyapunov exponent test which determine if a given dynamical system is chaotic

or non-chaotic, the 0 — 1 test is an other useful test. This test proposed by Gottwald and

Melbourne in [57] for integer order differential equations, the input of this test is the time series

data and the output is 0 or 1, depending on whether the dynamics is chaotic or non-chaotic. The

extend of the 0 — 1 test to fractional order systems has been proposed by Cafagna and Grassi in
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[58].

We first define the following real valued function

pln) = 3 603 cos(b(7). (217)

where ¢ is a one-dimensional observable data set obtained from the underlying dynamics and

0(5) :jc—l—Z(b(i), j=1,2-.,n (2.18)

and ¢ € R is a constant chosen at random.
On the basis of the function p(n), define the mean square displacement
| N
M(n) = lim —> [p(j+n)—p(j)]>, n=123- (2.19)

N—oo N -
Jj=1

The mean square displacement M (n) grows linearly in time when the behaviour of p(n) is Brow-
nian (i.e. the underling dynamics is chaotic). On the other hand M (n) proves to be bounded
when the behaviour of p(n) is regular (i.e. the underling dynamics is non-chaotic).

By defining the asymptotic growth rate

log M
K:hmo'g—(n)

2.20
n—oo log n ( )

The growth rate K takes either the value K =0 or K = 1, whene K = 0 means that the system

is regular, and K = 1 means that the system is chaotic.
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Routh-Hurwitz Conditions for

Fractional-Order Systems

The stability of a hyperbolic equilibrium point of any dynamical system with integer-order deriva-
tive is determined by the signs of the real parts of the eigenvalues of its Jacobian matrix. If all the
eigenvalues of the Jacobian matrix have negative real parts then this hyperbolic equilibrium point
is asymptotically stable. This result is equivalent to the algebraic procedure Routh-Hurwitz cri-
terton. The Routh-Hurwitz criterion is well known for determining the stability of linear systems
of the form

x(t) = Ax(t), z(t) € R" and Ais n X n real matrix , (3.1)

without involving root solving. So this criterion provides also an answer to the question of

stability by considering the characteristic equation of the system, which can be written as
PO = X"+ a N P a2+ .. +a, =0, (3.2)

where all the coefficients a,; are real constants.

The n Hurwitz matrices are given by

aq 1 0
aq 1
Hy = (a1), Hy = , Hy = as az ap |-
az ag
as G4 ag
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aqg 1 0 --- 0
as as a; --- 0

Hn == as a4 as 0 ;
O 0 0 - a,

where a; = 0 if j > n. All of the roots of the polynomial P()) have negative real part if and

only if the determinants of all Hurwitz matrices are positive, that is:
Det(H;) > 0,7 =1,...,n. (3.3)

As in integer calculus, stability analysis is a central task in the study of fractional differential
system and fractional control. Stability analysis of fractional differential equations was investi-
gated by Matignon who produced the theorem(2.2) when the order of derivative is between 0
and 1.

This work is in fact the starting point of several results in the field. In recent papers in
[59, 60, 61, 62|, the authors derived some optimal Routh-Hurwitz conditions of the dynami-
cal systems involving the Caputo fractional derivative of orders between 0 and 1. These new
optimal Routh-Hurwitz conditions serve as necessary and sufficient conditions to guarantee that
all roots of the characteristic polynomial obtained from the linearization process are located in-
side the Matignon stability sector when the order of the derivative is between 0 and 1.

If 0 < a < 2, an extension of Matignon’s theorem is given in [63]. The given result permits to
check the stability of any system of form given by (2.4) with a € [0,2) can be analyzed in a uni-
fied way by the location of the eigenvalues of matrix A in the complex plane. System described
by (2.4) is hence asymptotically stable if and only if | arg(spec(A))| > <, where 0 < a < 2.

In our work which referred by [23|, we extend the Routh-Hurwitz conditions to fractional order
systems of order a € [0,2). We use these results to investigate the stability properties of some

population models. Numerical simulations which support our theoretical analysis are also given.
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3.1 The Routh-Hurwitz conditions for fractional-order sys-
tems of order a € [0,1)

First we recall that the equilibrium point of the system (2.4) for o € (0, 1] is asymptotically
stable if and only if the condition (2.5) is satisfied according to the Matignon’s theorem (2.2).
In [59, 62| some Routh-Hurwitz conditions have been generalized for n = 1,2, 3,4 to this case,

the main results of these two papers are presented in the following proposition:
Proposition 3.1 [59/
1) Forn =1 the condition for (2.5) is a; > 0.

2) For n =2 the condition for (2.5) are either Routh-Hurwitz conditions or

[das — a?
a; <0, 4ay > al and |tan™? M| Sl (3.4)
aq
3) Forn =3

a) If D(P) > 0, then the Routh-Hurwitz conditions are necessary and sufficient conditions
for every a € [0,1) to have (2.5) satisfied:

a; >0, az > 0 and ayay > as.

b) If D(P) <0, then
i) Ifay >0, ay >0, a3 >0 and o < %, then (2.5) is satisfied.
i) a1 <0, as <0, a3 >0 and o > %, then (2.5) is not satisfied.
i) If ay >0, ag > 0, ayae = ag, then (2.5) is satisfied for all o € [0, 1].

4) Forn =14

2
a) If D(P) >0, a; >0, az <0 and a > 3 then (2.5) is not satisfied.
b) If D(P) <0, then

i) If a1 >0, a3 >0, a3 >0, ag >0, and a < % then (2.5) is satisfied .
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i) If ay <0, a3 >0, a3 <0, ag > 0, then (2.5) is not satisfied.
i) If a; > 0,a9 > 0,a3 > 0,a4 > 0 and ay = el b then(2.5) is satisfied, for all

a€[0,1].
5) For general n, a, > 0 is a necessary conditions for (2.5).

Proof This proposition was proved in the following section. m

3.2 The Routh-Hurwitz conditions for fractional-order sys-
tems of order a € [0, 2)

Since most biological systems are 1, 2, 3 or 4—dimensional, we will consider only fractional-order

system with dimension n = 2,3 and 4.

Remark 3.1 - Fora € [0, 1], the Routh-Hurwitz conditions (3.3) are sufficient but not necessary
to have (2.5) satisfied.

- For a €]1,2), the Routh-Hurwitz conditions (3.3) are necessary but not sufficient in general

case to have (2.5) satisfied.

3.2.1 Routh-Hurwitz conditions for fractional-order two dimensional

systems

Proposition 3.2
Consider the fractional linear system (2.4) with its corresponding characteristic equation (3.2).

For n = 2, the necessary and sufficient conditions for every a € (0,2 to have (2.5) satisfied are
as >0 and a; > —2\/a_gcos(ozg). (3.5)
Proof For n = 2 the characteristic polynomial is
P\ =X+ a )+ ay.

Its discriminant is D(P) = a} — 4as,.

51



Chapter 3. Routh-Hurwitz Conditions for Fractional-Order Systems

1. If D(P)>0 (i.e as € } — 00, afﬂ), then P(A) have two real roots given by

1 /
)\i:—i (aliF CL%—4CL2) .

For a € [0, 2], we have
a) (ag <0 or (az €0, Zj] and a; < —2@)) = Ay > 0, then arg(\;) = 0 < oF, thus
(2.5) is not satisfied.

b) <a2 €0, aff] and a; > 2\/a_2> = Ay <0, then arg(Ay) = 7 > aF, thus (2.5) is satisfied.

2. If D(P) <0 <i.e as e]% oo[) , then P(\) have two complex conjugate roots given by

1 )
)\i:—§ <a12Fz 4a2—a%>,

then tan(f) = ——”42?(11 where 0 = |arg(A4)].

One emphasis two possibility

a) When a € [0,1] (ie aZ € [0,Z[) then if <a1 >0 and ap €)%, [) , it follows that
tan() < 0, then 6 €]7, w[. Therefore 6 > oF. Thus, (2.5) is satisfied.
But if —2,/ascos(af) < a; < 0 and ay €]

tan®(a), it follows that tan(f) > tan(aj). Therefore § > a3.

|~m

oo[, then tan(f) > 0 and tan?(9) >

Thus, (2.5) is satisfied.

On the other hand if (a1 < —2y/azcos(af) < 0 and ay G] ,00[), then (tan(f) > 0
and tan®*(f) < tan®*(a%)), it follows that tan(f) < tan(aj). Therefore § < a5. Thus,
(2.5) is not satisfied.

b) When o € [1,2[ (i.e of € [5,7[), then if <a1 < 0 and ay E}Z—%,ooo , it follows that
tan(f) > 0, hence 6 €]0, 7[. Therefore 6§ < aF. Thus, (2.5) is not satisfied.
But if <0 < a; < —2,/azcos(af) and ay E]ﬁ, oo[> :
then (tan(f) < 0 and tan?(f) > tan®(a)), it follows that tan(f) < tan(aj). There-
fore § < af. Thus, (2.5) is not satisfied.
On the other hand if (0 < —2,/azcos(af) < a1 and ay 6]%,0@[), then (tan(f) < 0
and tan®(f) < tan*(a%)), it follows tan(f) > tan(a). Therefore § > a%. Thus, (2.5)
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is satisfied.

Finally we summarizes the proof as follows

* From (1-b), (2-a) and (2-b) we have

- if (ag > 0 and a; > —2,/az cos(aF)), then 0 = |arg(\+)| > aF. Thus, (2.5) is satis-
fied.

- When ay = 0 then A\, = 0. Thus, arg(A;) is not defined and (2.5) is not satisfied.

* From (1-a), (2-a) and (2-b) we have

- if (a2 <0 or (az > 0 and a; < —2,/az cos(a%))), then |arg(Ay)| < aZ. Thus, (2.5)

is not satisfied.

3.2.2 Stability diagram and phase portraits classification for fractional-

order planar systems

Consider the planar case of system (2.4), where o € [0,2). The characteristic equation of the

matrix A can be written as

P\ =X —7A+A=0.

where 7 = Tr(A) = —ay is the trace of the matrix A, and A = Det(A) = ay its determinant.

Remark 3.2 The conditions (3.5) to have (2.5) satisfied are equivalent to:

A >0 and % < A.COS(%). (3.6)
o For0<a<l, (3.6)is equivalent to
T2 an
28662(7) < A. (3.7)
o forl<a<?2, (3.6)is equivalent to
™, am
Vi (7) > A > 0. (3.8)

Using the conditions (3.7), (3.8) and taking into-account the following observations:
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e For A < 0, the two eigenvalues are real and have opposite signs; hence the fixed point is a

saddle.

e For A > 0, the eigenvalues are either real with the same sign (node point if, 72 — 4A > 0),

or complex conjugate (spiral point, if 72 — 4A < 0.).
e The parabola 72 — 4A = 0. is the borderline between nodes and spirals.

e The curve of equation
T = Qﬂcos(ag).

oT

5) ) is the borderline between stability

(i.e a branches of parabola of equation A = 1—28602(

and instability region of the fixed point in the half plane A > 0.

We can draw the stability diagram and phase portraits classification in the (7, A) plane as shown

in Figure. (3.1), where the stability area is with green colour. From this figure we observe that:

- When a — 1 we find the same stability diagram and phase portrait classification as in the

integer systems.
- The stability area for o < 1 is wider than stability area for the integer case.

- The stability area for o > 1 is narrower than stability area for the integer case.

3.2.3 Routh-Hurwitz conditions for fractional-order three dimensional

systems

Proposition 3.3
Forn=23

1) If D(P) > 0, then the Routh-Hurwitz conditions (3.3) are the necessary and sufficient
conditions for every a € [0,2] to have (2.5) satisfied:

a; >0, a3 > 0 and ayas > ag.
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Figure 3.1: Stability diagram and phase portraits classification in the (7, A)-plane for planer

fractional-order system.
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2) If D(P) <0 and o € [0,2[ , then

i) If ay >0, ay > 0, a3 > 0 then we have:

If a < 2, then (2.5) is satisfied, but if a > 3, then (2.5) is not satisfied.

i) If ap > 0, az > 0, ayay = as, then (2.5) is satisfied for all a € [0,1], and (2.5) is not

satisfied for all o €]1,2].

Proof For n = 3 the characteristic polynomial is

1)

2)

ii)

P()\) = )\3 -+ (Zl)\Z —+ ag)\ + as. (39)

If D(P) > 0, then P(A\) = 0 have three real roots hence Routh-Hurwitz conditions are

necessary and sufficient for (2.5).

If D(P) <0, then P(\) = 0 have one real root A\; = —b and two complex conjugate roots
Ao 3 = 3 £ i7y. Thus,

a; = b— 25,
P(X) = (A+D)(A—=B—iv)(A=p+iv), it follow that ¢ ay, = 32 + 2 — 205,
as = (524—’72)6 ) b > 0.

a; >0, b > 20,
t= then p

az > 0, B2+~ > 268 > 457,

hence 0 € [5, &], where 6 = |arg())].

*Ifa<§,then9>°‘2—“. Butifa>%,then9<°‘2—”.

If ajas = as, then B(B% +~2 + b? — 208) = 0, hence 8 = 0 or 5% + 7> + b* — 2b3 = 0. The
second equality is not valid, that is § = 0, then |arg(A+)| = 5. Thus, (2.5) is satisfied for
all « € [0,1], and (2.5) is not satisfied for all « € [1,2].

In the general case we use the following proposition.
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Proposition 3.4
Forn =3 and o € [0,2). If D(P) < 0. Then, the necessary and sufficient conditions to have
(2.5) satisfied are

asz > 0,
u—v
3(u+v) + 2a;

(14 sign(3(u +v) + 2a1)) — sign(3(u + v) + 2a1)2 |tan™(—3v/3 )| > a,

where
—q+ /5P + ¢ —q— /3P + ¢
u= 3 227 and v =13 227 : (3.10)
with
ai a1 5 2
p=az— ¢ and q = 2—7(2(11 —9as) + as. (3.11)

Proof If D(P) < 0. Then, P()\) has one real root A\; and two complex conjugate roots
)\Z‘, 1= 2, 3.

Substituting A in equation (3.9) by x — % (the Tschirnhaus transformation) we get the equation
> +pr+q=0, (3.12)

where p and ¢ are given by (3.11).
The left hand side of equation (3.12) is a monic trinomial called a depressed cubic.
Any formula for the roots of a depressed cubic may be transformed into a formula for the roots

of equation (3.9) using (3.11) and the relation
A=x— —. 3.13
o-2 (313)
following Cardano’s method the real root of (3.12) is given by
T =u+v, (3.14)

where the two variables u and v are given by (3.10). The complex roots are given by

Ty = ju+ jv and x5 = j%u + 520, (3.15)
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where j = ¢'3 = —1 +Z‘/7§.

Using (3.11) and (3.13) we obtain the roots of P(\). Namely,

AM=u+v-— %,
B} 1
Ao = ju+ ju— % =~ (B(u+v) + 20— 3V3(u — v)),
. 1
A3 = j2u + j2v — % = —E(S(U + ) + 2a1 + i3V3(u — v)).

We have
PO\ = A=A\ + é(?)(u +0) + 2a; — i3V3(u —v)))(\ + é(?)(u +0) + 2a; + i3V3(u — v))),

it follow that as = —A1((3v/3(u — v))? + (:(3(u + v) + 2a1)?) , then az > 0 imply that A\; < 0.
Thus, |arg(A:)| > .
On the other hand

o If 3(u+v) +2a; < 0 then |arg(Ae3)| = tan_l(—?)\/gg(u —Q:v_) ?—Jl— 2a1> , thus,
(14 sign(3(u+v) + 2a1)) — sign(3(u +v) + 2a;)2 tcm_l(—?n/§3(u _T_L;) j_ 2a1) > o
imply that 2 tcmfl(—3\/§3(u fv_) 1_}1_ 2a1) > a, then |arg(o3)| > 5.
o If 3(u+v)+2a; > 0 then
larg(Ao3)| =7 — tan_l(—B\/gg(u —isz_) j_ 2@1)
— (L+ sz'gn(?)(?;—i— v) + 2a1))7r — sign(3(u + v) + 2a4) tan_l(—3\/§3(u _::LU_) j_ 50|

u—v )
3(u+v)+2a4

tan~'(—=3/3

thus, (14 sign(3(u+v) + 2a,)) — sign(3(u +v) + 2a1) 2 >«

imply that | arg(Ag3)| > <.

3.2.4 Routh-Hurwitz conditions for fractional-order four dimensional

systems

Proposition 3.5

Forn=4
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1. The conditions (3.3) are sufficient conditions for the equilibrium point x* to be locally

asymptotically stable for all o € [0,1), but they are necessary conditions for all o € [1,2).
2
2. If D(P)>0,a; >0, a3 <0 and a € [5, 2] then the equilibrium point x* is unstable.

3. If D(P) < 0, ap >0, ay > 0, a3 > 0, ay > 0, then the equilibrium point x* is locally
asymptotically stable for all o € [0, %[
Also, if D(P) <0, a1 <0, ag >0, a3 <0, ag > 0, then the equilibrium point x* is unstable
for all a € [0, 2].

4. If D(P) < 0,a; > 0,a2 > 0,a3 > 0,a4 > 0 and ay = 4% + 23, then the equilibrium point

asz

x* is locally asymptotically stable, for all o € [0, 1] and unstable for all a €]1,2].

5. ay > 0 is the necessary condition for the equilibrium point x* to be locally asymptotically

stable.

Proof
1. We emphasis two cases:

e For o € [0, 1], assume that the conditions (3.3) are satisfied, then all real eigenvalues
and all real parts of complex conjugate eigenvalues of Eq. (3.2) are negative, hence,
these conditions (3.3) implies that all the eigenvalues of (3.2) lie in the left-half com-

plex plane then |arg();)| > 7. Thus, |arg(\;)| > § > af. Therefore 2* is locally

asymptotically stable.

e For a € [1,2], we have af > 7. Assume that (2.5) is satisfied then |arg(\;)| > a7,
implies that |arg();)| > 7. Therefore the asymptotic stability of z* imply that the

conditions (3.3) are satisfied.

2. Notice that if D(P) > 0 then there exists 4 distinct real roots 71,7, 73,74 Or two pairs of

complex eigenvalues A\ o = 1 £ jv1, and A3 4 = [B2 £ j7o.
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In the case of real roots we have

a; = —(r +ra+ 13+ 714),
Qo = T1T9 + T3 + r1iTq + Tor3 + oy + T374,
az = —[rirors + rirory + 117374 + or3Tyl,

aq — T1T27T374.

Clearly, as < 0 implies that at last two real roots have opposite signs. Hence the equilibrium

point x* is unstable. In the other case:

a; = —2(51 + Ba),

ay =i + 7 + B3 + 7 + 48182,

ag = —2[B1(B3 +3) + BT + 7)),

as = (B7 +7) (85 + ).
We have as < 0 imply that 83 sec? 6 4+ 57 + 77 + 48182 < 0, where 6 = | arg A3 4. therefore
B2 sec? @ < —43; 35, which imply that 818, < 0 (i.e 81 and 3, are of opposite signs),

Without loss of generality, suppose that 5; < 0, 85 > 0, then using the condition a; > 0,

we get

B2sec’ ) < —4B, By < 452
This implies that § < 7/3. Hence, the equilibrium point x* is unstable for all o € [%, 2].
3. If D(P) < 0 then there exists two real roots A\; = 71, A2 = 7, and one pair of complex
eigenvalues A3 4 = B &£ j7. Then we have
a; = —(7’1 + 79 +2B),
ag = r1r9 + B2+ 72 + 28(r1 + 13),
as = —2Briry — (r1 +12)(8° + %),

ay = 7“17‘2(52 + 72).

Assume that a; > 0,as > 0,a3 > 0,a4 > 0 there are zero changes in sign of the coefficients

of the characteristic polynomial P()), then by Descartes’ rule of signs, it follows that there
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is no positive real roots of P()), this implies that 7 < 0 and 7, < 0. On the other hand
az > 0 implies that 2877y + (r; + r2)3%sec?d < 0.

We distinguish two cases:

1. If B < 0, then x* is locally asymptotically stable for all o € [0, 1[, particularly for
a € [0,1].

2. If B > 0, then —Wﬂ sec?0 > riry and ay > 0 implies that riry > —28(ry + 1r9) —
(% sec? §, where 6§ = |arg A3 4. Therefore, —Wﬁ sec? 0 > —208(ry +13) — %sec? §, then
—(r1 + 7’2)[§ sec? 0 — 23] > —f%sec? 0, it follow that 5%sec? 6 > —(ry + Tg)[—g sec? 6 + 23],
then a; > 0 implies that —(ry + 75) > 23, therefore ?sec? > 28[—2 sec? 6 + 2f3]. Thus,
B?sec? 0 > —B?sec? § 4 4/3% which implies that sec?§ > 2, therefore % <0< X Then z*

2
is locally asymptotically stable for all « € |0, %[

If the conditions a; < 0,ay > 0,a3 < 0,a4 > 0 are satisfied then there are zero changes in
sign of the coefficients of the polynomial P(—\), then by Descartes’ rule of signs, it follows
that there is no positive real roots of P(—\), this mean that there is no negative real roots
for the characteristic polynomial P(\), therefore ; > 0 and ro > 0. Thus, the equilibrium

point z* is unstable for all « € [0, 2].

4. Notice that D(P) < 0,a; > 0,a3 > 0,a3 > 0,a4 > 0 imply that there are two negative real
eigenvalues, and the condition ay = % + & implies that the two other eigenvalues are
A34 = Fiy /%%, which lie on the imaginary axis (i.e [arg 34| = 5).

Consequently, if « € [0, 1], then all eigenvalues lie in the stable region, and if o €]1, 2], then

A34 lie on the unstable region.

5. The part (5) is proved in [60] for general n, which includes our current case.

Remark 3.3 o Although the stability criteria given by inequality (2.5) with the fractional
order o as the main variable, remain valid for both cases o € [0,1) and o € (1,2] the

stability area in the parameter space does not remain the same as illustrated in Figure 3.1,
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where the stability region (green colour) for a € (1,2] is restricted than the stability region
for a € [0, 1), indicating a high requirement on the parameter to have stability for o € (1, 2]
than for a € [0,1).

We have reported a common form of stability conditions on parameters for both cases o €
[0,1) and a € (1,2], for dimension n = 2 and n = 3 in proposition 3.2. and proposition3.J.

respectively, but for n =4 no common form where fond.

o Although the results presented in propositions 3.2-3.5 elaborate conditions on parameters for
satisfying necessary and sufficient conditions for stability of equilibrium points, the proposed
analysis is limited to restricted order of characteristic equation resulted from the Jacobian

matriz.

Remark 3.4 The validity of Routh-Hurwitz conditions derived in [60], for fractional order dif-
ferential systems, is limited to fractional order o € [0,1), but the validity of conditions proposed
in the present paper is demonstrated for fractional order o € [0,2). Furthermore for the first
time the stability diagram and phases portrait classification for fractional order planar differential

systems in the (1, A) plane are reported in the present paper.

3.3 Applications to population dynamics

The interactions between population models either prey and predator species or epidemiological
models can be predicted by simple mathematical models [64, 65, 66]. All population species posses
the property of heredity which means the passing on of traits from parents to their offspring, either
through asexual reproduction or sexual reproduction, the offspring cells or organisms acquire the
genetic information of their parents. Through heredity. Variations between individuals can
accumulate and cause species to evolve by natural selection. This property makes fractional
differential equations may model more efficiently certain problems than ordinary differential
equations. In this work we apply our theoretical results to three population fractional-order
models. We consider some classical models existing in the literature, but modeled by a system of

fractional differential equations. The first one is the fractional-order Holling-Tanner model [67],
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the second one is the fractional-order super-predator, predator and prey community model [68|

and the last one is a Heroin epidemic model [69].

3.3.1 The fractional-order Holling-Tanner model
Example 3.1 Let consider the fractional order Holling-Tanner model

Dz =riz(l - ) — 2L

e (3.16)
Dy =roy(l — 2).

Where a € [0,2), x(t) > 0 and y(t) > 0 are the density of prey and predator populations at time
t respectively. The parameters r1 and ro are the intrinsic growth rates, K represents the carrying
capacity of the prey, q is the maximum number of prey that can be eaten per predator per unit
of time, m s a saturation value, it corresponds to the number of prey necessary to achieve one
half the mazximum rate q, v is a measure of the quality of the prey as a food for the predator.
For example forri =1, ro =02, K =17, q= g, m =1 and v = 0.4, the system (3.16) has two
equilibrium points Ey = (7,0) and Ey = (5,2).

o The characteristic polynomial of the Jacobian matrix evaluated at Ey is given by
P(\) = A*+ 0.8\ —0.2.
So ay = —0.2 < 0, then according to Proposition(3.2) Ey is unstable for all o € [0, 2).

o The characteristic polynomial of the Jacobian matrix evaluated at E; is given by

71 16
PO = A2 4+ — X —.
N =X+ 15520 105

So a1 = %.15 and ay = % > 0, according to Proposition (3.2) the critical value of « is

e = Zcos ™ (— L) a0 1.6668.

T 2\/ay
Then E; is locally asymptotically stable for all o < ., Figure (3.2), illustrate these results.
We observe that for a = 1.5 and for a = 1.66 the trajectory initiated near Fy spiral toward

Ey, which is locally asymptotically stable for all fractional order a < ., but for a = 1.67
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and o = 1.7 the trajectories initiated near Fy are repulsed by E; which is unstable for o >
a.. Particularly for a not too far from a. the trajectories spiral toward an S—asymptotically

periodic solution of (3.16) [70, 71], giving rise to a periodic behavior of the model.

3.3.2 The fractional-order super-predator, predator and prey commu-

nity model

Example 3.2 The fractional-order super-predator, predator and prey community model intro-
duced in [68] by
lpx:x@—ww,
=y(—p+ Bz —v2), (3.17)
D%z = z(1 — 2) + dyz=.
Where o € [0,2), © > 0, y > 0 and z > 0 are the biomass densities of prey, predator and
super-predator respectively. All parameters of the model are positive and constant values. The

equilibrium point of (3.17) is E* = (x*,y*, z*), such that:

Y
_6+6u+

The characteristic polynomial of the Jacobian matriz of (3.17) at E* is

5% S M

P(A) = N 4 2°A% + (02" + wBa™)y* N + wBa*y*2*

We have

a; =2z">0,

= (y0z* + wPz*)y* > 0,

az = whr*y*z* > 0.
If D(P) > 0, we have ayas > ag, by Proposition (3.3), we have the local asymptotic stability of
E* for all a € [0, 2].
If D(P) < 0, then according to the Proposition (3.3), E* is locally asymptotically stable for all
a < % and it is unstable for all o > %, as shown in Figure (3.3), where for a = 0.66 < %

the trajectory starting near E* is attracted by it indicating local asymptotic stability, but for

a=134> % the trajectory starting near E* is repulsed by it indicating its instability. two values
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Figure 3.2: a) Phase portrait and b) Time evolutions of system (3.16) for some values of o with

the parameter values r; =1, 1, =02, K =7, ¢ = g, m=1and v=04.
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of the fractional order c.

For a € [%, %], we use the Proposition (3.4), for example forw =1, =2, u=1,v=1,p=14
and § = 3. We have D(P) = —15109584 < 0, u = 7.2936 and v = —7.1142.

The critical value of « is

—3V3(u — )
3(u+v)+2ay

Qe =1 — = |tan™Y( )| & 1.2169.

Thus the equilibrium point E* is locally asymptotically stable for all o < ., as illustrated in
Figure (3.83), where for a« = 1.21 < a, the trajectory starting in the vicinity of E* is attracted
by it which confirm that E* is locally asymptotically stable, but for o = 1.22 > a, the trajectory

starting in the vicinity of E* is repulsed by it indicating its instability.

3.3.3 The fractional-order Heroin epidemic model

Example 3.3 Let consider the following fractional-order Heroin epidemic model of four sub-
population [69], with susceptibles x, heroin users not in treatment y, heroin users undergoing

treatment z and heroin users who have been successfully treated from heroin use w:

)
D% = A — Byx — ux,

a KY
Dy = Byx +py — (p+ 61+ &)y — T v’
. wy (3.18)
Doy =Y —(p+o+d+puz
1+wy 7

Dw = o0z + &y — pw.

\

Where a € [0,2), and all parameters of the model are positive.

The system (3.18) has two equilibrium points E = (%, 0,0,0) and E* = (z*,y*, z*,w*), such that

( . A
- By
. KY
2N = =
QoQ2’
W — ory" + EQoQa2y”
\ pQo Q2

and y* is solution of the second order equation

Ay + By* +C =0,
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> a=0.66 a=0.66 R A

Figure 3.3: a) Phase portrait and b) Time evolutions of system (3.17) for some values of a, with

the parameter valuesw =1, =2, u=1,v=1,p=4and 6 =3
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where
[ A= BwQiQs.
B = (+ pw)Q1Q2 + k5(Q2 — p) — BA,
| O = [1Q1Q2 + wp(Q2 — p)|(1 — Ro).
And

4
Q0:1‘|‘Wy*a
Q1= p+0+¢&,

Qr=p+o+ds+pu,
Ry KBQ2

L Q1 Q2+ Kp(Q2 — p)
The characteristic polynomial of the Jacobian matriz of (3.18) at E is

Pe(N) = (A + p)* (N +pi) + pa).

Where
p1:Q1+Q2+F&—%7
pe=Q2(Q1+ K — %) — Kp.
The characteristic polynomial of the Jacobian matrixz of (3.18) at E* is

Pp-(\) = X+ a1 X 4 ap)\? + as) + ay.

Where )
a = p+ I+ I,
ag = 1l + I3 — Iy + u(l + Io),
a3 = LIy — Qoly + p(L1 Lo + Iy — 1y),
| s = p(lil3 = Q214),
and

I = By™ + p,

[2:Q1+Q2+Qig—5$*>

Iy = Qa(Qr + 55 — B27) — gz,

\ Iy = B2x*y*.

For example we use the following parameter values A = 4.434486182758694, x = 0.5, B =
0.001185, w = 0.1654, o0 = 20, pu = 0.0099909, p = 0.001, o; = 0.001, é, = 0.002, £ =
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Figure 3.4: a) Phase portrait and b) Time evolutions of system (3.18) for some values of «,
with the parameter values A = 4.434486182758694, x = 0.5, 8 = 0.001185, w = 0.1654, o = 20,
w1 =0.0099909, p = 0.001, 6; = 0.001, d2 = 0.002, £ = 0.014999324798155.

0.014999324798155. We have:

D(Pg) > 0, p1 > 0 and ps > 0, it means that all the roots of Pg(\) = 0 are real negative, then
E is locally asymptotically stable for all o € [0,2) .

D(Pg<) < 0, a; > 0 for all i = 1,2,3,4 and ay = % - Z—?, then according to proposition
(3.5) E* is locally asymptotically stable for all a € [0, 1] and unstable for all o €]1,2], Figure
(3.4) illustrates these results, where we observe that for o € [0, 1] all trajectory initiated near E*

converge to it but for a € [1,2] all trajectory initiated near E* are repulsed by it and attracted by

E which is locally asymptotically stable for all o € [0, 2].

Remark 3.5 Assume that a 3— D integer-order system displays a chaotic attractor and suppose
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that (2 is the set of equilibrium points surrounded by scrolls. A mecessary condition for the
corresponding fractional order system to exhibit a chaotic attractor similar to its integer order
counterpart is instability of the equilibrium points in 2. Otherwise, one of these equilibrium points
becomes asymptotically stable and attracts the nearby trajectories [72, 73]. The proposed stability
conditions are a powerful tool for determining regions of possible chaos (instability region) in
the parameters space (including fractional order) where chaotic phenomenon can be developed.
Different figures of the presented examples show variation of state evolution (from stationary to

periodic and divergent) as value of fractional order o changes indicating possibility of chaos.
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Periodic Solutions of Fractional Order

Systems

The existence of periodicity properties in fractional-order derivatives are one of the main issues
in qualitative theory of differential equations. this subject has attracted the attention of many
mathematicians, including (Tavazoei, Haeri, Yasdani, Belmekki, Kaslik, Wang, Abdelouahab) in

24, 25, 26, 74, 75, 76, 27).

4.1 Fractional order derivatives of periodic functions and

periodic solutions

4.1.1 Fractional order derivatives of periodic functions

The following theorems reveals a remarkable property for the fractional derivatives defined based

on Caputo definition, Griinwald-Letnikov definition, Riemann-Liouville definition [24].

Theorem 4.1 Suppose that f(t) is a non constant periodic function with period T .
If f(t) is n-times differentiable, then the functions $Df(t), where 0 < o ¢ N and n is the first

integer greater than o, cannot be a periodic functions with period T.
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Theorem 4.2 Suppose that f(t) is (n—1)-times continuously differentiable and f™ (t) is bounded.
If f(t) is a non-constant periodic function with period T, then the functions SLDf(t) and
RLDXf(t), where 0 < o ¢ N and n is the first integer greater than «, cannot be periodic func-

tions with period T'.
The demonstrations of these Theorems ((4.1), (4.2)) can be found in [24].

Example 4.1 Let f(t) = sin(t). We have

t2p+1

Sln =
pz (2p + 1)
So
BLDesin(t) = ' Fyq o —12).

Where 0 < a < 1 and E, s(t) is the generalized Mittag-Leffler function defined by

o0

Zf‘ak+ﬁ

k=0
Numerical simulations show that t©=*Fys_o(—t*) is not a periodic function where 0 < a < 1,

even though for a =1 this function equals the periodic function cos(t).

4.1.2 Non existence of periodic solutions

From Theorems (4.1) and (4.2), we have the following corollary
Corollaire 4.1 A differential equation of fractional-order in the form

o Dia(t) = f(z(t)), (4.1)
where 0 < a ¢ N, cannot have any non-constant smooth periodic solution.

Proof Suppose Z(t) is a non-constant periodic solution with period 7" of (4.1), then

f(@(t)) = fa(t+T)), (4.2)
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for all t > 0.

From (4.1) and (4.2), it is deduced that ,Dy%(t) = ,Dy@(t+T) for all t > 0.

But according to Theorems (4.1) and (4.2), this equality is impossible, So Z(¢) cannot be a
non-constant periodic solution.

4.1.3 Existence of periodic solutions

The existence of periodic solutions is the basic fact in this subsection. in [26] the authors has been

proved the existence of periodic solutions in fractional-order systems under some circumstances.

Theorem 4.3 The fractional-order system

Diw = f(@) "
z(a) =z,

does not have any periodic solution unless the lower terminal of the derivative is 00 (a = £00.)

Proof Suppose ¢(t, z,) is a non-constant periodic solution with period T" of (4.3), then

t

f<¢<t,xa>>=xa+ﬁ / (t — 1) (6(r, 2) ) (4.4)

a

and

t+T

flo(t+T,x,)) = x4 + ﬁ /(t +T — 1) f(o(7, 2,))dr, (4.5)

a

o(t, x,) is a periodic solution and since the system (4.3) is autonomous it mains that

F(@(r+T,24)) = f(O(T, 2a)). (4.6)

Putting 7 = 7— T and performing obvious substitutions of variables in (4.5), and by subtracting

o(t+T,x,) from ¢(t,z,), we obtain

b(t20) — Ot + T, ) = FL / VL (b7, ) = 0, (@7)

a—
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While f(¢(1,2,)) # 0, it can be concluded that the limits of integral are equal (ie a = a — 7))
But T # 0, then a = Fo00.

4.2 Fractional order derivative with fixed memory length

4.2.1 The Grunwald-Letnikov fractional order derivative with fixed

memory length

We first recall the Griinwald-Letnikov fractional-order derivative with fixed memory length in-

troduced in [27].

Definition 4.1 Let « > 0, L > 0, n an integer such that n — 1 < o < n and f an integrable
function in the interval [a — L,b]. The operator MCL;D{?‘ defined by :
1

MG Y 1
LDV f(t) = lim -

. Dla+1)
(_)kwm—k+m

e

F(t—kh), tela,bl, (4.8)

k=0

1s called the Grimwald-Letnikov fractional derivative with fized memory length.

The following proposition gives an evaluation of the limit in the definition of Griinwald-Letnikov

fractional derivative with fixed memory length.

Proposition 4.1 Under the assumptions of definition 4.1. if the function f is n-differentiable
with f™ € Lila — L,b], then

n—1 (&) (+ k—a t
et = Y e ey [ e

k=0 ¢

It have been demonstrated that this modified fractional-order derivative posses two useful prop-
erties: the first is the preservation of periodicity and the second one is the short memory, which
reduces considerably the cost of numerical computations. Furthermore they have proven that
contrary to fractional autonomous systems in term of classical fractional derivative, the fractional

autonomous systems in term of the modified fractional derivative can generate exact periodic
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solutions.
In the following subsections we introduce a similar modification of the Caputo fractional-order

derivative and the Riemann-Liouville fractional-order derivative.

4.2.2 The Caputo and the Riemann-Liouville fractional order deriva-

tives with fixed memory length

Definition 4.2 (The Caputo fractional derivative with fixed memory length) Let « > 0, L > 0,
n an integer such that n = [a| and f € C"[a — L,b]. We define the Caputo fractional derivative

with fired memory length by

MC’ a n a—1 £(n)
Dy : 4.1
1) = forea / FO(rydr (1.10)
t—L
Definition 4.3 (The Riemann-Liouville fractional derivative with fized memory length)
Let o > 0, L > 0, n an integer such that n — 1 < a < n and f is a continuous function in

l[a — L,b], we define the Riemann-Liouville fractional derivative with fized memory length by:

MRL ]_ dTL

L0 = g = (4.11)

Remark 4.1 From (4.9) and (4.10) we get

n—1
MC MG f Lk a

LDEf) = DA L (412

k=0

Proposition 4.2 Under the assumption that the function f(t) is n-times continuously differen-

tiable, we get

n—1
MRL a f(k Lk @
L D) = Df ; Tk —a+1) : (4.13)

1)
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Proof By differentiation and performing repeatedly integration by parts, we get

MRL 1 d” t .
E DRI = gy T
B f(nfl)Ln7a71<t _ L) 1 dn—1 t o
o ['(n —a) - I'(n—a—1)dtn! /t_L(t —7) *f(r)dr

n—1
f(k) t— 1 Lk—a 1 t o
Ik _&+1) +F(—a) /t_L(t—T) Yf(r)dr

we pot [ = —1— t_ t — 7)1 f(7)dr, performing a successive integration by part we obtain
I'(—a) Jt—L

fe—nLe 1t
1= e [ e

_fe-DL=  fe-pree 1 /t (t— 7)o+ F (1)ar,
) Ji-1

k=0

I'(l—a) ['2—-a) I['2—-«
n—1 f Lk a 1 t . b p(n) J
—~ D(k —oc—i—l) +F(n—a)/t_L< -7 Sy,
=" Dy f(0).
Thus ) o .
MRL a a — f )L «
L DIt = D /) Zo I'k—a+1)

n

Remark 4.2 From (4.12) and (4.13) we have

MRL MC ! f )Lk @
L DRF() = TR =" DR =D F ot (4.14)
k=0

In the following parts, we denote the operators of Caputo and Riemann-Liouville fractional

derivative with fixed memory length by D¢
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4.3 Fractional order derivative with fixed memory length of
some functions

In this section, we give the fractional derivatives with fixed memory length of some basic func-
tions periodic functions. The comparison between previous results of fractional order derivatives
with fixed memory length and classical fractional-order derivatives are proposed in the second

subsection

4.3.1 Fractional derivative of some elementary functions

In the following, we give the fractional derivative with fixed memory length of two elementary

functions (the power function and the exponential function).

Fractional derivative of the power function
Let f(t) =t™, m € N*, a >0, L > 0 and n is an integer such that n — 1 < a < n.

If m < n, then f(¢) = 0, substituting in (4.10) yields ™ Dg(#™) = 0.

If m > n then by repeated integration by parts of the relation (4.10) we obtain

m—n m! L~ a+n+k(t L)mfnfk

m—n—KT(—a+n+k+1)

M po(m) (4.15)

OM

Remark 4.3 (Fractional derivative of a constant function)
If f is a constant function (i.e.f(t) = C for allt € [a— L,b], and C' any constant including zero)

then we have

MDxC = 0.

Fractional derivative of the exponential function

Let f(t) =e' = %p!, a >0, L >0 and n is an integer such that n — 1 < o < n.

p=0
We have;

tP 1
M Nma M Na E : E M Nna
p= p: p=0 p:

7
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From (4.15), we find that

i
3

L*Cri’n‘i’k(t _ L)p*nfk
p—n—k)T(—a+n+1+k)

NE
(]

LD} () =
0

Eod
o

S
I

b
3

L—a+n+k<t _ L)p—n—k
p—n—k)T(k—-—a+n+1)

I
NE
(]

0k

3
I
=)

sl

L_O‘+n+k(t _ L)p—k
(p—k)T(k—a+n+1)

I
NE

0

o

=0

— LMt —LP =Lt — L)
=2 2

plI'(—a+n+1) pI'(—a+n+2)

3
I

ey

p=0 p=0

B i (t _ L)p i L7a+n+k

B pard pT(—a+n+1) —~T(-a+n+1+k) ’
t—L 1 —a+n

= L
¢ ZF(—a+n+1+k)’

k=0

=ML E) (D).

4.3.2 Fractional derivative of a periodic functions
The main result of this paper is stated in the following theorem.

Theorem 4.4 Let o > 0, L > 0 and n an integer such thatn—1 < a <n and f € C"la— L, ).
If f is a periodic function with period T. Then . Df is a periodic function with the same

period T

Proof If f is a periodic function with period T, then

MDe 4 T) = - t+T — 7)o W (r £ T)d
LD f(t+ )_F(n—@)/t+TL(+ —7) [T+ Tdr,
_ 1 ! _ \n—a—1 ¢g(n)
~T—a) /t_L(t s) (s +2T)ds,

_ 1 ! _ \n—a—1 ¢g(n)
sl D A AL O

= "LD ().

So, M D¢ f is a periodic function with the same period 7. =
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Fractional derivative of some fundamental periodic functions

We first recall that the functions /¢ D@ sin(t) and #¢ D cos(t) had been calculated in [27].
MEDesin(t) = L™ Fyy_o(—L*)sin(t — L) + L' Fy9_o(—L?) cos(t — L),

and

MED cos(t) = L™Fayy_o(—L*) cos(t — L) — L' Fyq_o(—L*)sin(t — L).

Example 4.2 (Fractional derivative with fized memory length of the sine function)

We have
n (k) (+ _ k—a
o MG fU¥(t— L)L
Thus
n gk ( : . k—a
a MG o - by Sln(t L))L
MDPsin(t) = Dy sin(t) — 2 = rk—a+1)

= L “sin(t — L)FEyy_o(—L*) + L' cos(t — L)Eyq_o(—L?)

(3] (23]

_ LQZ isln(t _ L) _ Ll_a Z icos(-{: — L)
—~T(2k+1-0a) “—~ T(2k+2-a) ’
2] 2k
—L?)
L sint — L)(Eay a(—L12) — S =2
(257
2 _L2)k
L — L)(Eyo_a(—L?) — _ L
+ cos(t — L)(Ea2-a(—L") 2 F(2kz+2—a))’
=asin(t — L) + bcos(t — L). (4.16)
2] (—L2)F (23] (—L2)*
h = Fy1_o(—L?%) — —— L b=Fyy o(—L%) — -
Where, 0 = Eaaool L) = 3 oy e b= Bana(o10) = 5 pmn

We observe that, ™ D& sin(t) is a periodic function with the period T = 2r. This analytical result

is depicted in figure (4.1), for some value of o and L = 32.1.

Example 4.3 (Fractional derivative of cosine function)
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16 18

Figure 4.1: Fractional derivative of the Sine function for L = 32.1 and some value of a.

We have
k

d
n_——(cos(t — L))LF~«
o MG . k
M D% cos(t) = [ D¥cos(t) — dt Th—atD)
k=0

— L cos(t — L) B a(~L%) = L' “sin(t = L) Baa o~ 1%
(3]

— L Z IK(;) cos(t — L)+ L' 0 % sin(t — L),

Y

—~T(2k+1—a) =
— L cos(t — L)(Bayoal~L%) - i Far )
— L'Osin(t — L)(Byp—a(—L?) — ii? F(z%z)ia))’
= acos(t — L) — bsin(t — L). o
ey (=L)" . Clearly,

B (_r2)k
; ( ) andb = Eyo o(—L?)— >

Where, a = Eyq_o(—L*) =Y ——— 21—
21-a(=L7) kzzor(%+1—a) =

M D cos(t) is a periodic function with the period T = 2.

I'(2k+2—«)
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4.4 An interpolation property

It is known that the operator of Griinwald-Letnikov fractional derivative with fixed memory
length is an extension of the integer-order operator %, (see [27]).

The following proposition proves that the Caputo and Riemman-Lioville operators of fractional

derivative with fixed memory length, verified this property for & — n, but not for « — n — 1.

Proposition 4.3 Let L > 0 and 0 < n —1 < a < n such that n is an integer number, and let
f(t) has (n+ 1) continuous bounded derivatives in [a — L,b]. Then , for all t € [a,b], we have

lim DY f(t) = f(1),

a—n

and

lim ~ YLDPf() = f0) - f0(E - L),

a—n—1

Proof We have

lim M Df(t) = lim ﬁ /tt (t — T)"_O‘_lf(")(T)dT,

a—n a—n [ _L

[n—a fn) (4 _
amn T'(n—a+1) amn ['(n —a+1)

/ ey,
t—L

t
_ (g, (n+1) (g
=0+ [ e,
= fM(1).

For « — n — 1, we have

MC

hm LD?f(t) = hm ﬁ /th(t — T)”*ozflf(ﬂ) (T)dT,

a—n—1 a—=n—1T"
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Example 4.4 Let f(t) = €', we have
MDje! = e "L By pi1_a(L),
Thus,

lim Y D' =e""FE (L) = ¢

a—n

I
R
S
—~
~
S——

However

1L~ a+n+k (t _ L)m—n—k
MDa tm — m ]
Z m—n—k)T(—a+n+k+1)

Putting N =m —n andt — L = a, then

N
1Lk gN—Fk
lim D& (t™) Z m
0

a—n 'k;l’

N[Lk N—-k
N' (N = k)

L —tmfn
N,(a+ N e
dn
= —t™ = f(4).
= {0 (1)
However
N | [F+1 o N—Fk
lim M Do(m) = e :
asn—1 LTt ;(N—k;)!(k—i—l)!
N+1 17k, N+1-k |
N —+ 1 L . m: (t . L)mfnJrl’
N+ ' (N +1—k)E! (m—mn-+1)!
m! N1 m! S
= — — t— L)y \" ),
(N +1)! (m—(n—1)) ( )
m) m!
— tmf(nfl) . (t . L)mf(nfl)’
(m—(n—1)) (m—(n—1))
dn—l dn—l 1) ( 1)
= S (= L) = [0 ) — (- L),
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Classical fractional derivative

C Na RL N«
aDt or aDt

Fractional derivative with fixed

memory length * D¢

el @ et ®) (a)(t—a)k— C na y o
CDpf() = "LDpf) - ¥ PR MCDpf(y = MiDef(t)
lim J#Dyf(t) = lim DRf(t) = f(t) lim Y Df(t) = f™ ()
o—n a—n a—n

lim LD f(t) = (1), lim D7 £(1)
a—n—

a—n—
Jim | ODpf(t) = £ () — FO () = J=0(t) - fD(t ~ L)
a(pm) _ C pa(sm\ _ _Lm+l) m—a af4m) ' mlL= etk —pym-n—k
TDp(Em) = QD™ = Ton—atD)! D) = kz_o (m—n—k)T(—a+n+k+1)
FEDPC = ey (t = a)* £ 0,
DfC =0 MDyC =0

REDasint = t17%Fy 5 o(—t?) Mpesint = asin(t — L) + beos(t — L).

Table 4.1: Comparison between some results of classical fractional-order derivatives and fractional

order derivatives with fixed memory length.

4.5 Comparison between some results of classical fractional-
order derivatives and fractional order derivatives with
fixed memory length

The previous results are summarized in the following table, for comparison purpose between

classical fractional-order derivative and fractional-order derivative with fixed memory length.
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4.6 Fractional-order autonomous systems with exact peri-

odic solution

As previously mentioned any autonomous fractional-order system expressed in terms of classical
fractional derivatives cannot have any exact periodic solutions [24, 25]. Now we present some
examples (linear and non-linear) showing that fractional-order autonomous systems expressed in

terms of fractional derivatives with fixed memory length can have exact periodic solutions.

4.6.1 Linear fractional-order autonomous system with exact periodic

solution

Let consider the following linear fractional-order autonomous system

MDaX(t) = AX(1), (4.18)
2 a —b . 2 2l (=L2)* 2
where X (t) € R and A = , ,witha = Ey;_o(—L )_kzo torriay 0 = Fro-a(—L7)—
a =
> FsRa—a) ¢
k=0
: cos(t) : . :
The vector function X (t) = ¢ , ¢ € R is an exact 2mr—periodic solution for the system
sin(¢)

(4.18).
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M Do cos(t)

Namely, we have D2 X (t) = ¢
M D¢ sin(t)

. Then, from (4.16) and (4.17) we obtain

acos(t — 2m) — bsin(t — 27
DX (f) = o | TR bR
asin(t — 2m) + beos(t — 2m)

a —b cos(t — 2)
= C s
b a sin(t — 27)
cos(t — 2
—ed ( ) |
sin(t — 2m)
= AX(t)
cos(t) | . L .
Thus, X(t) =c¢ is an exact 2w —periodic solution of (4.18).
sin(t)

4.6.2 The predator-prey model with Holling type II response function

All population species posses the property of heredity which means the passing on of traits
from parents to their offspring, either through asexual reproduction or sexual reproduction, the
offspring cells or organisms acquire the genetic information of their parents, through heredity.
This property makes fractional differential systems may model more efficiently certain problems
than ordinary differential ones. Motivated by this fact, we recall the fractional version of the

Holling-Tanner model (3.16) [67] as follow

D%z = rz(1 —

Dy = ray(1 —

)_ﬂ

e (4.19)
).

Where D denotes a standard fractional-order derivative operator and « € [0, 1] is the fractional

e ==

order related to the hereditary property of the population (a value of « close to an integer number

mean that the population has a weak hereditary property).

Since exact analytical resolution of this nonlinear system is unavailable, we resort to quali-

tative and numerical study, for this purpose the parameters are set to r; = 1, r, = 0.2, K =
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25, q = g, m = 1 and v = 0.95, the system (4.19) has two equilibrium points Ey = (25,0) and
By ~ (7.1429, 6.7857).

e The characteristic polynomial of the Jacobian matrix evaluated at Ey is given by P(\) =
A2+ 0.8\ — 0.2. So as = —0.2 < 0, then according to Proposition (3.2) Ej is unstable for
all v € [0,2).

e The characteristic polynomial of the Jacobian matrix evaluated at E; is given by P(\) =

A2 — 0.1409\ 4 0.0747. So a; ~ —0.1409 and ay =~ 0.0747 > 0.

Applying Hopf-Like Bifurcation theory [70, 22| and using Proposition (3.2), we obtain the
Hopf-Like bifurcation value o* = %cos‘l(%) ~ (0.8341, at which the fixed point F; losses
its stability and a periodic motion (S—asymptotically periodic for the classical fractional

derivative and exact periodic for fractional derivative with fixed memory length) appears.

To illustrate these results we solve numerically the system (4.19) by developing a Matlab code
using a discretization technique based on the formula (4.14).
Choosing a value for a greater then o, for example o = 0.9, then we compare between the
solution of (4.19) in term of classical fractional operator and its solution in term of fractional
operator with fixed memory length L = 30. The two trajectories are started from the same initial
point X, = (2.64,4.88), predicted at the attracting limit cycle. The results are shown in Figure
4.2.
An S—asymptotically T'—periodic solution with 7" ~ 27.2 is obtained for classical fractional
operator as shown in Figure 4.2(a,b); and an exact T—periodic solution is obtained for the

fractional derivative operator with fixed memory length as shown in Figure 4.2(c,d).

4.6.3 Fractional-order memristor-based circuit

A simplest memristor-based electrical circuit which posses a rich dynamical behavior (ranged
from stationary and periodic behavior to chaotic behavior with a double scroll and four-scroll

chaotic attractor) has been introduced in [21] and its fractional version has been also given and
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(e)
Figure 4.2: Time evolution and phase portrait of system (4.19) for « = 0.9 (a,b)
S—asymptotically T'—periodic solution with 7' &~ 27.2 for classical fractional operator. (c,d)

Exact T'—periodic solution for the fractional derivative operator with fixed memory length. (e)

Comparison between the two solutions.
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analysed based on fractional-order linear capacitor and fractional-order inductor models proposed

in |77, 78]. The dynamic of this fractional circuit is described by the mathematical model

D%r =y,
Doy = —(x+(v2* = H)y)/3 (4.20)
D*z = —y—0.92+y22.

As in the previews example we adopt qualitative and numerical study. for this purpose the
parameters are set to vy = 0.1, f =3.3 and oy = ay = a3 = «.
The model has only one fixed point £ = (0,0,0). Applying Hopf-Like Bifurcation criterion we
obtain the Hopf-Like bifurcation value o* = 0.1967 [21], at which the fixed point E losses its
stability and a periodic motion appears.
To illustrate these results we solve numerically the system (4.20). In order to localize the periodic
interval we plot the bifurcation diagram of y versus the fractional order « in Figure 4.3; clearly
we have a periodic motion for o €]0.1967,0.8216] which is agree with the obtained Hopf-Like
Bifurcation value.
Now we choose a value for « in the periodic interval for example @ = 0.5, then we compare
between the solution of (4.20) in term of classical fractional operator and its solution in term of
fractional operator with fixed memory length L = 80. The two trajectories are started from the
same initial point Xy = (1.39,0.923, —3.62), predicted at the attracting limit cycle. The results
are shown in Figure 4.4.
An S—asymptotically T'—periodic solution with 7" &~ 19.5 is obtained for classical fractional
operator as shown in Figure 4.4(a,b); and an exact T'—periodic solution is obtained for the

fractional derivative operator with fixed memory length as shown in Figure 4.4(c,d).
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3 q=0.8216

Figure 4.3: Bifurcation diagram of the state y versus the fractional-order o for g = 3.3.

(c) (d)

Figure 4.4: Time evolution and phase portrait of system (4.20) for « = 0.5 and 5 = 3.3. (a,b)
S—asymptotically T'—periodic solution with 7' ~ 19.5 for classical fractional operator. (c,d)

Exact T'—periodic solution for the fractional derivative operator with fixed memory length.
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(General Conclusion

In this thesis, we study the basic subjects in theory of fractional-order derivatives. We see
that fractional-order derivatives are generalization of integer-order derivatives, moreover, we try
to extend some optimal Routh-Hurwitz conditions to fractional systems of order o € [0,2) in
order to facilitate and shorten the time to study stability of fractional-order systems, also we
try to solve the problem of absence of periodic solutions in fractional-order systems. These
two important topics are essential in the study of Bifurcations and Chaos in fractional-order
systems. So, we have devoted the first part (chapter (1) and (2)) of this thesis to display
the most famous definitions of fractional-order derivatives with the most important subjects
such as stability, Bifurcations and Chaos theories. In the second part (chapter (3) and (4))
we have presented our works to the fractional calculus space. In the first paper we exposed our
contributions in the stability theory of fractional-order system, we have derived some new optimal
(non-improvable) Routh-Hurwitz conditions for fractional type models of orders between 0 and
2., i.e., some necessary and sufficient conditions guaranteeing that all zeros of the corresponding
characteristic polynomial are located inside the Matignon stability sector. The effect of parameter
a on the model dynamics has been highlighted. These results can be regarded as a generalization
of the classical Routh-Hurwitz stability conditions. As application, the stability properties of
some fractional-order mathematical models in population dynamics and epidemiology have been
explored. Numerical simulations are provided to exemplify the theoretical findings. The second
work deal with a modification of the Caputo and Rieman-Liouville fractional-order derivatives

by fixing the memory length and varying the lower terminal of the derivative. It is shown that
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the modified fractional derivative operator preserves the periodicity. As a consequence periodic
solutions can be expected in fractional-order systems expressed in term of the new operator. To
confirm this assertion three examples have been investigated, one linear system for which an
analytic expression of an exact periodic solution is given and two nonlinear systems for which

exact periodic solutions are provided using qualitative and numerical methods.
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Abstract

In this thesis, we have presented some basic subjects that are
needed to study the Bifurcations and Chaos in fractional-order
systems. Namely, stability conditions and existence of periodic
solutions. In order to facilitate the study of stability we have
devoted the first work to extend the Routh-Hrwitz conditions to
fractional systems of order a € [0,2) .In the second work, we
extend the modification which consists of fixing the memory
length and varying the lower terminal of fractional differential
operators, this modification has enabled us to preserve the
periodicity. to illustrate our theoretical results we have employed

some numerical examples from some fractional-order systems.

Keyword. Fractional-order derivative, Bifurcations and Chaos,
Stability, Routh-Hrwitz conditions, Fixed memory length, Periodic

solution.



Résumeé

Dans cette these, nous avons présenté quelques sujets de base qui
sont nécessaires pour étudier la Bifurcations et le Chaos dans un
systeme d'ordre fractionnaire. Notamment, les conditions de la
stabilit¢ et I'existence des solutions périodiques. Dans le but de
faciliter I'¢tude de la stabilité nous avons consacré le premier
travail pour prolonger les conditions de Routh-Hrwitz pour les
systemes fractionnaires d'ordre a € [0,2) Dans le de le deuxieme
travail, nous étendons la modification qui consiste a fixer la
longueur de la mémoire et a faire varier la borne inférieure des
opérateurs de différentiation fractionnaire, cette modification nous
a permis de conserver la périodicité. Pour illustrer nos résultats
théoriques, nous avons utilisé¢ quelques exemples numériques de

certains systemes d'ordre fractionnaire.

Mofts clés : Dérivée d'ordre fractionnaire, Bifurcations et Chaos,
Stabilité, Conditions de Routh-Hrwitz, Mémoire a longueur

fixée, Solutions périodiques.
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